àőááĺľáłăï ăłăďěňĺï ŋăãł á ĺ ą ĺ à á ł ő ě ő â ď ě ń ě ŋ ĺ ě

ĺŋáâĺâãâ ćëçĺáńĺâěńìŋőľ ňăâěňăâĺłĺ ĺ ňăâěňăâĺçěáłőľ čěőäĺğĺłĺ

Ň. Ĺ. Ŋěçěŕãàěŋłő

ĹŠĚŘĂŰĹĹ ĆĚŹĚŚŠĆĚŊŊŻŢ ŤŞŊŁŰĹĽ Ĺ ŤŞŊŁŰĹŐŊĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§

Ŋőćőáĺąĺàáł 1997

ŞĎŁ 517

Ŋěçěŕãàěŋłő Ň.Ĺ. Ĺâěàăæĺĺ ćěéěáâćěŋŋëå äãŋłæĺľ ĺ äãŋłæĺő-

ŋăńìŋëě ãàăćŋěŋĺï. { Ŋőćőáĺąĺàáł, 1997. { 228 á.

Ć łŋĺčě ĺğńăčăîâáï őáŋőćë ĺâěàăæĺőŋŋőčő ĺáçĺáńěŋĺï ĺ ňěâőďőć àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Śŕàăćőçŋăï çăáâì áőďěàęĺâ âăąńĺæë ĺâěàăæĺľ, âăąńĺæë łőŋěçŋëå áãňň äãŋłæĺľ ĺ áćőďłã àěèěŋĺľ łőŋłàěâŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Łŋĺčă ăďàěáőćăŋă ŕàěęďě ćáěčő ŋăãçŋëň àăąőâŋĺłăň, ğăŋĺňăîéĺňáï ŕàĺńőęěŋĺïňĺ, ĺ áâãďěŋâăň.

Nechepurenko M.I. Iterations of real functions and functional equa-

tions. { Novosibirsk, 1997. { 228 p.

The book presents a basis of iterative calculus and methods of solution of the functional equations. The reference part contains tables of iterations, tables of the ˛nite sums of functions and summary of solutions of concrete functional equations.

The book is addressed, ˛rst of all, to scienti˛c researchers engaged in applications and students of universities.

© ĹĆŇĺŇČ (ĆŰ) ŚŐ ŘĂŊ, Ŋőćőáĺąĺàáł, 1997 Őäőàňńěŋő ć áĺáâěňě LaTEX, ňăłàőá NCC

Ŕàěďĺáńőćĺě

Ć łŋĺčã ćłńîçěŋë äăłâë, čàãŕŕĺàãîéĺěáï ćőłàãč ďćãå ŕőŋïâĺľ: ĺâěàăæĺĺ äãŋłæĺľ ĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Ďńï ğăďăŋŋőľ äãŋłæĺĺ f ěě n-ľ ĺâěàăæĺěľ f^n ŋăğëćăěâáï äãŋłæĺï, őŕàěďěńïěňăï àěłãààěŋâŋëňĺ áőőâŋőèěŋĺïňĺ

f^0(x) = x; f^1(x) = f(x); f^2(x) = f(f^1(x)); : : :; f^n(x) = f(f^{n−1}(x)):

Ťãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï ŕőŋĺňăîâáï ć ãğłőň áňëáńě { íâő áőőâŋőèěŋĺï, áőďěàęăéĺě ńĺèì áãŕěàŕőğĺæĺĺ ĺğćěáâŋëå ĺ ŋěĺğćěáâŋëå äãŋłæĺľ.

Ŕőŋïâĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ĺ ĺâěàăæĺľ ćğăĺňŋő ŕàőŋĺłăîéĺě: ŋăåőęďěŋĺě n-ľ ĺâěàăæĺĺ ňőęěâ ąëâì áćěďěŋő ł àěèěŋĺî äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ, ă àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ, ć áćőî őçěàěďì, ĺŋőčďă ňőčãâ ąëâì ćëàăęěŋë çěàěğ ĺâěàăæĺĺ äãŋłæĺľ. Ŋăŕàĺňěà, ãàăćŋěŋĺě

f(x) − 12f(sin x) = sin x; −∞ < x < +∞;

őâŋőáĺâěńìŋő ŋěĺğćěáâŋőľ äãŋłæĺĺ f ĺňěěâ ěďĺŋáâćěŋŋőě őčàăŋĺçěŋŋőě àěèěŋĺě

f(x) = ∞∑ n=1 sin^n x 2^{n−1} : Ğďěáì sin^n x { n-ï ĺâěàăæĺï: sin^n x = sin(: : :(sin

n àăğ

x) : : :):

• Łàăâłő őą ĺáâőàĺĺ ćőŕàőáă. Ŕěàćëě ŕãąńĺłăæĺĺ ŕő ĺâěàăæĺïň äãŋłæĺľ ĺğćěáâŋë: àăąőâă Ň. Łőŋďőàáě ć Acta Academiae Imperialis Petropolitanae (1777 č.), ć łőâőàőľ ąëńő ďăŋő ąěğ ďőłăğăâěńìáâćă àăğńőęěŋĺě âàěå äãŋłæĺľ, ïćńïîéĺåáï ĺâěàăæĺïňĺ, ĺ àăąőâă Ń. İľńěàă ć âőň ęě ŋőňěàě ęãàŋăńă, ć łőâőàőľ ąëńő ďăŋő ďőłăğăâěńìáâćő íâĺå àăğńőęěŋĺľ ĺ ćëćěďěŋë ŋěłőâőàëě áćőľáâćă ĺâěàăæĺľ.

Ŕěàćëě àăąőâë ŕő äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň ąëńĺ őàĺěŋâĺàőćăŋë ŋă åăàăłâěàĺğăæĺî őŕàěďěńěŋŋëå äãŋłæĺľ ĺńĺ łńăááőć äãŋłæĺľ. Ń. İľńěà áäőàňãńĺàőćăń ĺ ĺááńěďőćăń ãàăćŋěŋĺï ďńï őďŋőàőďŋëå äãŋł- æĺľ F(xz; yz) = z^kF(x; y):

Ę. Ďăńăňąěà, Ś. Ŕãăááőŋ, Ő. Łőèĺ, Ę. Ďăàąã àăááňăâàĺćăńĺ ãàăćŋěŋĺě

f(x + y) + f(x − y) = 2f(x)f(y)

ć áćïğĺ á őąőáŋőćăŋĺěň ğăłőŋă áńőęěŋĺï áĺń ć ňěåăŋĺłě. Ő. Łőèĺ ŋăèěń ŋěŕàěàëćŋëě àěèěŋĺï àěèěŋĺï áńěďãîéĺå çěâëàěå ãàăćŋěŋĺľ:

4 Ŕàěďĺáńőćĺě

f(x + y) = f(x) + f(y); f(x + y) = f(x) · f(y);

f(xy) = f(x) + f(y); f(xy) = f(x) · f(y):

Ŕěàćőě ĺğ íâĺå ãàăćŋěŋĺľ Ł. Čăãáá ĺáŕőńìğőćăń ďńï őąőáŋőćăŋĺï ŋőàňăńìŋőčő ğăłőŋă àăáŕàěďěńěŋĺľ ćěàőïâŋőáâěľ. Ŋ.Ĺ. Ńőąăçěćáłĺľ ŕàĺ őŕàěďěńěŋĺĺ ãčńă ŕăàăńńěńìŋőáâĺ (ć čěőňěâàĺĺ Ńőąăçěćáłőčő) àăááňăâàĺćăń ãàăćŋěŋĺě

(f(x))^2 = f(x − y)f(x + y); 0 ≤ y ≤ x:

Ŋ. Ăąěńì ŋăèěń àěèěŋĺě ãàăćŋěŋĺï á ŋěáłőńìłĺňĺ ŋěĺğćěáâŋëňĺ äãŋłæĺïňĺ { g(x) + g(y) = h(xf(y) + yf(x));

ĺ àăááňőâàěń àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ

F(x; F(y; z)) = F(y; F(z; x)) = F(z; F(x; y)) = F(x; F(z; y)) = F(y; F(x; z)) = F(z; F(x; y)):

Ůăáâŋëě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï ĺğãçăńĺ Ţ.Ć. Ŕěłáĺďěà, Ď.Ň. Śĺŋæőć, Ă.Ř. Ÿćěľæěà, Ś. Ŕĺŋåěàńě, İ. Ŕĺłăà, Ů. Ąěąąĺďę ĺ ďà.

Č. Ńěľąŋĺæ, Ĺ. Ąăààőã, Ŕ. Ťěàňă àăğćĺńĺ ňěâőďë àěèěŋĺï ãàăćŋěŋĺľ ć łőŋěçŋëå àăğŋőáâïå, áĺáâěňăâĺçěáłőě ĺğńőęěŋĺě łőâőàëå ąëńő ďăŋő Ą. Šěľńőàőň ĺ Ă.Ă. Ňăàłőćëň.

Ů. Ąěąąĺďę àăááňőâàěń ŋěáłőńìłő âĺŕőć ãàăćŋěŋĺľ ĺ ććěń ŕőŋïâĺě őąéěčő àěèěŋĺï.

Őďŋőćàěňěŋŋő àăğćĺćăńăáì âěőàĺï ĺâěàăæĺľ. Ŕőŋïâĺě ĺâěàăæĺĺ ãâőçŋïńĺ Ů. Ąěąąĺďę, Řăňîá, Ř. Čőŕŕí, Ň. Łőàłĺŋ, Ďę. Ťăàł, Ĺ. Ńěňíàě.

Ř. Čőŕŕí àăáŕàőáâàăŋĺń ĺâěàăæĺőŋŋëľ ŕőłăğăâěńì ŋă ŕàőĺğćőńìŋëě ćěéěáâćěŋŋëě, ă Ă. Ńĺćěŋæőć { ŋă ŕàőĺğćőńìŋëě łőňŕńěłáŋëě çĺáńă. İ. Ÿà-eďěà ŋăèěń ĺâěàăæĺĺ àăğńĺçŋëå äãŋłæĺľ ĺ ŕàěďńőęĺń ŕàěďáâăćńěŋĺě ĺâěàăæĺľ ĺŋâěàŕőńïæĺőŋŋëň (ŕő ŕőłăğăâěńî) àïďőň Ń. İľńěàă. Ń. Ąěâåěà ĺ Ďę. Ťăàł àăááňăâàĺćăńĺ ĺâěàăæĺĺ łăł čàãŕŕã őďŋőŕăàăňěâàĺçěáłĺå ŕàěőąàăğőćăŋĺľ, ă Ň. Łőàłĺŋ { ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï ĺâěàăæĺľ

@f^y(z) @y = –(f^y(z));

@f^y(z) @y = –(z)

@f^y(z) @z :

Č. Ł-eŋĺč ĺ Ń. Ńě ĺğãçăńĺ àěèěŋĺï ãàăćŋěŋĺľ İ. Ÿà-eďěàă ĺ Ŋ. Ăąěńï

f(’(x)) = ¸f(x); f(’(x)) = ˛ + f(x)

Ŕàěďĺáńőćĺě 5

(’ { ĺğćěáâŋăï äãŋłæĺï, ¸ ĺ ˛ { ĺğćěáâŋëě łőŋáâăŋâë) ĺ àăááňőâàěńĺ áćïğì ĺå àěèěŋĺï á ŕàěďáâăćńěŋĺěň ĺâěàăæĺľ. Ň. Łőàłĺŋ ŋăèěń äőàňăńìŋëě àăğńőęěŋĺï ĺâěàăæĺľ ć őłàěáâŋőáâĺ ŋěŕőďćĺęŋőľ âőçłĺ. Ňěâőďë âěőàĺĺ äãŋłæĺľ łőňŕńěłáŋőčő ŕěàěňěŋŋőčő ł ŕàőąńěňăň ĺâěàăæĺĺ ŕàĺňěŋïńĺ İ. Ÿà-eďěà, Čàěćĺ, Ĺ. Ńěňěàěľ, Ĺ. Ăàĺáâőć, Ă. Ąěâåěà, Č. Ł-eŋĺč.

• Ŕàĺćěďěň ŕàĺňěàë ğăďăç (àěèăćèĺåáï ãęě ć ďćăďæăâőň ćěłě), ć łőâőàëå ěáâěáâćěŋŋő ćőğŋĺłăîâ łăł äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï, âăł ĺ ĺâěàăæĺĺ äãŋłæĺľ.

Šěőàĺï àăğńőęěŋĺï áńãçăľŋëå ćěńĺçĺŋ ŋă ŋěğăćĺáĺňëě áńăčăěňëě. Šěőàěňë Ńěćĺ{Ţĺŋçĺŋă ő ŕàěďáâăćńěŋĺĺ ńőčăàĺäňă ąěğčàăŋĺçŋő ďěńĺňőľ åăàăłâěàĺáâĺçěáłőľ äãŋłæĺĺ:

ln ’(u) = i‚u + ∫_∞ −∞ ( e^{iuβ} − 1 − iu˛1 + ˛_2

) 1 + ˛^2

˛^2 dG(˛);

čďě ‚ ∈ IR, ă G { ŋěãąëćăîéăï äãŋłæĺï őčàăŋĺçěŋŋőľ ćăàĺăæĺĺ, { ïćńïěâáï őáŋőćŋőľ ć âěőàĺĺ ąěğčàăŋĺçŋő ďěńĺňëå ğăłőŋőć. Eě ďőłăğăâěńìáâćő, ă âăłęě ĺğãçěŋĺě ŋěłőâőàëå áňěęŋëå ćőŕàőáőć ĺŋőčďă őáŋőćëćăîâáï ŋă àěèěŋĺĺ àïďă äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Ć ďőłăğăâěńìáâćě Ĺőčăŋáěŋă [1966] (ć ĺğńőęěŋĺĺ Ńĺŋŋĺłă, Őáâàőćáłőčő [1972]) àăááňőâàěŋë, ć çăáâŋőáâĺ, áńěďãîéĺě ãàăćŋěŋĺï:

2f(x) + 2f(y) = f(x + y) + f(x − y);

f(x)f(y) = f(x + y) + f(x − y);

2f(x) = f(x + y) + f(x − y) − 2xB(y);

2f(x) cos˛y = f(x + y) + f(x − y) − 2xB(y);

2f(x) = f(x + y) + f(x − y) − 2f(y) cos˛x;

2f(x) = f(x + y) + f(x − y) + c(1 − cos ˛y) sin ˛x:

Ďńï łăęďőčő ĺğ íâĺå ãàăćŋěŋĺľ ŋăľďěŋë őąéĺě, ŋěŕàěàëćŋëě ŋă ćěéěáâćěŋŋőľ őáĺ àěèěŋĺï.

Ćěâćïéĺľáï ŕàőæěáá Čăńìâőŋă{Ćăâáőŋă őâŋőáĺâáï ł ŕàőæěááăň àăğňŋőęěŋĺï ĺ ŕàěćàăéěŋĺï çăáâĺæ ć ŕàěďŕőńőęěŋĺĺ, çâő őďŋĺ çăáâĺæë ŕàěćàăéăîâáï ć ďàãčĺě ŋěğăćĺáĺňő ďàãč őâ ďàãčă. Ŕěàćőŋăçăńìŋăï äőàňãńĺàőćłă, ďăŋŋăï Čăńìâőŋőň, { ğăďăçă ő ćëàőęďěŋĺĺ äăňĺńĺľ { áćőďĺâáï ł áńěďãîéěľ. Ŕãáâì p_0, p_1; : : : { ćěàőïâŋőáâĺ őâæã ĺňěâì 0, 1, : : :áëŋőćěľ. Őŕàěďěńïěâáï ćěàőïâŋőáâì âőčő, çâő ć r-ň ŕőłőńěŋĺĺ ąãďěâ ďăŋŋőě çĺáńő ŕőâőňłőć, ć çăáâŋőáâĺ, ŋãńì (ćëàőęďěŋĺě ňãęáłőľ ńĺŋĺĺ). İâă ňőďěńì ĺáŕőńìğőćăŋă ć âěőàĺĺ åĺňĺçěáłĺå æěŕŋëå àěăłæĺľ, ć ĺğãçěŋĺĺ àăğňŋőęěŋĺï íńěłâàőŋőć ć íńěłâàőŋŋőň ãňŋőęĺâěńě, ć âěőàĺĺ ïďěàŋëå àěăłæĺľ, ć âěőàĺĺ łőáňĺçěáłĺå ńãçěľ ĺ ć čěŋěâĺłě.

6 Ŕàěďĺáńőćĺě

Ŕàőæěáá Čăńìâőŋă{Ćăâáőŋă { íâő őďŋőàőďŋăï æěŕì Ňăàłőćă (Z_n : n = 0; 1; : : :) á ŋěőâàĺæăâěńìŋëňĺ æěńőçĺáńěŋŋëňĺ áőáâőïŋĺïňĺ Z_n, ĺŋâěàŕàěâĺàãěňëňĺ łăł çĺáńő çăáâĺæ ŕőŕãńïæĺĺ ć n-ň ŕőłőńěŋĺĺ; Z_0 = 1. Ŕěàěåőďŋëě ćěàőïâŋőáâĺ p_{ik} = P(Z_{n+1} = k|Z_n = i) őďŋőğŋăçŋő őŕàěďěńïîâáï ŕàĺ ŕàěďŕőńőęěŋĺĺ, çâő çăáâĺæă, áãéěáâćãîéăï ć n-ň ŕőłőńěŋĺĺ, ŕàőĺğćőďĺâ j çăáâĺæ ć (n + 1)-ň ŕőłőńěŋĺĺ á ćěàőïâŋőáâìî (ŋě ğăćĺáïéěľ őâ ŋőňěàă ŕőłőńěŋĺï), àăćŋőľ

P(Z_1 = j) = p_j; j = 0; 1; 2; : : :; ∞∑ j=0 p_j = 1:

Ďőŕőńŋĺâěńìŋő ŕàěďŕőńăčăěâáï, çâő p_0 + p_1 < 1 ĺ p_i ≠ 1 ŕàĺ ćáěå i.

Ććőďĺâáï ŕàőĺğćőďïéăï äãŋłæĺï ćěàőïâŋőáâěľ p_i:

f(s) = ∞∑ j=0 p_js^j ; s ∈ C; |s| ≤ 1:

Šőčďă ŕàőĺğćőďïéăï äãŋłæĺî àăáŕàěďěńěŋĺï Z_n àăćŋă ∞∑ j=0 P(Z_n = j)s^j = f^n(s);

čďě äãŋłæĺï f^n { n-ï ĺâěàăæĺï äãŋłæĺĺ f.

Ţăàăłâěàĺáâĺłăňĺ àăááňăâàĺćăěňőčő ŕàőæěááă ïćńïîâáï:

∗ Ŕěàćëě ďćă ňőňěŋâă áńãçăľŋőľ ćěńĺçĺŋë Z_n. Ďăńěě m = EZ_1, ff^2 = DZ_1.

∗ Ćěàőïâŋőáâì ćëàőęďěŋĺï

q = P(Z_n → 0) = lim_{n→∞} f^n(0)

ŕàĺ m ≤ 1 àăćŋă ěďĺŋĺæě, ă ŕàĺ m > 1 { ěďĺŋáâćěŋŋőňã łőàŋî ãàăćŋěŋĺï s = f(s), ňěŋìèěňã ěďĺŋĺæë.

∗ Ăáĺňŕâőâĺłă ćěàőïâŋőáâĺ f^n(0) = P(Z^n = 0) ŕàĺ n → ∞: ěáńĺ m > 1 ĺ q > 0, âő f^n(0) = q − d(f^′(q))^n + O^((f^′(q))^{2n)};

čďě d { ŕőńőęĺâěńìŋăï łőŋáâăŋâă.

∗ Ŕàěďěńìŋőě àăáŕàěďěńěŋĺě: ěáńĺ m > 1 ĺ ff^2_1 < ∞, âő áńãçăľŋăï ćěńĺçĺŋă W_n = Z_n=m^n áåőďĺâáï ŕőçâĺ, ŋăćěàŋőě, ł áńãçăľŋőľ ćěńĺçĺŋě W, ďńï łőâőàőľ

EW = 1; DW = ff^2m(m_− 1):

Ŕàĺ íâőň ŕàěőąàăğőćăŋĺě Ńăŕńăáă ’(s) = Ee^{−sW} , Re s ≥ 0 ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî

Ŕàěďĺáńőćĺě 7

’(ms) = f(’(s)); ’^′(0) = −1;

łőâőàőě ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ŋă łńăááě åăàăłâěàĺáâĺçěáłĺå äãŋłæĺľ.

Ŕãáâì m < 1 ĺ ff^2_1 < ∞. Šőčďă ďńï łăęďőčő j = 1; 2; : : : ŕàěďěńë

lim_{n→∞} P(Z_n = j|Z_n ≠ 0) = b_j

áãéěáâćãîâ, ∑_∞ j=1 b_j = 1, ă ŕàőĺğćőďïéăï äãŋłæĺï g(s) =^{∑∞}_{j=0} b_js^j ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî

g(f(s)) = mg(s)+1−m; |s| ≤ 1:

Ťãŋłæĺï g ĺňěěâ ćĺď g(s) = 1 + (s − 1)#(s), čďě #(s) { ŋěŕàěàëćŋăï äãŋłæĺï ĺ #(1) = g^′(1). Şàăćŋěŋĺě ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě âăłőčő âĺŕă.

Ŕáěćďőáńãçăľŋëě çĺáńă. Ňěâőďë Ňőŋâě{Łăàńő çĺáńěŋŋőčő àěèěŋĺï ŋěłőâőàëå ňăâěňăâĺçěáłĺå ğăďăç őáŋőćăŋë ŋă ćőğňőęŋőáâĺ ŕőńãçěŋĺï ŕőáńěďőćăâěńìŋőáâĺ çĺáěń x_1; x_2; : : :, łăęãéĺåáï áńãçăľŋëňĺ, łăł ąãďâő çĺáńă x_n ćëąĺàăîâáï àăćŋőćěàőïâŋő ĺ ŋěğăćĺáĺňő ĺğ ňŋőęěáâćă

{ 0m ; 1m ; : : :; m^−1m }. Šăłĺě çĺáńă ŋăğëćăîâáï ŕáěćďőáńãçăľŋëňĺ. Őąëçŋő

ĺáŕőńìğãîâáï àěłãààěŋâŋëě ňěâőďë čěŋěàăæĺĺ ŕáěćďőáńãçăľŋëå çĺáěń, ŕàĺ łőâőàëå çĺáńő x_n ğăćĺáĺâ őâ ŋěáłőńìłĺå ŕàěďëďãéĺå ãęě áäőàňĺàőćăŋŋëå çĺáěń. Ć ŕàőáâěľèěň áńãçăě

x_{n+1} = f(x_n) n ≥ 0:

Ďăŋŋăï ŕőáńěďőćăâěńìŋőáâì ŕőńŋőáâìî őŕàěďěńěŋă ŕàĺ äĺłáĺàőćăŋŋőľ äãŋłæĺĺ f ĺ ćëąàăŋŋőň ğŋăçěŋĺĺ ŋăçăńìŋőčő çńěŋă ŕőáńěďőćăâěńìŋőáâĺ x_0, âăł çâő ć ďěľáâćĺâěńìŋőáâĺ íâă ŕőáńěďőćăâěńìŋőáâì ŋě ïćńïěâáï áńãçăľŋőľ.

Ŋăĺąőńěě ŕőŕãńïàŋë ńĺŋěľŋëě łőŋčàãěŋâŋëě ňěâőďë ćĺďă

x_{n+1} = ax_n + cm (mod 1);

čďě a, c, m | æěńëě łőŋáâăŋâë.

Ŕőáńěďőćăâěńìŋőáâĺ âăłőčő ćĺďă, ŋăçĺŋăï á ŋěłőâőàőčő ŋőňěàă m, ćåőďïâ ć æĺłń, âăł çâő çĺáńă x_m; : : :; x_{m+p−1} àăğńĺçŋë, ă x_{m+p}=x_m (áńěďőćăâěńìŋő, ĺ x_{n+p}=x_n ŕàĺ ćáěå n ≥ m). Ţőàőèĺě čěŋěàăâőàë äőàňĺàãîâ ŕőáńěďőćăâěńìŋőáâĺ á ąőńìèĺňĺ ŕěàĺőďăňĺ p ĺ čěŋěàĺàãěňëě ĺňĺ çĺáńă ãďőćńěâćőàĺâěńìŋő ŕàőåőďïâ áâăâĺáâĺçěáłãî ŕàőćěàłã ŋă ŋěğăćĺáĺňőáâì, áńãçăľŋőáâì ĺ àăćŋőňěàŋőáâì. Ďńï ńĺŋěľŋëå łőŋčàãěŋâŋëå ňěâőďőć íâő ďőáâĺčăěâáï ŕőďåőďïéĺň ćëąőàőň ğŋăçěŋĺľ a, c, m ĺ x_0.

8 Ŕàěďĺáńőćĺě

Ć áćïğĺ áő áłăğăŋŋëň ăłâãăńìŋă ğăďăçă ĺááńěďőćăŋĺï ĺ ňăłáĺňĺğăæĺĺ ŕěàĺőďőć æĺłńőć ć àěłãààěŋâŋëå ŕőáńěďőćăâěńìŋőáâïå.

Őâňěâĺň, çâő ŋă ąăğě čěŋěàăâőàőć ŕáěćďőáńãçăľŋëå çĺáńőćëå ŕőáńěďőćăâěńìŋőáâěľ áâàőïâáï čěŋěàăâőàë ďàãčĺå ŕáěćďőáńãçăľŋëå őąêěłâőć: ćěłâőàőć, ňăâàĺæ, äãŋłæĺľ, ŕőâőłőć, ŕőńěľ, čàăäőć ĺ ŕà. Őŋĺ âăłęě èĺàőłő ĺáŕőńìğãîâáï ŕàĺ łőňŕìîâěàŋőň ňőďěńĺàőćăŋĺĺ, ŋăŕàĺňěà ŕàĺ ĺňĺâăæĺĺ áâőåăáâĺçěáłĺå ŕàőæěááőć, ŕàőâěłăîéĺå ć áńőęŋëå âěåŋĺçěáłĺå, ŕàĺàőďŋëå ĺ áőæĺăńìŋëå áĺáâěňăå.

Şàăćŋěŋĺï čĺďàăćńĺçěáłőčő ŕőńï. Ŋ.Ň. Čěàáěćăŋőć [1950] ŕàěďńőęĺń őąéãî áåěňã áćěďěŋĺï àïďă ğăďăç ŕő äĺńìâàăæĺĺ čàãŋâőćëå ćőď ł àěèěŋĺî äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Şáâăŋőćĺćèěěáï âěçěŋĺě čàãŋâőćëå ćőď (ć ŕńőáłőľ ğăďăçě) őŕĺáëćăěâáï čĺďàőňěåăŋĺçěáłőľ áěâłőľ, áőáâőïéěľ ĺğ ďćãå áĺáâěň őàâőčőŋăńìŋő ŕěàěáěłăîéĺåáï łàĺćëå: íłćĺŕőâěŋæĺăńìŋëå łàĺćëå (čĺďàăćńĺçěáłĺľ ŋăŕőà ¸ =const) ĺ ńĺŋĺľ âőłă (àăáåőď ćőďë ˛ =const). Ŕãáâì x; y { âőçłĺ ŕěàěáěçěŋĺï íâĺå łàĺćëå:

x = ’(¸; ˛); y = (¸; ˛):

Ĺğ âěőàĺĺ äĺńìâàăæĺĺ áńěďãěâ

x + iy = f(¸ + i˛);

čďě f { ăŋăńĺâĺçěáłăï äãŋłæĺï. Ěáńĺ f { äãŋłæĺï, áőŕàïęěŋŋăï f, âő

x = f(¸ + i˛) + f(¸^− i˛) 2 ; y = f (¸ + i˛) − f(¸ − i˛) 2 : Şáńőćĺï ŋă čàăŋĺæăå äĺńìâàăæĺőŋŋőčő ŕőâőłă ŕàĺćőďïâ ł áĺáâěňě ńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ć łőŋěçŋëå àăğŋőáâïå őâŋőáĺâěńìŋő äãŋłæĺľ f ĺ f.

Ŋ.Ň. Čěàáěćăŋőć àăááňőâàěń, ć çăáâŋőáâĺ, áńěďãîéĺě ğăďăçĺ äĺńìâàăæĺĺ: (1) ŕőď èŕãŋâőćëň àïďőň; (2) ĺğ őâłàëâëå àãáěń ć čàãŋâ; (3) çěàěğ ŕěàěňëçłĺ ŕàĺ ŋěŕàőŋĺæăěňőň őáŋőćăŋĺĺ; (4) çěàěğ áâěŋłĺ ć čńãąőłĺå łőńőďæăå; (5) ć ŋăáëŕĺ ŋă ďàěŋăęŋőň őáŋőćăŋĺĺ.

Łàőňě ŋăåőęďěŋĺï čĺďàőňěåăŋĺçěáłĺå áěâőł ąëń âăłęě àěèěŋ àïď őŕâĺňĺğăæĺőŋŋëå ğăďăç.

Ğăďăçĺ ŕěàěçĺáńěŋĺï ć âěőàĺĺ čàăäőć ğăłńîçăîâáï ć őæěŋłě çĺáńă âěőàěâĺłőčàăäőćëå őąêěłâőć őŕàěďěńěŋŋőčő łńăááă. Řěèěŋĺě íâĺå ğăďăç çăáâő őáŋőćëćăěâáï ŋă ĺáŕőńìğőćăŋĺĺ ŕàőĺğćőďïéĺå äãŋłæĺľ.

Ŋăŕàĺňěà, ŕãáâì T_p { çĺáńő łőàŋěćëå ďěàěćìěć ŕőàïďłă p (àĺá. 0.1). Ŕàőĺğćőďïéăï äãŋłæĺï ďńï łőàŋěćëå ďěàěćìěć

T(x) = ∞∑ p=1 T_px^p = x ∞∏ p=1 (1 − x^p)^{−Tp}

ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî

Ŕàěďĺáńőćĺě 9

T(x) = x · exp (_∞ ∑ k=1 T(x^k) k ) :

r r r r r r r r e e e e e e e e r r r r r r r r r r r r r r r r r

AA� AA A � AA� AA� ă ą ć č

Řĺá. 0.1. Ŕàĺňěàë łőàŋěćëå ďěàěćìěć: ă { (T_1=1), ą { (T_2=1), ć { (T_3=2), č { (T_4=4)

Ěďĺŋáâćěŋŋőě àěèěŋĺě íâőčő ãàăćŋěŋĺï { ăŋăńĺâĺçěáłăï ć ŋãńě äãŋłæĺï á ŋěŋãńěćëň àăďĺãáőň áåőďĺňőáâĺ.

Ĺğ äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ŋěâàãďŋő ŕőńãçĺâì àěłãààěŋâŋãî ĺ ăáĺňŕâőâĺçěáłãî äőàňãńë ďńï T_p.

Ŕàőąńěňë Čĺńìąěàâă. Ć áćőěň ďőłńăďě "Ňăâěňăâĺçěáłĺě ŕàőąńěňë" ŋă Ňěęďãŋăàőďŋőň łőŋčàěááě ć Ŕăàĺęě ć 1900 č. Ď. Čĺńìąěàâ ďćăęďë łőáŋãńáï ćőŕàőáőć, áćïğăŋŋëå á àěèěŋĺěň äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Ŕïâăï ŕàőąńěňă (áćïğăŋŋăï á äãŋłæĺőŋăńìŋëňĺ ãàăćŋěŋĺïňĺ, őŕĺáëćăîéĺňĺ čàãŕŕőćőě áćőľáâćő łőŋěçŋëå ŋěŕàěàëćŋëå čàãŕŕ ŕàěőąàăğőćăŋĺľ) áäőàňãńĺàőćăŋă ć ćĺďě: "Ŋăáłőńìłő àěğãńìâăâë, ŕőńãçěŋŋëě ć ŕàěďŕőńőęěŋĺĺ ďĺääěàěŋæĺàãěňőáâĺ àăááňăâàĺćăěňëå äãŋłæĺľ, őáâăîâáï ć áĺńě ŕàĺ ŋőćëå ãáńőćĺïå, ąěğ íâőčő ŕàěďŕőńőęěŋĺï?"

Ď. Čĺńìąěàâ őâňěçăěâ, çâő "äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï : : :ŋě áőďěàęăâ ć áěąě ŋĺçěčő âăłőčő, çâő âàěąőćăńő ąë ďĺääěàěŋæĺàãěňőáâĺ ćåőďïéĺå ć ŋĺå äãŋłæĺľ". Ŕőïáŋĺň áĺâãăæĺî. Ś ĺğćěáâŋëňĺ äãŋłæĺïňĺ, ćåőďïéĺňĺ ć ãàăćŋěŋĺě, áćïğăŋë őąńăáâĺ ĺå őŕàěďěńěŋĺï ĺ ğŋăçěŋĺľ. Őŕěàăæĺĺ áãŕěàŕőğĺæĺĺ, őąàăğãîéĺě ãàăćŋěŋĺě, ďĺłâãîâ ńĺèì őąńăáâĺ őŕàěďěńěŋĺï ĺ ğŋăçěŋĺľ ŋěĺğćěáâŋëå äãŋłæĺľ. Šěň ŋě ňěŋěě, ŋăŕàĺňěà, ŋěŕàěàëćŋëě àěèěŋĺï ãàăćŋěŋĺľ Łőèĺ őłăğëćăîâáï ăŋăńĺâĺçěáłĺňĺ.

Ěáńĺ ŋĺçěčő ŋě ŕàěďŕőńăčăâì, âő àěèěŋĺě ňőęěâ őłăğăâìáï ŕăâőńőčĺçěáłĺň, ŋăŕàĺňěà, ć áńãçăě ãàăćŋěŋĺï Łőèĺ âăłĺňĺ őłăğëćăîâáï àěèěŋĺï Čăňěńă (á čàăäĺłőň, ćáîďã ŕńőâŋëň ŋă ŕńőáłőáâĺ). Ďàãčőľ ŕàĺňěà { ãàăćŋěŋĺě ďńï äãŋłæĺĺ Ćěľěàèâàăááă. Ěáâì ãàăćŋěŋĺï, ĺňěîéĺě ěďĺŋáâćěŋŋëňĺ àěèěŋĺïňĺ łőŋáâăŋâë, ă ěáâì ãàăćŋěŋĺï ćőőąéě ŋě ĺňěîéĺě àěèěŋĺï.

Ć ŕěàćőŋăçăńìŋőľ äőàňãńĺàőćłě ŕïâăï ŕàőąńěňă Ď. Čĺńìąěàâă ąëńă àěèěŋă ŕőńőęĺâěńìŋő.

Šàĺŋăďæăâăï ŕàőąńěňă (áćïğăŋŋăï á ğăďăçăňĺ ŋőňőčàăäĺĺ, ŋő ćëåőďïéăï ďăńěłő ğă ĺå ŕàěďěńë) ąëńă áäőàňãńĺàőćăŋă âăł: "Ŕőłăğăâì, çâő ãàăćŋěŋĺě áěďìňőľ áâěŕěŋĺ

f^7 + xf^3 + yf^2 + zf + 1 = 0

10 Ŕàěďĺáńőćĺě

ŋě àăğàěèĺňő á ŕőňőéìî łăłĺå-ńĺąő ŋěŕàěàëćŋëå äãŋłæĺľ, ğăćĺáïéĺå őâ ďćãå ăàčãňěŋâőć".

Ă.Ŋ. Łőńňőčőàőć ďőłăğăń, çâő ńîąăï ŋěŕàěàëćŋăï äãŋłæĺï n ŕěàěňěŋŋëå ŕàěďáâăćĺňă ć ćĺďě áãŕěàŕőğĺæĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ âàěå ŕěàěňěŋŋëå. Ć.Ĺ. Ăàŋőńìď áŋĺğĺń çĺáńő ŕěàěňěŋŋëå ć íâőľ âěőàěňě ďő ďćãå ĺ âěň áăňëň őŕàőćěàč čĺŕőâěğã Ď. Čĺńìąěàâă. Ă.Ŋ. Łőńňőčőàőć áŋĺğĺń çĺáńő ŕěàěňěŋŋëå ďő őďŋőčő ŕàĺ ďőŕãáâĺňőáâĺ ĺáŕőńìğőćăŋĺï äãŋłæĺĺ áãňňĺàőćăŋĺï 2n + 1 ŕěàěňěŋŋőľ. Ćłńăď ć àěèěŋĺě íâőľ ŕàőąńěňë ćŋěáńĺ Ă.Č. Ćĺâãèłĺŋ, Ŋ.Ł. Ąăàĺ, Ă. Ćĺňăŋ, Ń.Ă. Ąăááăńëčő ĺ ďà. Ćáě àěğãńìâăâë, ŕőńãçěŋŋëě ŕàĺ íâőň, ňőčãâ ąëâì ŕěàěäőàňãńĺàőćăŋë łăł ãâćěàęďěŋĺï ő áãéěáâćőćăŋĺĺ ŋěŕàěàëćŋëå àěèěŋĺľ ŋěłőâőàëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Ňěâőďë, ŋăàăąőâăŋŋëě ŕàĺ àěèěŋĺĺ âàĺŋăďæăâőľ ŕàőąńěňë, ěéě ŋě ăďăŕâĺàőćăŋë ł ďàãčĺň ğăďăçăň, áćïğăŋŋëň á àěèěŋĺěň äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

• Ć ŋăáâőïéěě ćàěňï ĺááńěďőćăŋĺï ć őąńăáâĺ âěőàĺĺ ĺâěàăæĺľ ĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ŕàőćőďïâáï ćő ňŋőčĺå ĺááńěďőćăâěńìáłĺå æěŋâàăå: ć ĺŋáâĺâãâăå ňăâěňăâĺłĺ ć Ąěńčàăďě (đčőáńăćĺï), Łĺěćě, Śăŋłâ{ Ŕěâěàąãàčě; ć ãŋĺćěàáĺâěâăå Čăňĺńìâőŋă ĺ Ćăâěàńőő (Łăŋăďă), Šãńãğë ĺ Ŋăŋâě (Ťàăŋæĺï), Čàăæě (Ăćáâàĺï), Ąăàáěńőŋë (Ĺáŕăŋĺï), Ÿâãâčăàďâă (Čěàňăŋĺï), Łőŕěŋčăčěŋă (Ďăŋĺï); ć ãŋĺćěàáĺâěâě Ńãĺğćăńï, Šěåăááłőň âěåŋĺçěáłőň ãŋĺćěàáĺâěâě, Ĺńńĺŋőľáłőň âěåŋőńőčĺçěáłőň ĺŋáâĺâãâě ĺ ć ĺŋáâĺâãâě Łãàăŋâă (ŚŸĂ), ć ãŋĺćěàáĺâěâăå Ďěąàěæěŋă (Ćěŋčàĺï) ĺ Őłăïňě (§ŕőŋĺï) ĺ ďà. Śőáâőïńĺáì ďěáïâłĺ Ňěęďãŋăàőďŋëå łőŋäěàěŋæĺľ ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň.

Ć ŕőáńěďŋĺě ďěáïâĺńěâĺï ãćěńĺçĺńőáì çĺáńő ŕãąńĺłăæĺľ ŕő àăááňăâàĺćăěňőňã ŋăŕàăćńěŋĺî. İâő ŋě ďăŋì ňőďě ĺ áćïğăŋő, áłőàěě ćáěčő, á őąéěľ ĺŋâěŋáĺäĺłăæĺěľ ŋăãçŋëå ĺááńěďőćăŋĺľ ĺ ćőáâàěąőćăŋŋőáâìî âăłőčő áőàâă ňőďěńěľ, ă âăłęě á ďăńìŋěľèěľ ňăâěňăâĺğăæĺěľ ěáâěáâćěŋŋëå ĺ őąéěáâćěŋŋëå ŋăãł. Ŋă àĺá. ŕàĺćěďěŋă áâăâĺáâĺłă çĺáńă ŕãąńĺłăæĺľ á 1900 č. ŕő ďěáïâĺńěâĺïň (æĺäàë ğăŋĺęěŋë, âăł łăł ãçĺâëćăńĺáì ńĺèì àăąőâë, áőďěàęăéĺěáï ć áŕĺáłě ńĺâěàăâãàë).

• Ő áőďěàęăŋĺĺ łŋĺčĺ. Łŋĺčă ŋőáĺâ őąğőàŋëľ åăàăłâěà. Ŕěàćőŋăçăńìŋãî æěńì { ŋăŕĺáăâì áŕàăćőçŋĺł ŕő äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň { ãďăńőáì ďőáâĺçì ńĺèì çăáâĺçŋő, âăł łăł ňŋőčĺě ĺğ őŕãąńĺłőćăŋŋëå àăąőâ őłăğăńĺáì ŋěďőáâãŕŋë.

Řăááňăâàĺćăěňăï ŕàőąńěňăâĺłă őčàăŋĺçěŋă ć łŋĺčě ćěéěáâćěŋŋëň áńãçăěň, åőâï ĺğćěáâŋë ĺŋâěàěáŋëě àěğãńìâăâë ő äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺïå ďńï łőňŕńěłáŋőğŋăçŋëå äãŋłæĺľ ĺ őą ãàăćŋěŋĺïå ć őąéĺå ăńčěąàăĺçěáłĺå áĺáâěňăå.

Ŕàěďĺáńőćĺě 11

1900 1920 1940 1960 1980 2000

100

200

Řĺá. 0.2. Řăąőâë ŕő äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň ĺ ĺâěàăæĺïň (çĺáńő ŕãąńĺłăæĺľ)

Ĺňěîâáï ĺ ďàãčĺě ŕàőąěńë. Ğăďăçĺ àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ŋěŕőáàěďáâćěŋŋő áćïğăŋë á ğăďăçăňĺ ĺâěàĺàőćăŋĺï äãŋłæĺľ, ă ĺğãçěŋĺě áåőďĺňőáâĺ ĺâěàăæĺľ, ŕő łàăľŋěľ ňěàě ć ăŋăńĺâĺçěáłőň áńãçăě, âàěąãěâ ŕàĺćńěçěŋĺï ňěâőďőć âěőàĺĺ äãŋłæĺľ łőňŕńěłáŋőčő ŕěàěňěŋŋőčő. Ć ŕőáńěďŋĺě ďěáïâĺńěâĺï ć âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň ćőğŋĺł ĺŋâěàěá ł łăáłăďăň (ć çăáâŋőáâĺ, ĺâěàăæĺïň őďŋőňěàŋëå őâőąàăęěŋĺľ): ŋă ŕàőáâěľèĺå ňőďěńïå ãďăńőáì ŋăąńîďăâì ĺ ĺááńěďőćăâì ňŋőčĺě ćőŕàőáë åăőâĺçŋőáâĺ, áåőďĺňőáâĺ ĺ ãáâőľçĺćőáâĺ ďĺŋăňĺçěáłĺå áĺáâěň. Ŋěłőâőàëě ĺğ íâĺå àěğãńìâăâőć, ŋăŕàĺňěà ŕő áĺňćőńĺçěáłĺň ďĺŋăňĺłăň, áńěďőćăńő ąë őâàăğĺâì ć łŋĺčě.

Ć ŕěàćőľ čńăćě (áőćňěáâŋő á ŕàĺńőęěŋĺïňĺ A, Ą ĺ Ď) ãâőçŋïîâáï ŋěőąåőďĺňëě ďńï ďăńìŋěľèěčő âěàňĺŋőńőčĺï ĺ ŕőŋïâĺï. Ćő ćâőàőľ čńăćě ĺğńăčăîâáï őáŋőćŋëě äăłâë âěőàĺĺ ĺâěàăæĺľ ćěéěáâćěŋŋëå äãŋłæĺľ. Ć âàěâìěľ čńăćě ŕàĺćěďěŋ ŕőńŋëľ ŕěàěçěŋì äãŋłæĺľ (ĺå, ł áőęăńěŋĺî, ŋěňŋőčő), ĺâěàăæĺĺ łőâőàëå ňőęŋő ŕàěďáâăćĺâì ć łőŋěçŋőň ćĺďě çěàěğ áãŕěàŕőğĺæĺĺ íńěňěŋâăàŋëå äãŋłæĺľ.

12 Ŕàěďĺáńőćĺě

Ůěâćěàâăï čńăćă æěńĺłőň ŕőáćïéěŋă ãàăćŋěŋĺïň ć łőŋěçŋëå àăğŋőáâïå. Ć ŕàĺńőęěŋĺĺ Č ŕàěďńőęěŋ ćăàĺăŋâ őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï, őàĺěŋâĺàőćăŋŋëľ ŋă àěèěŋĺě àăğŋőáâŋëå ãàăćŋěŋĺľ á ŋěŕàěàëćŋőľ ŕěàěňěŋŋőľ. Ć ŕïâőľ čńăćě ďăěâáï őąğőà őáŋőćŋëå ŕőďåőďőć, ĺáŕőńìğãěňëå ŕàĺ àěèěŋĺĺ àăğńĺçŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Ć čńăćăå á èěáâőľ ŕő ćőáìňãî ŕàĺćěďěŋă ďőáâăâőçŋő ŕàěďáâăćĺâěńìŋăï ćëąőàłă àěğãńìâăâőć àěèěŋĺï àăğŋőőąàăğŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Śîďă ćőèńĺ łńăááĺçěáłĺě ãàăćŋěŋĺï Ďăńăňąěàă, Čăãááă, Łőèĺ, Ńőąăçěćáłőčő; àěłãààěŋâŋëě ãàăćŋěŋĺï ďńï őàâőčőŋăńìŋëå ňŋőčőçńěŋőć; ãàăćŋěŋĺï, őŕàěďěńïîéĺě łńăááë ŋěłőâőàëå áŕěæĺăńìŋëå äãŋłæĺľ; àăğńĺçŋëě ãàăćŋěŋĺï, ćáâàěçăîéĺěáï ć ŕàĺńőęěŋĺïå ĺ âěőàěâĺçěáłĺå ĺááńěďőćăŋĺïå; äőàňãńë áãňňĺàőćăŋĺï łőŋěçŋëå áãňň äãŋłæĺľ; çĺáâő ĺńńîáâàăâĺćŋëě ŕàĺňěàë. Ć áćïğĺ á ŋěőąåőďĺňőáâìî áĺáâěňăâĺğăæĺĺ ĺŋäőàňăæĺĺ ő äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺïå, ćőğŋĺłăěâ ğăďăçă ĺå łńăááĺäĺłăæĺĺ. Őďĺŋ ĺğ ćőğňőęŋëå ŕőďåőďőć ĺğńăčăěâáï ć ŕàĺńőęěŋĺĺ Ć (áň. âăłęě ňőŋőčàăäĺî Łãçňë [Ň10].

Łŋĺčã ğăłńîçăěâ áŕĺáőł ńĺâěàăâãàë ŕő ĺâěàăæĺőŋŋőňã ĺáçĺáńěŋĺî ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň. Ŕőďàőąŋăï ąĺąńĺőčàăäĺï ŋă 1969 č. áőďěàęĺâáï ć ňőŋőčàăäĺĺ Łãçňë [Ň11].

• Ţőçã őâňěâĺâì ćáěå ŕàĺŋïćèĺå ãçăáâĺě ć ŕőďčőâőćłě łŋĺčĺ.

Ć áőáâăćńěŋĺĺ ąĺąńĺőčàăäĺĺ ĺ őâąőàã àěğãńìâăâőć ŕő äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň ãçăáâćőćăńĺ Ń.Ŋ. Ŕőáâŋĺłőćă ĺ Ě.Ă. Łãęěńěćă. Ŋ.Ŋ. Ňĺàőèŋĺłőćă łćăńĺäĺæĺàőćăŋŋő ĺ ďőąàőáőćěáâŋő ãâőçŋĺńă ąĺąńĺőčàăäĺçěáłĺě ááëńłĺ. § ŕàĺğŋăâěńěŋ ĺň ğă ŕőňőéì.

§ ąńăčőďăàî Ś.Ą. Ŕőłàőćáłőčő ğă ňŋőčĺě ãâőçŋěŋĺï âàăŋáłàĺŕæĺĺ ĺňěŋ ĺŋőáâàăŋŋëå ăćâőàőć ĺ ąěàã ŋă áěąï őâćěâáâćěŋŋőáâì ğă ćáě őáâăćèĺěáï ŋěâőçŋőáâĺ.

§ ąńăčőďăàěŋ Ń.Ĺ. Ąěááĺńìŋëå ğă âàěąőćăâěńìŋőáâì, ćŋĺňăâěńìŋőáâì ĺ âěàŕěŋĺě ŕàĺ àěďăłâĺàőćăŋĺĺ: ãďăńőáì ãáâàăŋĺâì ňŋőčĺě őčàěåĺ ĺ ãńãçèĺâì őäőàňńěŋĺě ĺáåőďŋőčő âěłáâă ŋă NCC{LATEX.

• Ŋăďěîáì, çâő ć ŕàěďáâăćńěŋŋőň ćĺďě łŋĺčă ąãďěâ ĺŋâěàěáŋă łăł ććěďěŋĺě ć àăááňăâàĺćăěňãî ŕàőąńěňăâĺłã ĺâěàĺàőćăŋĺï äãŋłæĺľ ĺ àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Łŋĺčă ăďàěáőćăŋă ŕàěęďě ćáěčő ŋăãçŋëň àăąőâŋĺłăň, ğăŋĺňăîéĺňáï ŕàĺńőęěŋĺïňĺ, ĺ áâãďěŋâăň. Ďńï ňăâěňăâĺłőć ňőęěâ ąëâì ĺŋâěàěáŋëň àăğŋőőąàăğĺě âĺŕőć äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ, àăááňőâàěŋŋëå àăğńĺçŋëňĺ ăćâőàăňĺ ĺ ŕàěďáâăćńěŋŋëå ğďěáì ć âàěâìěľ çăáâĺ, ă âăłęě åăàăłâěà ŕőńãçěŋŋëå ŕàĺ íâőň àěğãńìâăâőć.

§ ŕàěďŕőńăčăî ć ąãďãéěň áãéěáâćěŋŋő ŕěàěàăąőâăâì ĺ ŕőŕőńŋĺâì łăł âěőàěâĺçěáłãî, âăł ĺ áŕàăćőçŋãî çăáâĺ łŋĺčĺ. Ńîąëě ğăňěçăŋĺï ĺ àěłőňěŋďăæĺĺ ŕő áőďěàęăŋĺî ĺ äőàňě ĺğńőęěŋĺï ňăâěàĺăńă ąãďãâ ňŋőľ ŕàĺŋïâë á ąńăčőďăàŋőáâìî.

Ůăáâì I

ĹŠĚŘĂŰĹŐŊŊŐĚ ĹŚŮĹŚŃĚŊĹĚ

Čńăćă 1

Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

Ć ďăŋŋőľ čńăćě ãâőçŋïîâáï ŋěłőâőàëě ŕőŋïâĺï ĺ ććőďïâáï őąőğŋăçěŋĺï, łőâőàëě ć ďăńìŋěľèěň ĺáŕőńìğãîâáï ąěğ ááëńőł ĺ ŕőïáŋěŋĺľ.

1.1. Šěőàěâĺłőňŋőęěáâćěŋŋëě őąőğŋăçěŋĺï

• Őąëçŋëě őąőğŋăçěŋĺï:

x ∈ E { x ïćńïěâáï íńěňěŋâőň ňŋőęěáâćă E; ffl { ŕãáâőě ňŋőęěáâćő (ŋě áőďěàęĺâ íńěňěŋâőć); |E| { çĺáńő íńěňěŋâőć ňŋőęěáâćă E;

E = F { àăćěŋáâćő ňŋőęěáâć E ĺ F őğŋăçăěâ áőćŕăďěŋĺě ĺå íńěňěŋâŋëå áőáâăćőć;

E ⊂ F { ňŋőęěáâćő E { çăáâì (ŕőďňŋőęěáâćő) ňŋőęěáâćă F, â.ě. x ∈ E ćńěçěâ x ∈ F, ŕàĺ íâőň ŋě ĺáłńîçăěâáï àăćěŋáâćő E = F;

{a; : : :; d} { ňŋőęěáâćő ŕěàěçĺáńěŋŋëå ć äĺčãàŋëå áłőąłăå íńěňěŋâőć; {x : Q(x)} { ňŋőęěáâćő ćáěå x, ďńï łőâőàëå ćëáłăğëćăŋĺě Q(x) ĺáâĺŋŋő, ŋăŕàĺňěà, E = {x : x ∈ E};

E ∩ F, E ∪ F ĺ E \ F { ŕěàěáěçěŋĺě, őąêěďĺŋěŋĺě ĺ àăğŋőáâì ňŋőęěáâć; P(E) { ňŋőęěáâćő ćáěå çăáâěľ (ŕőďňŋőęěáâć) ňŋőęěáâćă E, ćłńîçăï ŕãáâőě ňŋőęěáâćő.

• Ďěłăàâőćő ŕàőĺğćěďěŋĺě ňŋőęěáâć:

(a; : : :; d) { ãŕőàïďőçěŋŋőě ňŋőęěáâćő (ŋăąőà) ŕěàěçĺáńěŋŋëå íńěňěŋâőć a; : : :; d;

E × F = {(x; y) : x ∈ E; y ∈ F } { ňŋőęěáâćő ãŕőàïďőçěŋŋëå ŕăà (x; y) íńěňěŋâőć x ∈ E ĺ y ∈ F (ďěłăàâőćő ĺńĺ ŕàïňőě ŕàőĺğćěďěŋĺě ňŋőęěáâć E ĺ F);

E^n = {(x_1; : : :; x_n) : x_j ∈ E; 1 ≤ j ≤ n} { ďěłăàâőćă áâěŕěŋì ňŋőęěáâćă E.

14 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

• Ŕãáâì łăęďőňã i ∈ I ŕőáâăćńěŋ ć áőőâćěâáâćĺě íńěňěŋâ a_i ∈ E:

(a_i : i ∈ I) { ĺŋďěłáĺàőćăŋŋőě áěňěľáâćő íńěňěŋâőć a_i ňŋőęěáâćă E; {a_i : i ∈ I} { ňŋőęěáâćő ğŋăçěŋĺľ ĺŋďěłáĺàőćăŋŋőčő áěňěľáâćă (a_i : i ∈ I). Ďćă àăğńĺçŋëå ĺŋďěłáĺàőćăŋŋëå áěňěľáâćă íńěňěŋâőć ňőčãâ ĺňěâì áőćŕăďăîéĺě ňŋőęěáâćă ğŋăçěŋĺľ.

• Ďăńěě ć őáŋőćŋőň àăááňăâàĺćăîâáï çĺáńőćëě ňŋőęěáâćă. Őąőğŋăçěŋĺï ćěéěáâćěŋŋëå ĺŋâěàćăńőć (ğăňłŋãâőčő, őâłàëâőčő ĺ ŕőńãőâłàëâëå): [¸; ˛], (¸; ˛), [¸; ˛), (¸; ˛].

Őąőğŋăçěŋĺě áâăŋďăàâŋëå ňŋőęěáâć:

IIN = {0; 1; 2; : : :}, IIN_+ = {1; 2; : : :}; ZZ { ňŋőęěáâćő æěńëå çĺáěń; Q { ňŋőęěáâćő àăæĺőŋăńìŋëå çĺáěń; IR = (−∞; +∞);

C { ňŋőęěáâćő łőňŕńěłáŋëå çĺáěń.

1.2. Ťãŋłæĺĺ

• Ŕãáâì E ĺ F { ďćă ňŋőęěáâćă, ŋě őąïğăâěńìŋő àăğńĺçŋëě. Ğăŕĺáì f : E → F őğŋăçăěâ, çâő E ≠ ffl ĺ f { äãŋłæĺï ĺğ E ć F (ĺńĺ

őâőąàăęěŋĺě E ć F).

Ťãŋłæĺï f : E → F łăęďőňã íńěňěŋâã x ∈ E áâăćĺâ ć áőőâćěâáâćĺě ěďĺŋáâćěŋŋëľ íńěňěŋâ y ∈ F, őąőğŋăçăěňëľ çěàěğ f(x). Ć íâőň áńãçăě ŕĺèãâ f : x → y ĺ čőćőàïâ, çâő

{ äãŋłæĺï f őâőąàăęăěâ íńěňěŋâ x ć íńěňěŋâ y; { ŕěàěňěŋŋăï y ěáâì äãŋłæĺï ŕěàěňěŋŋőľ x (y ğăćĺáĺâ őâ x); { íńěňěŋâ x { ăàčãňěŋâ äãŋłæĺĺ ĺńĺ ŋěğăćĺáĺňăï ŕěàěňěŋŋăï, ă íńěňěŋâ y { ğăćĺáĺňăï ŕěàěňěŋŋăï;

{ íńěňěŋâ y = f(x) { ğŋăçěŋĺě äãŋłæĺĺ ć âőçłě x ĺńĺ őąàăğ íńěňěŋâă x ŕàĺ őâőąàăęěŋĺĺ f, ă íńěňěŋâ x { ŕàőőąàăğ íńěňěŋâă y.

• Řăćěŋáâćő f = g ďćãå äãŋłæĺľ ĺğ E ć F őğŋăçăěâ, çâő f(x) = g(x) ďńï łăęďőčő x ∈ E.

• Ďńï X ⊂ E ňŋőęěáâćő

f(X) = {y ∈ F : y = f(x) ďńï ŋěłőâőàőčő x ∈ X}

ŋăğëćăěâáï őąàăğőň ňŋőęěáâćă X ŕàĺ őâőąàăęěŋĺĺ f : E → F.

1.2. Ťãŋłæĺĺ 15

Ć çăáâŋőáâĺ, f(ffl) = ffl:

• Ňŋőęěáâćő E ŋăğëćăěâáï őąńăáâìî őŕàěďěńěŋĺï äãŋłæĺĺ f : E → F, ă őąàăğ f(E) ňŋőęěáâćă E, â. ě. ňŋőęěáâćő ćáěå ğŋăçěŋĺľ äãŋłæĺĺ, ŋăğëćăěâáï ěě őąńăáâìî ğŋăçěŋĺľ.

• Ďńï äãŋłæĺĺ f : E → F áőőâćěâáâćĺě X → f(X) ňőęŋő àăááňăâàĺćăâì łăł äãŋłæĺî P(E) → P(F) (àăáŕàőáâàăŋěŋĺě őâőąàăęěŋĺï á ĺáåőďŋőľ őąńăáâĺ őŕàěďěńěŋĺï ŋă ňŋőęěáâćő ěě ŕőďňŋőęěáâć). Ĺáŕőńìğőćăŋĺě ěďĺŋőčő őąőğŋăçěŋĺï ďńï äãŋłæĺĺ ĺğ E ć F ĺ äãŋłæĺĺ ĺğ P(E) ć P(F) ŋě ćëğëćăěâ ŋěďőàăğãňěŋĺľ. Őą őâőąàăęěŋĺĺ f : P(E) → P(F) čőćőàïâ, çâő őŋő ïćńïěâáï ňŋőęěáâćěŋŋëň àăáèĺàěŋĺěň őâőąàăęěŋĺï f : E → F, ŕàĺ íâőň ĺáåőďŋőě őâőąàăęěŋĺě f : E → F ŋăğëćăěâáï

âőçěçŋëň.

Ĺŋőčďă ć őâńĺçĺě őâ f ěě ňŋőęěáâćěŋŋőě àăáèĺàěŋĺě őąőğŋăçăěâáï çěàěğ ~f ĺńĺ f^{[1]}.

• Ďńï őąàăğőć ňŋőęěáâć A; B ⊂ E ćëŕőńŋïîâáï áőőâŋőèěŋĺï f(A ∩ B) ⊂ f(A) ∩ f(B); f(A ∪ B) = f(A) ∪ f(B); f(A \ B) ⊂ f(A) \ f(B); A ⊂ B =⇒ f(A) ⊂ f(B); A ≠ ffl ⇐⇒ f(A) ≠ ffl:

• Ňŋőęěáâćő X ⊂ E ŋăğëćăěâáï [ŕőńŋëň] ŕàőőąàăğőň ňŋőęěáâćă Y ⊂ F ŕàĺ őâőąàăęěŋĺĺ f : E → F, ěáńĺ X áőďěàęĺâ âě ĺ âőńìłő âě íńěňěŋâë x ∈ F, ďńï łőâőàëå f(x) ∈ Y . İâĺň őŕàěďěńěŋő őâőąàăęěŋĺě f^{−1} : P(F) → P(E) ŋăğëćăěňőě őąàăâŋëň ł ňŋőęěáâćěŋŋőňã àăáèĺàěŋĺî f: f^{−1}(Y ) = {x ∈ E : f(x) ∈ Y }:

Ć çăáâŋőáâĺ, f^{−1}(ffl) = ffl:

• Ďńï ŕàőĺğćőńìŋőčő őâőąàăęěŋĺï f : E → F ĺ ňŋőęěáâć A; B ⊂ F ćëŕőńŋïîâáï áőőâŋőèěŋĺï f^{−1}(A ∩ B) = f^{−1}(A) ∩ f^{−1}(B); f^{−1}(A ∪ B) = f^{−1}(A) ∪ f^{−1}(B); f^{−1}(A \ B) = f^{−1}(A) \ f^{−1}(B);

A ⊂ B =⇒ f^{−1}(A) ⊂ f^{−1}(B); f^{−1}(B) ≠ ffl =⇒ B ≠ ffl:

16 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

• Ďńï ŕàőĺğćőńìŋőčő őâőąàăęěŋĺï f : E → F ĺ ňŋőęěáâć A ⊂ E ĺ B ⊂ F ćëŕőńŋïîâáï áőőâŋőèěŋĺï f^{−1}(B) = f^{−1}(B ∩ f(E));

f^{−1}(G ∩ F) = f^{−1}(G ∩ f(E));

A ⊂ f^{−1}(f(A)); f(f^{−1}(B)) ⊂ B:

• Ŕãáâì f : E → F ĺ A ⊂ E. Ťãŋłæĺï (őâőąàăęěŋĺě) g : A → F, ãďőćńěâćőàïîéăï g(x) = f(x) ŕàĺ ćáěå x ∈ A, ŋăğëćăěâáï áãęěŋĺěň f

ŋă A ĺ őąőğŋăçăěâáï g = f |A.

Ěáńĺ g { áãęěŋĺě f ŋă A, âő f ŋăğëćăěâáï àăáèĺàěŋĺěň g ŋă E.

• Łăŋőŋĺçěáłĺň őâőąàăęěŋĺěň ňŋőęěáâćă A ć E, čďě A { çăáâì E,

ŋăğëćăěâáï äãŋłæĺï h : A → E âăłăï, çâő h(x) = x ŕàĺ ćáěå x ∈ A. Ŕãáâì f : E → F { ńîąăï ďàãčăï äãŋłæĺï. Šőčďă

f |_A(x) = f(h(x)) ďńï ćáěå x ∈ A:

• Čàăäĺłőň äãŋłæĺĺ f : E → F ŋăğëćăěâáï ňŋőęěáâćő

`_f = {(x; y) : y = f(x); x ∈ E}:

• Ťãŋłæĺï f : E → F ŋăğëćăěâáï őâőąàăęěŋĺěň ŋă ĺńĺ áîàêěłæĺěľ

ĺğ E ŋă F (áîàêěłâĺćŋëň őâőąàăęěŋĺěň E ŋă F), ěáńĺ f(E) = F

(àĺá.1.1.ă).œ æ ¸ ß œ æ ¸ ß ffl ffi fi fl r r r r

  ¸¸¸¸¸¸:

      -

      -

-

        œ

        œ

E F f(E)

ă œ æ ¸ ß ffl ffi fi fl r r r

  ¸¸¸¸¸¸:

      -

      -

- œ

E F = f(E)

ą ffl ffi fi fl œ æ ¸ ß ffl ffi fi fl r r-

-

        œ

       œ

E F f(E)

ć ffl ffi fi fl ffl ffi fi fl r r-

- œ

E F = f(E)

č Řĺá. 1.1. Ŕàĺňěàë őâőąàăęěŋĺľ: ă { őâőąàăęěŋĺě őąéěčő âĺŕă, ą { áîàêěłæĺï, ć { ĺŋêěłæĺï, č { ąĺěłæĺï Őâőąàăęěŋĺě áîàêěłâĺćŋő âőčďă ĺ âőńìłő âőčďă, łőčďă łăęďëľ íńěňěŋâ y ∈ F ĺňěěâ ŕő łàăľŋěľ ňěàě őďĺŋ ŕàőőąàăğ: | | |{x ∈ E : f(x) = y}^| ≥ 1 ďńï ćáěå y ∈ F:

1.2. Ťãŋłæĺĺ 17

Ťãŋłæĺï f { áîàêěłæĺï âőčďă ĺ âőńìłő âőčďă, łőčďă f(f^{−1}(Y )) = Y ďńï ćáěå Y ⊂ F:

Ěáńĺ f { áîàêěłæĺï, âő f^{−1}(X) ≠ ffl ⇐⇒ X ≠ ffl:

• Ťãŋłæĺï f : E → F ŋăğëćăěâáï ĺŋêěłæĺěľ ( ĺŋêěłâĺćŋëň ĺńĺ

ćğăĺňŋő őďŋőğŋăçŋëň őâőąàăęěŋĺěň) E ć F, ěáńĺ łăęďëľ íńěňěŋâ

y ∈ F ĺňěěâ ŋě ąőńěě őďŋőčő ŕàőőąàăğă: | | |{x ∈ E : f(x) = y}^| ≤ 1 ďńï ćáěå y ∈ F;

â. ě. ěáńĺ f(a) ≠ f(b) ďńï ńîąëå àăğńĺçŋëå a ĺ b ĺğ ňŋőęěáâćă F (àĺá. 1.1.ą).

Ťãŋłæĺï f { ĺŋêěłæĺï âőčďă ĺ âőńìłő âőčďă, łőčďă f^{−1}(f(X)) = X ďńï ćáěå X ⊂ E:

Ěáńĺ f : E → F { ĺŋêěłæĺï ĺ A; B ⊂ E, âő f(A ∩ B) = f(A) ∩ f(B); f(A \ B) = f(A) \ f(B):

• Ťãŋłæĺï, ïćńïîéăïáï őďŋőćàěňěŋŋő ĺ áîàêěłæĺěľ ĺ ĺŋêěłæĺěľ, ŋăğëćăěâáï ąĺěłæĺěľ (ąĺěłâĺćŋëň őâőąàăęěŋĺěň), àĺá. 1.1.č.

Őâőąàăęěŋĺě ąĺěłâĺćŋő âőčďă ĺ âőńìłő âőčďă, łőčďă łăęďëľ íńěňěŋâ y ∈ F ĺňěěâ àőćŋő őďĺŋ ŕàőőąàăğ: | | |{x ∈ E : f(x) = y}^| = 1 ďńï ćáěå y ∈ F:

Ťãŋłæĺï f { ąĺěłæĺï âőčďă ĺ âőńìłő âőčďă, łőčďă

f^{−1}(f(X)) = X; f(f^{−1}(Y )) = Y ďńï ćáěå X ⊂ E; Y ⊂ F: • Ěáńĺ äãŋłæĺï f : E → F { ąĺěłæĺï, âő y = f(x) ⇐⇒ {x} = f^{−1}({y}):

Šěň áăňëň őŕàěďěńěŋă âőçěçŋăï äãŋłæĺï f^{−1} : F → E, ŋăğëćăěňăï

őąàăâŋőľ äãŋłæĺĺ f, âăłăï, çâő

y = f(x) ⇐⇒ x = f^{−1}(y): Śńěďőćăâěńìŋő,

18 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

f^{−1}(f(x)) = x; f(f^{−1}(y)) = y ďńï ćáěå x ∈ E; y ∈ F:

Ĺáŕőńìğőćăŋĺě ěďĺŋőčő őąőğŋăçěŋĺï ďńï äãŋłæĺĺ őąàăâŋőľ ąĺěłæĺĺ ĺ äãŋłæĺĺ, őąàăâŋőľ ěě ňŋőęěáâćěŋŋőňã àăáèĺàěŋĺî ŋě ćëğëćăěâ ŋěďőàăğãňěŋĺľ.

• Őâőąàăęěŋĺě f : E → E ŋăğëćăěâáï őâőąàăęěŋĺěň E ć áěąï ĺńĺ

ŕàěőąàăğőćăŋĺěň E.

Ąĺěłâĺćŋőě ŕàěőąàăğőćăŋĺě ňŋőęěáâćă ŋăğëćăěâáï ŕőďáâăŋőćłőľ.

1.3. Śãŕěàŕőğĺæĺï äãŋłæĺľ

• Ŕãáâì f : E → F, g : G → H. Ěáńĺ f(E) ∩ G ≠ ffl, âő áãŕěàŕőğĺæĺï (łőňŕőğĺæĺï) g ∘ f (ĺńĺ ŕàőáâő gf) őŕàěďěńïěâáï łăł őâőąàăęěŋĺě

g ∘ f : f^{−1}(f(E) ∩ G) → H

âăłőě, çâő g ∘ f(x) = g(f(x)) ďńï ńîąőčő x ∈ f^{−1}(f(E) ∩ G).

Őąńăáâì ğŋăçěŋĺľ łőňŕőğĺæĺĺ àăćŋă g(f(E) ∩ G). Őŕěàăæĺï áãŕěàŕőğĺæĺĺ ŕőïáŋïěâáï ŋă àĺá. 1.2.

Řĺá. 1.2. Śãŕěàŕőğĺæĺï äãŋłæĺľ őąéěčő âĺŕă:

f : E ! f(E), g : G ! g(G)

• Ŕàěďáâăćńěŋĺě h = gf ŋăğëćăěâáï äăłâőàĺğăæĺěľ őâőąàăęěŋĺï h. Ć íâőň áńãçăě ďńï ňŋőęěáâćěŋŋëå àăáèĺàěŋĺľ äãŋłæĺľ ćëŕőńŋïîâáï áőőâŋőèěŋĺï h(A) = g(f(A)) ďńï ćáěå A ⊂ E;

h^{−1}(C) = f^{−1}(g^{−1}(C) ∩ F) ďńï ćáěå C ⊂ G:

• Ěáńĺ f : E → F, g : F → G, h : G → H, âő

h ∘ (g ∘ f) = (h ∘ g) ∘ f

1.3. Śãŕěàŕőğĺæĺï äãŋłæĺľ 19

(ăááőæĺăâĺćŋőáâì őŕěàăæĺĺ áãŕěàŕőğĺæĺĺ). İâő őâőąàăęěŋĺě E ć H őąőğŋăçăěâáï çěàěğ h ∘ g ∘ f ĺńĺ łàăâłő hgf.

• Ŕãáâì f : E → F, g : F → E. Ěáńĺ fg ĺ gf { ąĺěłæĺĺ, âő f ĺ g { âăłęě ąĺěłæĺĺ. Ěáńĺ ŕàĺ íâőň gf = 1_E (âőęďěáâćěŋŋőě őâőąàăęěŋĺě), âő g = f^{−1}.

• Őąőğŋăçĺň âĺŕë őâőąàăęěŋĺľ áńěďãîéĺň őąàăğőň: b { ąĺěłæĺï;

i { ĺŋêěłæĺï, ŋő ŋě ąĺěłæĺï; s { áîàêěłæĺï, ŋő ŋě ąĺěłæĺï; ? { âĺŕ ŋě őŕàěďěńěŋ.

Ŕãáâì ¸ ĺ ˛ { âĺŕë őâőąàăęěŋĺľ g ĺ f. Šőčďă ğăŕĺáì ¸ ∘ ˛ őğŋăçăěâ âĺŕ áãŕěàŕőğĺæĺĺ g ∘ f. Ćëŕőńŋïîâáï áőőâŋőèěŋĺï:

s ∘ s = s; s ∘ i =?; s ∘ b = s;

i ∘ s =?; i ∘ i = i; i ∘ b = i;

b ∘ s = s; b ∘ i = i; b ∘ b = b:

• Ťãŋłæĺï ’ : X → X ŋăğëćăěâáï áőŕàïęěŋŋőľ á äãŋłæĺěľ : Y → Y (’ áőŕàïęěŋă á ), ěáńĺ áãéěáâćãěâ ąĺěłæĺï h : X → Y âăłăï, çâő h’ = h, â.ě. łőňňãâăâĺćŋă ďĺăčàăňňă

X^φ−→ X h ↓ ↓ h

Y^ψ−→ Y

• Ěáńĺ äãŋłæĺĺ ’ : X → X ĺ : Y → Y áőŕàïęěŋë, â.ě. h’ = h, âő àěèěŋĺï f : X → X ĺ g : Y → Y ãàăćŋěŋĺľ f’ = ’f ĺ g = g, áőőâćěâáâćěŋŋő, ŕőŕăàŋő áőŕàïęěŋë: hf = gh. Ďńï âăłĺå äãŋłæĺľ łőňňãâăâĺćŋă ďĺăčàăňňă

œ - -

? ? ? ?

œ - - � �` @@ @I

X X Y Y

X X Y Y

Y

f h g f h g

’ ’ h g

• Ěáńĺ äãŋłæĺĺ ’ : X → X ĺ : Y → Y áőŕàïęěŋë, â.ě. h’ = h, âő àěèěŋĺï f : X → Z ĺ g : Y → Z ãàăćŋěŋĺľ f’ = f ĺ g = g, áőőâćěâáâćěŋŋő, áćïğăŋë ŕőŕăàŋő áőőâŋőèěŋĺïňĺ f = gh. Ďńï âăłĺå äãŋłæĺľ łőňňãâăâĺćŋă ďĺăčàăňňă

20 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

� �* HHH HHY HHH HHj � �ß ? ?- - Y Y Z X X ’

h h f f g g

1.4. Ĺâěàăæĺĺ äãŋłæĺľ

1.4.1. Űěńëě ŋěőâàĺæăâěńìŋëě ŕőłăğăâěńĺ

• Ŕãáâì f : D → D { ŋěłőâőàăï äãŋłæĺï. Ťãŋłæĺĺ f^n, őŕàěďěńïěňëě àăćěŋáâćăňĺ

f^0(x) = x; f^1(x) = f(x);

f^2(x) = f(f^1(x)); : : :; f^n(x) = f(f^{n−1}(x));

ŋăğëćăîâáï áőőâćěâáâćěŋŋő ŋãńěćőľ, ŕěàćőľ, ćâőàőľ,: : :, n{ľ ĺâěàăæĺï-

ňĺ äãŋłæĺĺ f.

Ťãŋłæĺï f ŋăğëćăěâáï ĺâěàĺàãěňőľ, ŕěàěåőď őâ f ł f^n { ĺâěàĺàő-

ćăŋĺěň, ă ĺŋďěłá n ć f^n { ŕőłăğăâěńěň ĺâěàăæĺĺ ĺńĺ ĺâěàăæĺőŋŋëň ŕőłăğăâěńěň.

Ĺâěàăæĺőŋŋëľ ŕőłăğăâěńì ĺŋőčďă ŋăğëćăîâ ĺŋďěłáőň ĺâěàăæĺĺ, ă ćňěáâő f^n çăáâő ŕàĺňěŋïěâáï őąőğŋăçěŋĺě f_n ĺńĺ f^{[n]}. Ďăńěě ąãďěâ ĺáŕőńìğőćăâìáï ğăŕĺáì ĺâěàăæĺőŋŋőčő ŕőłăğăâěńï âőńìłő ćěàåŋĺň ĺŋďěłáőň. Ŕőíâőňã, ŋăŕàĺňěà, sin^2(x) ąãďěâ őğŋăçăâì sin(sin x), ă ŋě (sin x)^2.

Ĺâěàăæĺï f^n ŕàĺ æěńőň n ≥ 1 ïćńïěâáï n-łàăâŋőľ áãŕěàŕőğĺæĺěľ äãŋłæĺĺ f, â.ě. f^n = f · · · f

n àăğ ; ă ĺâěàăæĺï f^0 àăćŋă ŕő őŕàěďěńěŋĺî âőęďěáâćěŋŋőňã őâőąàăęěŋĺî 1_D ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ f.

• Őáŋőćŋëě áćőľáâćă ĺâěàăæĺľ ŕàĺ æěńëå ŋěőâàĺæăâěńìŋëå ŕőłăğăâě-

ńïå:

f^0 = 1_D; f^1 = f; f^m ∘ f^n = f^{m+n}: Ŕàőáâěľèĺě áńěďáâćĺï íâĺå őŕàěďěńïîéĺå áćőľáâć:

f^0f^m = f^mf^0 = f^m; ff^m = f^mf = f^{m+1}; (f^m)^n = f^{mn}:

• Ňŋőęěáâćő {f^n : n ≥ 0} ĺâěàăæĺľ äãŋłæĺĺ f : D → D őâŋőáĺâěńìŋő őŕěàăæĺĺ áãŕěàŕőğĺæĺĺ őąàăğãěâ æĺłńĺçěáłãî ŕőńãčàãŕŕã [f]_{IIN} ŕàěőąàăğőćăŋĺľ ňŋőęěáâćă D, ŕőàőęďěŋŋãî őďŋĺň ŕàěőąàăğőćăŋĺěň. İâă łőňňãâăâĺćŋăï ŕőńãčàãŕŕă áőďěàęĺâ ěďĺŋĺæã 1_D = f^0.

1.4. Ĺâěàăæĺĺ äãŋłæĺľ 21

• Śńěďãěâ àăğńĺçăâì áěňěľáâćő ĺâěàăæĺľ (f^n : n ≥ 0) ĺ ňŋőęěáâćő {f^n : n ≥ 0} àăğńĺçŋëå äãŋłæĺľ íâőčő áěňěľáâćă, âăł łăł ćőğňőęŋő, çâő ďćě ĺâěàăæĺĺ á àăğńĺçŋëňĺ ŕőłăğăâěńïňĺ ĺňěŋãîâ őďŋã ĺ âã ęě äãŋłæĺî.

Ŋăŕàĺňěà, ŕãáâì D = IR, f(x) = −x, f^n(x) = (−1)^nx. Ğďěáì áěňěľáâćő ĺâěàăæĺľ ïćńïěâáï ąěáłőŋěçŋőľ ŕőáńěďőćăâěńìŋőáâìî çěàěďãîéĺåáï äãŋłæĺľ, â. ě.

(f^n) = (1_R; −1_R; 1_R; : : :); |(f^n : n ≥ 0)| = ∞:

Řăğńĺçŋëě äãŋłæĺĺ íâőčő áěňěľáâćă őąàăğãîâ ňŋőęěáâćő

{f^n} = {1_R; −1_R}; |{f^n : n ≥ 0}| = 2:

• Ěáńĺ f^m = f^n ďńï ŋěłőâőàëå m ≠ n, âő ňŋőęěáâćő {f^n} łőŋěçŋő; áãéěáâćãěâ ňĺŋĺňăńìŋőě l ≥ 1 âăłőě, çâő f^l = 1_D; äãŋłæĺĺ f^0; f^1; : : :; f^{l−1} àăğńĺçŋë ĺ {f^n} = {f^0; f^1; : : :; f^{l−1}}:

Ŕàĺ íâőň àăćěŋáâćő f^m = f^n ĺňěěâ ňěáâő âőčďă ĺ âőńìłő âőčďă, łőčďă m−n łàăâŋő l.

• Řăááňőâàĺň ŕàőæěáá ĺâěàĺàőćăŋĺï äãŋłæĺľ

f : D_1 → E_1; E_1 = f(D_1);

ã łőâőàëå őąńăáâì ğŋăçěŋĺľ ŋě áőďěàęĺâáï ć őąńăáâĺ őŕàěďěńěŋĺï, â.ě. f(D_1) ⊄ D_1.

Ěáńĺ D_1 ∩ f(D_1) = ffl, âő ćâőàăï ĺ ŕőáńěďãîéĺě ĺâěàăæĺĺ ŋě őŕàěďěńěŋë.

Ŕãáâì n ≥ 2 ĺ

f^m : D_m → E_m = f^m(D_m); 1 ≤ m ≤ n:

Ćëŕőńŋïîâáï áőőâŋőèěŋĺï:

D_m = f^{−1}(E_1 ∩ D_{m−1}); D_m ⊂ D_{m−1}; 2 ≤ m ≤ n;

E_m = f(E_{m−1} ∩ D_1); D_m ⊂ D_{m−1}; 2 ≤ m ≤ n:

Šăłĺň őąàăğőň, ěáńĺ D_n ŋěŕãáâő, âő ĺâěàăæĺĺ f^1; : : :; f^n őďŋőćàěňěŋŋő őŕàěďěńěŋë ŋă ňŋőęěáâćě D_n. Ňŋőęěáâćő

D_∞ = ∞⋂ m=1 D_m

ïćńïěâáï ňăłáĺňăńìŋëň, ŋă łőâőàőň ćáě ĺâěàăæĺĺ á æěńëňĺ ŋěőâàĺæăâěńìŋëňĺ ŕőłăğăâěńïňĺ őŕàěďěńěŋë őďŋőćàěňěŋŋő ĺ, áńěďőćăâěńìŋő, ňőčãâ àăááňăâàĺćăâìáï áőćőłãŕŋő.

Ć ŕàőæěááě ĺâěàĺàőćăŋĺï ćőğňőęŋë áńěďãîéĺě łőńńĺğĺĺ:

22 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

1. Ěáńĺ ŕàĺ ŋěłőâőàőň n ≥ 2 őłăęěâáï D_1 ∩ E_m ≠ ffl ďńï 1 ≤ m ≤ n, ŋő D_1 ∩E_n = ffl, âő ĺâěàăæĺĺ f^0; : : :; f^n őŕàěďěńěŋë (łăęďăï ć áőőâćěâáâćãîéěľ őąńăáâĺ), ă f^{n+1} ĺ ĺâěàăæĺĺ á ąőńìèĺňĺ ĺŋďěłáăňĺ { ŋěâ.

2. Ćáě D_m ≠ ffl, ĺâěàăæĺĺ f^m őŕàěďěńěŋë ŕàĺ ćáěå m ≥ 0, őďŋăłő ňŋőęěáâćő D_∞ ŕãáâő.

Ć ŕàăłâĺçěáłĺå ćëçĺáńěŋĺïå ãďőąŋő ŋěŕőáàěďáâćěŋŋő ĺáŕőńìğőćăâì àăćěŋáâćă

D_n = {x : x ∈ D_1; f^1(x) ∈ D_1; f^2(x) ∈ D_1; : : :; f^{n−1}(x) ∈ D_1}; E_n = {f(x) : x ∈ D_1; f^1(x) ∈ D_1; : : :; f^{n−1}(x) ∈ D_1}:

• Ŕàĺňěà. Ŕãáâì f(x) = ln x, D_1 = (0; +∞). Šőčďă ďńï n ≥ 1 ŋăľďěň f^n(x) = (ln)^n(x), D_n = (a_n; +∞), a_{n+1} = exp(a_n), a_1 = 0. Őçěćĺďŋő, çâő D_∞ = ffl.

1.4.2. Ŕàőĺğćőńìŋëě æěńëě ŕőłăğăâěńĺ

• Ďńï ąĺěłæĺľ f : D → D ĺâěàăæĺĺ á æěńëňĺ őâàĺæăâěńìŋëňĺ ŕőłăğăâěńïňĺ őŕàěďěńïîâáï àăćěŋáâćăňĺ

f^{−n} = (f^{−1})^n; n ∈ IIN;

â. ě. łăł ĺâěàăæĺĺ őąàăâŋőľ äãŋłæĺĺ.

• Ďńï ŕàőĺğćőńìŋëå æěńëå ŕőłăğăâěńěľ ćëŕőńŋïîâáï ćáě áćőľáâćă ĺâě-

àăæĺľ, ŕàĺćěďěŋŋëě ć ŕ. 1.4.1. Ć çăáâŋőáâĺ, ďńï ćáěå æěńëå ŕőłăğăâěńěľ

(f^n)^{−1} = f^{−n}.

• Ĺŋőčďă ćňěáâő f^n(x) ĺáŕőńìğãěâáï őąőğŋăçěŋĺě f(x; n). Ŕàĺ íâőň őáŋőćŋëě áćőľáâćă ĺâěàăæĺĺ ďńï ŕàőĺğćőńìŋëå æěńëå ŕőłăğăâěńěľ ĺňěîâ ćĺď

f(x; 0) = x; f(x; 1) = f(x); f(x; −1) = f^{−1}(x);

f(f(x; m); n) = f(x; m + n):

• Ňŋőęěáâćő {f^n : n ∈ ZZ} ĺâěàăæĺľ äãŋłæĺĺ f : D → D őâŋőáĺâěńìŋő őŕěàăæĺĺ áãŕěàŕőğĺæĺĺ őąàăğãěâ æĺłńĺçěáłãî čàãŕŕã [f]ZZ ŕàěőąàăğőćăŋĺľ ňŋőęěáâćă D, ŕőàőęďěŋŋãî őďŋĺň ŕàěőąàăğőćăŋĺěň. Łăł ćáïłăï æĺłńĺçěáłăï čàãŕŕă őŋă łőňňãâăâĺćŋă ĺ áőďěàęĺâ ěďĺŋĺæã 1_D = f^0.

• Ďńï ŕàőĺğćőńìŋëå æěńëå ŕőłăğăâěńěľ, âăł ęě łăł ĺ ć áńãçăě ŋěőâàĺæăâěńìŋëå æěńëå, ěáńĺ f^m = f^n ďńï ŋěłőâőàëå m ≠ n, âő ňŋőęěáâćő {f^n} łőŋěçŋő; áãéěáâćãěâ ňĺŋĺňăńìŋőě l ≥ 1 âăłőě, çâő f^l = 1_D; äãŋłæĺĺ f^0; f^1; : : :; f^{l−1} àăğńĺçŋë ĺ

1.4. Ĺâěàăæĺĺ äãŋłæĺľ 23

{f^n} =^{f^0; f^1; : : :; f^{l−1}} :

Ŕàĺ íâőň àăćěŋáâćő f^m = f^n ĺňěěâ ňěáâő âőčďă ĺ âőńìłő âőčďă, łőčďă m−n łàăâŋő l.

1.4.3. Čàăäĺłĺ ĺâěàăæĺľ

• Čàăäĺłĺ ĺâěàăæĺľ y = f^n(x) áâàőïâáï ŕő čàăäĺłã äãŋłæĺĺ y = f(x) ĺ ŕàïňőľ y = x, ŋăğëćăěňőľ őáìî ĺâěàăæĺľ.

Ŋă àĺá. 1.3.ă ďńï ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ x_{n+1} = f(x_n), n ≥ 0, ŕőłăğăŋ àěğãńìâăâ ŕőáâàőěŋĺï ŋă čàăäĺłě äãŋłæĺĺ f âőçěł P_0, P_1, P_2; : : : á ăąáæĺááăňĺ x_0, x_1, x_2; : : :.

-

6

� � � � � �

æȷ

  ȷȷ

    ȷȷ�

      �!!

        ıı

-

6 y y

x x

Q0 Q1 P1 P2 P∗

P0

ă ą 0 0 f f f^2

� � � � � � ææ ””� �!! ! ıı (((

Řĺá. 1.3. Ŕàĺňěàë čàăäĺçěáłĺå ŕőáâàőěŋĺľ ŕő čàăäĺłã äãŋłæĺĺ f: ă { àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâĺ xn_{+1} = f(xn), ą { čàăäĺłă äãŋłæĺĺ f^2

Ŕőàïďőł ŕőáâàőěŋĺï čàăäĺłă áńěďãîéĺľ:

1. Ůěàěğ âőçłã P_0 = (x_0; x_1), čďě x_1 = f(x_0), ŕàőćőďĺň čőàĺğőŋâăńìŋãî ŕàïňãî. Őŋă ŕěàěáěçěâ őáì ĺâěàăæĺľ ć âőçłě Q_0 = (x_1; x_1).

2. Ůěàěğ âőçłã Q_0 ŕàőćőďĺň ćěàâĺłăńìŋãî ŕàïňãî. Őŋă ŕěàěáěçěâ čàăäĺł äãŋłæĺĺ f ć âőçłě P_1 = (x_1; x_2), čďě x_2 = f(x_1).

Ŕőćâőàïï őŕěàăæĺĺ 1, 2 ŕőńãçĺň ŋă čàăäĺłě äãŋłæĺĺ f ŕőáńěďőćăâěńìŋőáâì âőçěł

P_0 = (x_0; f(x_0)); P_1 = (x_1; f(x_1)); P_2 = (x_2; f(x_2)); : : : :

Ć ďăńìŋěľèěň ąãďěň ŕàĺćőďĺâì ãŕàőéěŋŋëě čàăäĺłĺ, ŕőłăğëćăï ŋă ŋĺå ńĺèì ŕěàěåőďë ňěęďã łàĺćëňĺ y = f(x) ĺ y = x ŕő ńőňăŋőľ P_0Q_0P_1Q_1 : : :, â.ě. áâàőï ćěłâőàë

P_0Q_0; Q_0P_1; P_1Q_1; Q_1P_2; : : ::

24 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï

Şłăğăŋŋëě ŕőáâàőěŋĺï ňőčãâ őąőàćăâìáï ć ňőňěŋâ ŕàĺåőďă ł ãęě ŕàőľďěŋŋőľ àăŋěě âőçłě P_i (ğăæĺłńĺćăŋĺě ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ). Ć çăáâŋőáâĺ, ŕőáâàőěŋĺï ćőőąéě ćëàőęďăîâáï, ěáńĺ ŋăçăâì á ŋěŕőďćĺęŋőľ âőçłĺ, ŋăŕàĺňěà, á âőçłĺ P_∗ ŋă àĺá. 1.3.ă.

• Ŋă àĺá. 1.3.ą ŕőłăğăŋ àěğãńìâăâ ŕőáâàőěŋĺï ŋěáłőńìłĺå âőçěł čàăäĺłă äãŋłæĺĺ y = f^2(x).

Ďńï ŋěłőâőàőčő x őâàěğłĺ P_0Q_0 ĺ Q_0P_1, őŕàěďěńïěňëě âőçłăňĺ

P_0 = (x; f(x)); Q_0 = (f(x); f(x)); P_1 = (f(x); f^2(x));

ďőáâàăĺćăîâáï ďő ŕàïňőãčőńìŋĺłă P_0Q_0P_1R. Ŕàĺ íâőň âőçłă R = (x; f^2(x)), őçěćĺďŋő, ńěęĺâ ŋă čàăäĺłě äãŋłæĺĺ y = f^2(x). • Ďăŋŋëľ áŕőáőą ŋěŕőáàěďáâćěŋŋő őąőąéăěâáï ŋă ŕőáâàőěŋĺě čàăäĺłă áãŕěàŕőğĺæĺĺ ďćãå äãŋłæĺľ y = g(x) ĺ y = f(x). Ăŋăńőčĺçŋő ŕàěďëďãéěňã áâàőĺâáï ŕàïňőãčőńìŋĺł ŕő ćěàèĺŋăň

(x; f(x)); (f(x); f(x)); (f(x); g(f(x))):

Ůěâćěàâăï ćěàèĺŋă (x; g(f(x))) ńěęĺâ ŋă čàăäĺłě áãŕěàŕőğĺæĺĺ g ∘ f. Šăł, čàăäĺł äãŋłæĺĺ f^3 ňőęŋő ŕőáâàőĺâì ŕő čàăäĺłăň äãŋłæĺľ f ĺ f^2 (f^3 = f ∘f^2), ă čàăäĺł äãŋłæĺĺ f^4 { ŕő čàăäĺłã äãŋłæĺĺ f^2 (f^4 = f^2∘f^2).

• Ŋăĺąőńěě íłőŋőňĺçŋëě áŕőáőąë ŕőáâàőěŋĺï čàăäĺłă ĺâěàăæĺľ ćëáőłőčő ŕőàïďłă f^n { ĺğ čàăäĺłă äãŋłæĺĺ f, â. ě. áŕőáőąë á ňĺŋĺňăńìŋëň çĺáńőň ŕàőňěęãâőçŋëå čàăäĺłőć, ăŋăńőčĺçŋë ąëáâàëň ňěâőďăň ćëçĺáńěŋĺï ąőńìèĺå áâěŕěŋěľ çĺáěń.

Śåěňă 1 → 2 → 3 → 6 → 9 ↓ ↓ 4 5 → 10 ↓ ↓ 8 7 (ŋăçăńő "áâěŕěŋŋőčő ďěàěćă") őŕàěďěńïěâ ŕőàïďőł ąëáâàőčő ćëçĺáńěŋĺï áâěŕěŋěľ çĺáěń, ć ŋăèěň áńãçăě { ąëáâàőčő ŕőáâàőěŋĺï čàăäĺłőć ĺâěàĺàőćăŋŋëå äãŋłæĺľ. Ŋăŕàĺňěà, čàăäĺł äãŋłæĺĺ f^9 ŕő íâőľ áåěňě áâàőĺâáï ć ŕőáńěďőćăâěńìŋőáâĺ

1 → 2 → 3 → 6 → 9

á ŕőáâàőěŋĺěň ŕàőňěęãâőçŋëå čàăäĺłőć äãŋłæĺľ f, f^2, f^3, f^6. Ćŕàőçěň ć íâőň áńãçăě ćőğňőęŋë ĺ ďàãčĺě íłőŋőňĺçŋëě áŕőáőąë, ŋě ćłńîçěŋŋëě ć "áâěŕěŋŋőě ďěàěćő", ŋăŕàĺňěà,

1 → 2 → 4 → 8 → 9:

Čńăćă 2

Šěőàĺï ĺâěàăæĺľ

2.1. Śåőďĺňőáâì ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ

2.1.1. Ŋěŕőďćĺęŋëě âőçłĺ. Űĺłńë

• Ŕãáâì ğŋăçěŋĺï çńěŋőć ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ x_1; x_2; : : :, čďě x_{n+1} = f(x_n), æĺłńĺçěáłĺ ŕőćâőàïîâáï á ŕěàĺőďőň p ≥ 1, â.ě. ŕőáńěďőćăâěńìŋőáâì ĺňěěâ ćĺď

x_1; x_1; x_1; : : : ŕàĺ p = 1 ĺńĺ x_1; : : :; x_p; x_1; : : :; x_p; : : :ŕàĺ p > 1:

Ğďěáì ćáě çĺáńă x_1; : : :; x_p àăğńĺçŋë. Ůĺáńő p ŋăğëćăěâáï ŕěàĺőďőň ĺńĺ ŕőàïďłőň æĺłńă, ă áăň æĺłń { p-æĺłńőň. Űĺłń ğăŕĺáëćăěâáï ŋăąőàőň

(x_1; : : :; x_p):

Ŋăąőàë

(x_1; : : :; x_p); (x_2; : : :; x_p; x_1); : : :; (x_p; x_1; : : :; x_{p−1})

őąőğŋăçăîâ őďĺŋ ĺ âőâ ęě æĺłń, â. ě. ŋăçăńìŋëľ íńěňěŋâ ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ ŋě äĺłáĺàãěâáï.

Ŕàĺňěàë æĺłńőć ŕàĺćěďěŋë ŋă àĺá. 2.1.

• Űĺłń ďńĺŋë ěďĺŋĺæă őąàăğãěâ âőçłă a âăłăï, çâő f(a) = a. Őŋă ŋăğëćăěâáï ŋěŕőďćĺęŋőľ âőçłőľ äãŋłæĺĺ (őâőąàăęěŋĺï) f. Ŋěŕőďćĺęŋăï âőçłă äãŋłæĺĺ ïćńïěâáï őďŋőćàěňěŋŋő ŋěŕőďćĺęŋőľ âőçłőľ ćáěå ěě ĺâěàăæĺľ.

Ŋěŕőďćĺęŋëě âőçłĺ äãŋłæĺĺ ńěęăâ ŋă ŕěàěáěçěŋĺĺ čàăäĺłă äãŋłæĺĺ ĺ őáĺ ĺâěàăæĺľ.

Ŕăàă âőçěł, őąàăğãîéĺå æĺłń ćâőàőčő ŕőàïďłă, áĺňňěâàĺçŋë őâŋőáĺâěńìŋő őáĺ ĺâěàăæĺľ.

• Šőçłă a ŋăğëćăěâáï ŋěŕőďćĺęŋőľ âőçłőľ ŕőàïďłă p äãŋłæĺĺ f, ěáńĺ őŋă ćåőďĺâ ć p-æĺłń, ŕőàőęďěŋŋëľ íâőľ äãŋłæĺěľ, â.ě. f^p(a) = a ĺ f^j (a) ≠ a ŕàĺ 1 ≤ j < p.

Ŋěŕőďćĺęŋăï âőçłă ŕőàïďłă p ïćńïěâáï ŋěŕőďćĺęŋőľ âőçłőľ ĺâěàăæĺľ f^{pm} ŕàĺ ćáěå æěńëå ŋěőâàĺæăâěńìŋëå m.

26 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

-

6

� � � � � � �

� � � � � � �AA AA AA AA AA AA A 6 - 6 -

? œ r r r

r O 1

1

x0 x1 x2 x3

Řĺá. 2.1. Ŕàĺňěàë æĺłńőć: 1-æĺłń { (x_0), 3-æĺłń { (x_1, x_2, x_3)

• Őŕàěďěńĺň ŋă ňŋőęěáâćě ŋăâãàăńìŋëå çĺáěń IIN_+ őâŋőèěŋĺě: m ŕàěďèěáâćãěâ n (m ⪯ n), ěáńĺ ďńï ćáïłőľ ŋěŕàěàëćŋőľ ŋă ćěéěáâćěŋŋőľ ŕàïňőľ äãŋłæĺĺ áãéěáâćőćăŋĺě æĺłńă ŕőàïďłă m ćńěçěâ áãéěáâćőćăŋĺě æĺłńă ŕőàïďłă n. Šăłőě őâŋőèěŋĺě ãŕőàïďőçĺćăěâ IIN_+, ŕàĺ íâőň

3 ≺ 5 ≺ 7 ≺ : : : ≺ 3 · 2 ≺ 5 · 2 ≺ 7 · 2 ≺ : : :

: : : ≺ 3 · 2^2 ≺ 5 · 2^2 ≺ 7 · 2^2 ≺ : : : ≺ : : : ≺ 2^2 ≺ 2 ≺ 1;

âőçŋěě (2m+1)2^p ≺ (2n+1)2^q ŕàĺ 0 ≤ p < q ĺńĺ

ŕàĺ 0 ≤ p = q; m < n;

(2m+1)2^p ≺ 2^q ŕàĺ p; q ≥ 0; m ≥ 1;

2^p ≺ 2^q ŕàĺ 0 ≤ q < p:

Ć çăáâŋőáâĺ, ěáńĺ ŋěŕàěàëćŋăï ŋă ŋěłőâőàőň ĺŋâěàćăńě äãŋłæĺï f ĺňěěâ æĺłń ŋěçěâŋőčő ŕőàïďłă, őâńĺçŋëľ őâ ěďĺŋĺæë, âő őŋă ĺňěěâ æĺłńë ćáěå ą«őńìèĺå ŋěçěâŋëå ŕőàïďłőć, æĺłńë ńîąëå çěâŋëå ŕőàïďłőć ĺ ŋěŕőďćĺęŋëě âőçłĺ.

Ňěęďã ńîąëňĺ ďćãňï âőçłăňĺ æĺłńă ŕőàïďłă k > 1, ŕőàőęďěŋŋőčő ŋěŕàěàëćŋőľ ŋă ŋěłőâőàőň ĺŋâěàćăńě äãŋłæĺěľ, ńěęĺâ åőâï ąë őďŋă âőçłă ŋěłőâőàőčő æĺłńă ŕőàïďłă l < k. Ÿăàłőćáłĺľ [1964] Ěáńĺ ďńï ŋěŕàěàëćŋőčő őâőąàăęěŋĺï f ňőęŋő ŋăľâĺ âőçłĺ a, b, c, d, âăłĺě, çâő b = f(a), c = f(b), d = f(c) ĺ d ≤ a < b < c, âő íâő őâőąàăęěŋĺě ĺňěěâ æĺłńë ńîąőčő ŕőàïďłă ĺ ŋěáçěâŋőě ňŋőęěáâćő ŋěŕěàĺőďĺçěáłĺå âàăěłâőàĺľ. Ńĺ, Ľőàłě [1975]

2.1. Śåőďĺňőáâì ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ 27

2.1.2. Śåőďĺňőáâì ł ŋěŕőďćĺęŋőľ âőçłě

Ńîąőě àěèěŋĺě x_∗ ãàăćŋěŋĺï x = f(x) ŋăğëćăěâáï ŋěŕőďćĺęŋőľ âőçłőľ äãŋłæĺĺ (ĺńĺ őâőąàăęěŋĺï) f.

• Őâőąàăęěŋĺě f : D → IR ŋăğëćăěâáï ŋěàăáâïčĺćăîéĺň ŋă ňŋőęěáâćě D_0 ⊂ D ⊂ IR, ěáńĺ |f(x) − f(y)| ≤ |x − y| ŕàĺ ćáěå x; y ∈ D_0;

ĺ áâàőčő ŋěàăáâïčĺćăîéĺň ŋă D0, ěáńĺ

|f(x) − f(y)| < |x − y| ŕàĺ ćáěå x ≠ y; x; y ∈ D_0:

Ŋěàăáâïčĺćăîéĺě ĺ áâàőčő ŋěàăáâïčĺćăîéĺě őâőąàăęěŋĺï ŋěŕàěàëćŋë.

Śâàőčő ŋěàăáâïčĺćăîéěě őâőąàăęěŋĺě ňőęěâ ĺňěâì ŋě ąőńěě őďŋőľ ŋěŕőďćĺęŋőľ âőçłĺ, âăł łăł ĺŋăçě |x_∗ − y_∗| = |f(x_∗) − f(y_∗)| < |x_∗ − y_∗|:

Śâàőčőľ ŋěàăáâïęĺňőáâĺ ŋěďőáâăâőçŋő ďńï áãéěáâćőćăŋĺï ŋěŕőďćĺęŋőľ âőçłĺ.

Ŕàĺňěà (Őàâěčă, Řěľŋąăńďâ):

f(x) = { x + exp(−x=2) ŕàĺ x ≥ 0; exp(x=2) ŕàĺ x ≤ 0:

• Ěáńĺ f { ŋěàăáâïčĺćăîéěě őâőąàăęěŋĺě ŋă őâàěğłě I ⊂ IR ĺ f(I) ⊂ I, âőčďă f ĺňěěâ ěďĺŋáâćěŋŋãî ŋěŕőďćĺęŋãî âőçłã ć I âőčďă ĺ âőńìłő âőčďă, łőčďă ŕőáńěďőćăâěńìŋőáâì x_{n+1} = f(x_n) (2:1) őčàăŋĺçěŋă ŕő łàăľŋěľ ňěàě ďńï őďŋőľ âőçłĺ x_0 ∈ I.

• Őâőąàăęěŋĺě f : D → IR ŋăğëćăěâáï áęĺňăîéĺň (ĺńĺ áęăâĺěň) ŋă ňŋőęěáâćě D_0 ⊂ D ⊂ IR, ěáńĺ áãéěáâćãěâ ¸ < 1 âăłőě, çâő |f(x) − f(y)| < ¸|x − y| ŕàĺ ćáěå x; y ∈ D_0:

Ćáïłőě áęăâĺě { áâàőčő ŋěàăáâïčĺćăîéěě őâőąàăęěŋĺě.

Ěáńĺ f { áęăâĺě ŋă ğăňłŋãâőň ňŋőęěáâćě D_0 ĺ f(D_0) ⊂ D_0, âő f ĺňěěâ ěďĺŋáâćěŋŋãî ŋěŕőďćĺęŋãî âőçłã ć D_0.

• Šěőàěňă Ąàăãíàă. Ěáńĺ äãŋłæĺï f ŋěŕàěàëćŋă ŋă őâàěğłě I ⊂ IR ĺ

f(I) ⊂ I, âő f ĺňěěâ ŋěŕőďćĺęŋãî âőçłã ć I.

28 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

Ěďĺŋáâćěŋŋőáâì ŋěŕőďćĺęŋőľ âőçłĺ ŋě čăàăŋâĺàãěâáï.

Ŕàĺňěà: f(x) = x ŕàĺ ćáěå x ∈ I.

• Šěőàěňă Ńěàí{Ÿăãďěàă. Ěáńĺ äãŋłæĺï f ŋěŕàěàëćŋă ŋă őâłàëâőň

ĺŋâěàćăńě I ⊂ IR, 0 ∈ I, ĺ f(x) ≠ –x ŕàĺ ńîąëå – > 1 ĺ x ∈ I, âő f ĺňěěâ ŋěŕőďćĺęŋãî âőçłã ć ğăňëłăŋĺĺ I.

• Ŕãáâì äãŋłæĺï f : IR → IR ŋěŕàěàëćŋă ĺ

|f^2(x) − f(x)| ≤ –|f(x) − x|;

čďě 0 ≤ – < 1. Šőčďă áãéěáâćãěâ ŋěŕőďćĺęŋăï âőçłă x_∗ äãŋłæĺĺ f, ŕőáńěďőćăâěńìŋőáâì (2:1) áåőďĺâáï, ŋăçĺŋăï á ŕàőĺğćőńìŋőčő x_0 ĺ

|x_n − x_∗| ≤ (1 − –)^{−1} –|x_n − x_{n−1}|:

• Šěőàěňă Łăŋâőàőćĺçă. Ŕãáâì f : D ⊂ IR → IR ňőŋőâőŋŋă ŋă D,

x_0 ≤ y_0, [x_0; y_0] ⊂ D, x_0 ≤ f(x_0), y_0 ≥ f(x_0). Šőčďă ďńï ŕőáńěďőćăâěńìŋőáâěľ

x_{n+1} = f(x_n); y_{n+1} = f(y_n); n = 0; 1; : : :;

ŕàĺ n → ∞ ćëŕőńŋěŋë áőőâŋőèěŋĺï x_n ↑ x_∗, y_n ↓ y_∗ ĺ x_∗ ≤ y_∗. Ěáńĺ f ŋěŕàěàëćŋă ŋă [x_0; y_0], âő x_∗ = f(x_∗), y_∗ = f(y_∗) ĺ ńîąăï ŋěŕőďćĺęŋăï âőçłă ĺğ [x_0; y_0] ńěęĺâ ć [x_∗; y_∗].

• Ŕãáâì f { ŋěŕàěàëćŋă, áâàőčő ňőŋőâőŋŋő ćőğàăáâăěâ ŕàĺ 0 ≤ x ≤ d, f(0) = 0 ĺ f(x) < x ŕàĺ 0 < x ≤ d. Šőčďă ŕőáńěďőćăâěńìŋőáâì x_0 = x, x_n = f(x_{n−1}) áâàőčő ãąëćăěâ ĺ lim_{n→∞} x_n = lim_{n→∞} f^n(x) = 0. Ŋěàăćěŋáâćő 0 < x < y ≤ d ćńěçěâ 0 < x_n < y_n < d ďńï łăęďőčő n > 0.

• Ěáńĺ őâőąàăęěŋĺě f : [a; b] → IR ŋěŕàěàëćŋő, ĺ

(f(a) − a)(f(b) − b) ≤ 0;

âő f ĺňěěâ ŋěŕőďćĺęŋãî âőçłã ŋă [a; b].

• Ňŋőęěáâćő E ŋăğëćăěâáï őąńăáâìî ŕàĺâïęěŋĺï ŋěŕőďćĺęŋőľ âőçłĺ x_∗ äãŋłæĺĺ f, ěáńĺ ŕőáńěďőćăâěńìŋőáâì x_{n+1} = f(x_n) áåőďĺâáï ł x_∗, ŋăçĺŋăï á ŕàőĺğćőńìŋőčő x_0 ∈ E.

Ňŋőęěáâćő E ŋăğëćăěâáï őąńăáâìî ŕàĺâïęěŋĺï p-æĺłńă äãŋłæĺĺ f, ěáńĺ ŕőáńěďőćăâěńìŋőáâì x_{n+1} = f^p(x_n), ŋăçĺŋăîéăïáï á ŕàőĺğćőńìŋőčő x_0 ∈ E, áåőďĺâáï ł őďŋőľ ĺğ ŋěŕőďćĺęŋëå âőçěł, ćåőďïéĺå ć àăááňăâàĺćăěňëľ æĺłń.

• Ŕãáâì äãŋłæĺï f : I → I ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ŋă őâłàëâőň ĺŋâěàćăńě I ⊂ IR.

2.1. Śåőďĺňőáâì ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ 29

Ěáńĺ a = f(a) ∈ I ĺ |f^′(a)| < 1, âő ŋěŕőďćĺęŋăï âőçłă a ŕàĺâïčĺćăîéăï: áãéěáâćãěâ őłàěáâŋőáâì âőçłĺ a, ćåőďïéăï ć ěě őąńăáâì ŕàĺâïęěŋĺï.

Ěáńĺ âőçłĺ a_1; : : :; a_p ∈ I őąàăğãîâ p-æĺłń äãŋłæĺĺ f ĺ

|f^′(a_1) : : :f^′(a_n)| < 1;

âő íâőâ æĺłń ŕàĺâïčĺćăîéĺľ: áãéěáâćãîâ őłàěáâŋőáâĺ I_i âőçěł a_i, i = 1; : : :; p, âăłĺě, çâő ňŋőęěáâćő^{⋃p}_{i=1} I_i ćåőďĺâ ć őąńăáâì ŕàĺâïęěŋĺï æĺłńă.

Ŋă àĺá. 2.2 ŕàěďáâăćńěŋő ŕőćěďěŋĺě ŕőáńěďőćăâěńìŋőáâěľ (2:1), ŋăçĺŋăîéĺåáï á âőçěł, ďőáâăâőçŋő ąńĺğłĺå ł ŋěŕőďćĺęŋőľ âőçłě a, ŕàĺ f^′(a) ≠ 0, |f^′(a)| ≠ 1.

-

6

� � � � � � ¸¸¸ıı ””æ æœ ?œ 6- ææ � � - -

6

� � � � � �

-

6

� � � � � �

-

6

� � � � � � � � �œ ? œ

6- � �

@@ @@ @@ @@ @@

@@Z Zbb HHHQ Qll - ? œ 6 - @@ @@ @@ @@ @@ ee TT - ? œ

6 - SS

−1 < f^′(a) < 0 f^′(a) < −1

0 < f^′(a) < 1 1 < f^′(a)

fi ´´ ´-

BB BA AJ J Řĺá. 2.2. Ĺâěàăæĺőŋŋëě ŕőáńěďőćăâěńìŋőáâĺ xn_{+1} = f(xn) ć őłàěáâŋőáâĺ ŋěŕőďćĺęŋőľ âőçłĺ a = f(a). Śńãçăľ 0 < jf^0(a)j 6= 1

Ŕő åăàăłâěàã ŕőćěďěŋĺï ĺâěàăæĺőŋŋőčő ŕàőæěááă ć őłàěáâŋőáâĺ ŋěŕőďćĺęŋőľ âőçłĺ áńãçăĺ, ĺğőąàăęěŋŋëě ŋă àĺáãŋłě, ňőčãâ ąëâì ŋăğćăŋë őďŋőňěàŋëňĺ ăŋăńőčăňĺ "ãáâőľçĺćőčő ãğńă" (0 < f^′(a) < 1), "ãáâőľçĺćőčő äőłãáă" (−1 < f^′(a) < 0), "ŋěãáâőľçĺćőčő ãğńă"(1 < f^′(a)), "ŋě-

30 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

ãáâőľçĺćőčő äőłãáă"(f^′(a) < −1); "ŕàěďěńìŋőňã æĺłńã" őâćěçăń ąë áńãçăľ ŕàĺâïčĺćăîéěčő æĺłńă (|f^′(a_1) : : :f^′(a_p)| < 1).

• Ĺâěàăæĺőŋŋëě ŕőáńěďőćăâěńìŋőáâĺ ćĺďă x_{n+1} = f(x_n) ňőčãâ áåőďĺâìáï á ŕàőĺğćőńìŋőľ ğăďăŋŋőľ áłőàőáâìî |x_n − x_∗| = !(n). Ťãŋłæĺï f ňőęěâ ąëâì ŕőáâàőěŋă ć ïćŋőň ćĺďě ŕàĺ ğăďăŋŋőľ äãŋłæĺĺ !. Ăŋăńőčĺçŋőě ãâćěàęďěŋĺě ćěàŋő ďńï áåőďĺňőáâĺ ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ ł ŕàěďěńìŋëň æĺłńăň.

Őąőğŋăçĺň çěàěğ ˙_d ňŋőęěáâćő ŋěŕàěàëćŋëå áâàőčő ãąëćăîéĺå ŋă [0; +∞] äãŋłæĺľ ! âăłĺå, çâő !(0) = d > !(+∞) = 0. Ťãŋłæĺĺ ĺğ ˙_d ğďěáì ąãďãâ ĺáŕőńìğőćăŋë ďńï åăàăłâěàĺğăæĺĺ áłőàőáâĺ áåőďĺňőáâĺ ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ ł ŕàěďěńìŋëň âőçłăň.

Ő áåőďĺňőáâĺ ł ŕàěďěńìŋőľ âőçłě. Ďńï ğăďăŋŋőľ äãŋłæĺĺ ! ∈ ˙_d áãéěáâćãěâ őŕàěďěńěŋŋăï ŋă ŋěłőâőàőň őâàěğłě [a; b] ŋěŕàěàëćŋăï ćěéěáâćěŋŋăï äãŋłæĺï f âăłăï, çâő ãàăćŋěŋĺě x = f(x) ĺňěěâ ěďĺŋáâćěŋŋëľ łőàěŋì c ∈ (a; b), ł łőâőàőňã ŕőáńěďőćăâěńìŋőáâì x_{n+1} = f(x_n); n = 0; 1; 2; : : :;

ŋăçĺŋăîéăïáï á ŕàőĺğćőńìŋőčő x_0 ∈ [a; b], áåőďĺâáï áő áłőàőáâìî |x_n − c| = !(fi + n); n = 0; 1; 2; : : :; (2:2) čďě fi őŕàěďěńïěâáï âőńìłő ćëąőàőň x_0. Ŕàĺ íâőň ňőęŋő ãłăğăâì âăłőě x_0 ∈ [a; b], çâő àăćěŋáâćă (2:2) ćëŕőńŋïîâáï á fi = 0. Ŋěçěŕãàěŋłő [1997ă] Ŕàĺňěàë áåőďĺňőáâěľ á łőŋłàěâŋëňĺ áłőàőáâïňĺ. 1. Ňěďńěŋŋăï áåőďĺňőáâì:

!(x) = 1ln (e + x); d = 1; c = 0;

f(x) = { ( ln (1 + e^{1/x})

)_−1

ŕàĺ 0 < |x| ≤ 1;

0 ŕàĺ x = 0: 2. Ąëáâàăï áåőďĺňőáâì:

!(x) = dm^x; 0 < d < 1; m > 2; c = 0; f(x) = x · |x|^{m−1}; −d ≤ x ≤ d:

2.1. Śåőďĺňőáâì ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ 31

Ő áåőďĺňőáâĺ ł ŕàěďěńìŋőňã æĺłńã. Ďńï ğăďăŋŋëå d_i > 0 ĺ äãŋłæĺľ !_i ∈ ˙_{di} , i = 1; : : :; m, áãéěáâćãěâ őŕàěďěńěŋŋăï ŋă ŋěłőâőàőň őâàěğłě [a; b] ŋěŕàěàëćŋăï ćěéěáâćěŋŋăï äãŋłæĺï h, ĺňěîéăï ŋă (a; b) ãáâőľçĺćëľ m-æĺłń

c_1 < c_2 < : : : < c_m; h(c_1) = c_2; : : :; h(c_{m−1}) = c_m; h(c_m) = c_1; ł łőâőàőňã ŕőáńěďőćăâěńìŋőáâì x_{n+1} = h(x_n); n = 0; 1; 2; : : :;

ŋăçĺŋăîéăïáï á ŕàőĺğćőńìŋőčő x_0 ≠ c_1, ćëąàăŋŋőčő ĺğ ŋěłőâőàőčő őâàěğłă [¸; ˛] ⊂ [a; b], áåőďĺâáï áő áłőàőáâìî

|x_{mn} − c_1| = !_1(fi + n); |x_{mn+1} − c_2| = !_2(fi + n); . . |x_{mn+m−1} − c_m| = !_m(fi + n); n = 0; 1; 2; : : :;

(2:3)

čďě fi őŕàěďěńïěâáï âőńìłő ćëąőàőň x_0. Ŕàĺ íâőň ňőęŋő ãłăğăâì âăłőě x_0 ∈ [¸; ˛], çâő àăćěŋáâćă (2:3) ćëŕőńŋïîâáï á fi = 0.

Őâňěâĺň, çâő ĺğ (2:3) áńěďãěâ, çâő áåőďĺňőáâì ł âőçłăň ŕàěďěńìŋőčő æĺłńă őâďěńìŋëå ŕőďŕőáńěďőćăâěńìŋőáâěľ x_{in} → c_i ňőęěâ ŕàőĺáåőďĺâì á áãéěáâćěŋŋő àăğńĺçŋëňĺ áłőàőáâïňĺ. Ŋěçěŕãàěŋłő [1997ă] • Ŕàĺćěďěň ŋěłőâőàëě àěğãńìâăâë ŕő ăáĺňŕâőâĺłě ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ ć őłàěáâŋőáâĺ ŋěŕőďćĺęŋőľ âőçłĺ.

Ŕãáâì f(0) = 0, 0 < f(x) < x ŕàĺ 0 < x < d ĺ f(x) = x − ax^k + bx^l + o(x^l);

čďě 1 < k < l ĺ a; b > 0. Šőčďă lim_{n→∞} n^{1k−1} f^n(x) = ((k − 1)a)^{− 1k−1} ; 0 < x < d: Ŕőńĺă, Śěčě [1925] Ůăáâŋëľ áńãçăľ:

lim_{n→∞}^√n sin^n x =^√3; x > 0:

• Ŕãáâì f(0) = 0, 0 < f(x) < x ŕàĺ 0 < x < d ĺ f(x) = –x + ax^k + bx^l + o(x^l);

čďě 1 < k < l ĺ 0 < – < 1. Šőčďă

lim_{n→∞} f^n

(x) − –^nx

–^n = ax^k – − –^k ; 0 < x < d:Ŕőńĺă, Śěčě [1925]

32 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

2.2. Ŕàěďáâăćńěŋĺě ĺâěàăæĺľ. Űěńőçĺáńěŋŋëľ ŕőłăğăâěńì

2.2.1. Ĺâěàăæĺĺ áőŕàïęěŋŋëå äãŋłæĺľ • Šěőàěňă Ąěąąĺďęă. Ŕãáâì äãŋłæĺĺ f : X → X ĺ g : Y → Y

áőŕàïęěŋë, â. ě. áãéěáâćãěâ ąĺěłæĺï h : X → Y âăłăï, çâő f(x) = h^{−1}(g(h(x))):

Šőčďă, ěáńĺ g^n { n-ï ĺâěàăæĺï äãŋłæĺĺ g, âő n-ï ĺâěàăæĺï äãŋłæĺĺ f őŕàěďěńïěâáï àăćěŋáâćőň f(x) = h^{−1}(g^n(h(x))):

• Ŕãáâì ¸ > 0. Ěáńĺ g(x) = ¸x, âő g^n(x) = ¸^nx. Ťãŋłæĺï f, áőŕàïęěŋŋăï á g àăćěŋáâćőň ffl ∘ f = g ∘ ffl, ĺňěěâ ĺâěàăæĺĺ ćĺďă f^n(x) = ffl^{−1}(¸^n · ffl(x)):

Ąĺěłæĺï ffl ãďőćńěâćőàïěâ ãàăćŋěŋĺî Ÿà-eďěàă ffl(f(x)) = ¸ · ffl(x):

• Ěáńĺ g(x) = x + ˛, âő g^n(x) = x + n˛. Ťãŋłæĺï f, áőŕàïęěŋŋăï á g àăćěŋáâćőň – ∘ f = g ∘ –, ĺňěěâ ĺâěàăæĺĺ ćĺďă f^n(x) = –^{−1}(–(x) + n˛):

Ąĺěłæĺï – ãďőćńěâćőàïěâ ãàăćŋěŋĺî Ăąěńï –(f(x)) = –(x) + ˛:

• Ŋěłőâőàëě äăłâë ő àěèěŋĺĺ ãàăćŋěŋĺľ Ăąěńï ĺ Ÿà-eďěàă ŕàĺćěďěŋë ć ŕ. 2.3. Ć âàěâìěľ čńăćě ŕàĺćěďěŋë ĺâěàăæĺĺ f^n(x), ŕàěďáâăćĺňëě ćëàăęěŋĺïňĺ, áőďěàęăéĺňĺ ŕěàěňěŋŋëě x ĺ n ĺ áãŕěàŕőğĺæĺĺ íńěňěŋâăàŋëå äãŋłæĺľ. Ćáě íâĺ äãŋłæĺĺ áőŕàïęěŋë á äãŋłæĺěľ g(x) = ¸ · x. Ĺå áŕĺáőł ćěáìňă őčàăŋĺçěŋ. Ć áćïğĺ á íâĺň ćőğŋĺłăěâ ğăďăçă ĺğãçěŋĺï ĺâěàăæĺľ áŕěæĺăńìŋëå äãŋłæĺľ, ł łőâőàëň ňőęŋő ąëńő ąë áćěáâĺ ŋăåőęďěŋĺě ĺâěàăæĺľ èĺàőłőčő łńăááă ďàãčĺå äãŋłæĺľ.

Ŋăŕàĺňěà, ĺâěàăæĺĺ ŕàőĺğćőńìŋőčő ňŋőčőçńěŋă ćâőàőľ áâěŕěŋĺ f(x) = ax^2 + 2bx + c ćëàăęăîâáï çěàěğ ĺâěàăæĺĺ äãŋłæĺĺ ćĺďă g(x; ˛) = x^2 + ˛:

2.2. Ŕàěďáâăćńěŋĺě ĺâěàăæĺľ. Űěńőçĺáńěŋŋëľ ŕőłăğăâěńì 33

f^n(x) = 1ag^n(ax + b; ac + b − b^2) − ba:

Şńăň [1964] ŕőáâăćĺń ćőŕàőá őą ĺááńěďőćăŋĺĺ ãáńőćĺľ áőŕàïęěŋŋőáâĺ äãŋłæĺľ h ∘ f = g ∘ h ć áńãçăě ŋěŕàěàëćŋőáâĺ h. Ŋăŕàĺňěà, ïćńïěâáï ńĺ ŕàőĺğćőńìŋëľ ňŋőčőçńěŋ, őâőąàăęăîéĺľ ĺŋâěàćăń (0; 1) ć áěąï, áőŕàïęěŋŋëň á áőőâćěâáâćãîéěľ łãáőçŋő{ńĺŋěľŋőľ äãŋłæĺěľ? Šăł, ňŋőčőçńěŋ g(x) = 4x(1 − x) áőŕàïęěŋ á äãŋłæĺěľ

f(x) = { 2x ŕàĺ 0 ≤ x ≤ 1=2; 2(1 − x) ŕàĺ 1=2 ≤ x ≤ 1;

á ŕőňőéìî h(x) = 2 ı arcsin^√x:

2.2.2. Řăğńőęěŋĺě ć áâěŕěŋŋőľ àïď

• Ŕãáâì äãŋłæĺï f ć ŋěłőâőàőľ őłàěáâŋőáâĺ ŋěŕőďćĺęŋőľ âőçłĺ a = f(a) ŕàěďáâăćĺňă àïďőň f(x) = a + ∞∑ j=1 a_j (x − a)^j (2:4)

á ŋěŋãńěćëň àăďĺãáőň áåőďĺňőáâĺ. Ďńï ńîąőčő ŋăâãàăńìŋőčő N áãéěáâćãěâ őłàěáâŋőáâì U âőçłĺ a, ć łőâőàőľ ćáě ĺâěàăæĺĺ f^n ďńï æěńëå 0 ≤ n ≤ N őŕàěďěńěŋë ĺ âăłęě ďőŕãáłăîâ ŕàěďáâăćńěŋĺě

f^n(x) = a + ∞∑ j=1 A_{nj} (x − a)^j: (2:5)

Ďńï ĺâěàăæĺľ f^0(x) = x ĺ f^1(x) = f(x) ĺňěěň A_{1j} = a_j ŕàĺ j ≥ 1; A_{01} = 1; A_{0j} = 0 ŕàĺ j > 1:

(2:6)

Łőíääĺæĺěŋâë A_{nj} őďŋőğŋăçŋő őŕàěďěńïîâáï ŕő łőíääĺæĺěŋâăň a_j á ŕőňőéìî äőàňăńìŋëå áâěŕěŋŋëå àïďőć (ďăęě ć áńãçăě àăáåőďĺňőáâĺ (2:4) ĺ (2:5)) ĺğ (2:6) ĺ áőőâŋőèěŋĺľ f(f^n(x)) = f^n(f(x)):

• Őąőğŋăçĺň:

N_{jp}(a_1; : : :; a_p) = j!^∑ {^{i1+...+ip=j} 1i1+...+pip=p} a^{i1}_1 : : :a^{ip}p i_1! : : :i_p! ; 1^≤ j^≤ p;

čďě ĺŋďěłáë i_k ŋěőâàĺæăâěńìŋë. Ďńï n; p ≥ 1 ćëŕőńŋïîâáï áőőâŋőèěŋĺï

34 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

A_{n+1,p} = p∑ j=1 A_{nj}N_{jp}(a_1; : : :; a_p): (2:7)

Ć çăáâŋőáâĺ,

A_{n+1,1} = a_1A_{n1};

A_{n+1,2} = a_2A_{n1}+a^2_1A_{n2};

A_{n+1,3} = a_3A_{n1}+2a_1a_2A_{n2}+a^3_1A_{n3};

A_{n+1,4} = a_4A_{n1}+(2a_1a_3+a^2)A_{n2}+3a^2_1a_2A_{n3}+a^4_1A_{n4}

(2:8)

Őâáîďă ňőčãâ ąëâì őŕàěďěńěŋë ćáě łőíääĺæĺěŋâë A_{np}. Ŋăŕàĺňěà, ĺğ (2:8) ĺ (2:6) áńěďãěâ A_{n1} = a_1A_{n−1,1} = : : : = a^{n−1}_1 A_{11} = a^n_1 : (2:9) Ăŋăńőčĺçŋő, A_{n2} = a_2a^{n−1}_1 +A_{n−1,2}a^2_1 = a_2a^{n−1}_1 (1+a_1)+A_{n−2,2}(a^2_1)^2 : : : = a_2a^{n−1}_1 (1+a_1+ : : :+a^{n−2}_1 )+A_{12}(a^2_1)^{n−1} = a_2a^{n−1}_1 (1+a_1+ : : :+a^{n−1}_1 ):

(2:10)

Ąőńěě ŕàőáâëň ïćńïěâáï áńěďãîéĺľ ŕãâì. Ĺğ áőőâŋőèěŋĺï (2:7) ŋăåőďĺâáï ŕěàćëľ (ŕő ĺŋďěłáã p) ŋěŋãńěćőľ łőíääĺæĺěŋâ A_{np}, ă ďăńěě ĺáŕőńìğãîâáï áńěďãîéĺě áőőâŋőèěŋĺï: p∑ j=1 A_{nj} N_{jp}(a_1; : : :; a_p) = p∑ j=1 a_jN_{jp}(A_{n1}; : : :; A_{np}); n; p ≥ 1: (2:11)

• Ĺğ (2:11) ďńï p ≥ 2 áńěďãěâ

(a^p_1 − a_1)A_{np} = p∑ j=2 a_jN_{jp}(A_{n1}; : : :; A_{np}) − p−1∑ j=1 A_{nj}N_{jp}(a_1; : : :; a_m):

Ěáńĺ a_1 ≠ 0 ĺ |a_1| ≠ 1, âő, ãçĺâëćăï (2:9), ŕőáńěďőćăâěńìŋő ŋăľďěň: A_{n1} = a^n_1 ;

A_{n2} = a^{2n1 −} a^{n1}

a^2_1 − a_1 a_2;

A_{n3} = a^{3n1 −} a^{n1}

a^3_1 − a_1 a_3 + 2(a^{2n1 −} a^{n1} )(a^{n1 −} a^1) (a^3_1 − a_1)(a^2_1 − a_1) a^2:

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 35

§ćŋëě ćëàăęěŋĺï ďńï A_{np} ŕàĺ p ≥ 4 čàőňőğďłĺ.

• Ěáńĺ a_1 = 1, âő A_{n1} = 1 ĺ ŕěàćëě âàĺ ãàăćŋěŋĺï ć (2:11) őąàăéăîâáï ć âőęďěáâćő. Łőíääĺæĺěŋâ A_{n2} ňőęŋő ŋăľâĺ ĺğ (2:10), ă ďăńěě ĺáŕőńìğőćăâì (2:11): A_{n1} = 1; A_{n2} = na_2;

A_{n3} = na_3 + n(n − 1)a^2:

§ćŋëě ćëàăęěŋĺï ďńï A_{np} ŕàĺ p ≥ 4 čàőňőğďłĺ.

• Ŕàĺ a_1 = : : : = a_{m−1} = 0, a_m ≠ 0, ŕěàćëň őâńĺçŋëň őâ ŋãńï łőíääĺæĺěŋâőň ïćńïěâáï A_{n,m}n .

• Ćëçĺáńěŋĺě łőíääĺæĺěŋâőć àïďă (2:5) ąëńő ŕàőćěďěŋő Łőàłĺŋëň [1882] (çăáâŋëě áńãçăĺ àăŋěě àăááňőâàěŋë Łěľńőň ĺ Ÿà-eďěàőň). Śńěďãîéĺľ ďőáâăâőçŋëľ ŕàĺğŋăł áåőďĺňőáâĺ àïďă (2:5) ďăŋ Ąĺàîł [1995].

Řïď (2:4) ĺňěěâ ŋěŋãńěćőľ àăďĺãá áåőďĺňőáâĺ âőčďă ĺ âőńìłő âőčďă, łőčďă áãéěáâćãîâ łőŋáâăŋâë A; B > 0 âăłĺě, çâő |a_j| ≤ AB^{j−1}, j = 1; 2; : : :. Ŕàĺ íâĺå ãáńőćĺïå àïď (2:4) áåőďĺâáï ŕàĺ |x − a| < 1=B, ă àïď (2:5) { ŕàĺ |x − a| < r_n, čďě

r_n =

A − 1 B(A^n − 1); ěáńĺ A̸= 1; 1 nB ; ěáńĺ A = 1:

Śłőàőáâì áåőďĺňőáâĺ åăàăłâěàĺğãěâáï ŋěàăćěŋáâćőň

|f^n(x) − a − p∑ j=1 A_{nj} (x − a)^j| ≤

≤ A^{n ( An−1}_{A−1}^{)p} B^p|x − a|^{p+1} 1 −^{An−1}_{A−1} B|x − a| ; ěáńĺ A ≠ 1;

(nB)^p|x − a|^{p+1} 1 − nB|x − a| ;

ěáńĺ A = 1:

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ

2.3.1. Ĺâěàăæĺĺ ć âěőàĺĺ ćěâćïéĺåáï ŕàőæěááőć

Řăááňőâàĺň ŕàĺňěà ğăďăçĺ, ć łőâőàőľ ŕő áãéěáâćã âàěąãěâáï àăááňőâàěŋĺě ĺâěàăæĺľ f^σ c ŕàőĺğćőńìŋëňĺ ff ≥ 0.

36 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

Ŕàőáâěľèăï ğăďăçă ĺğ âěőàĺĺ ćěâćïéĺåáï ŕàőæěááőć áâăćĺâáï áńěďãîéĺň őąàăğőň (áň., ŋăŕàĺňěà, Śěćăáâìïŋőć [1971]). Řăááňăâàĺćăěâáï ňăàłőćáłĺľ ŕàőæěáá —(t) ∈ IIN (çĺáńő çăáâĺæ ć ňőňěŋâ ćàěňěŋĺ t) ć äăğőćőň ŕàőáâàăŋáâćě IIN = {0; 1; : : :}. Ćěàőïâŋőáâĺ P_{ij} (t) = P {—(t + fi) = j | —(fi) = i} ŕěàěåőďă ğă ćàěňï t ĺğ áőáâőïŋĺï i ć áőáâőïŋĺě j ŋě ğăćĺáïâ őâ ňőňěŋâă fi ŋăçăńă ŕěàěåőďă (őďŋőàőďŋőáâì ŕàőæěááă) ĺ ãďőćńěâćőàïîâ ãáńőćĺïň P_{ij}(t) ≥ 0; ∞∑ j=0 P_{ij} (t) = 1; P_{ij}(t) = ∞∑ k=0 P_{ik}(s)P_{ki}(t − s);

ďńï ćáěå i; j ∈ IIN, 0 ≤ s ≤ t ∈ [0; ∞); P_{ii}(0) = 1; P_{ij}(0) = 0 ŕàĺ j ≠ i:

Ŕàőæěáá ŋăğëćăěâáï ćěâćïéĺňáï, ěáńĺ P_{ij} (t) =^∑ k_1+...+k_i=j P_{1k1} (t) : : :P_{1ki} (t):

Ŕàěďŕőńăčăěâáï ćëŕőńŋěŋŋëň ãáńőćĺě ŋěŕàěàëćŋőáâĺ lim_{t↓0} P_{ii}(t) = 1.

Ŕãáâì —(0) = 1 (ŕàőæěáá ŋăçĺŋăěâáï á őďŋőľ çăáâĺæë). Ŕàĺ íâőň ãáńőćĺĺ őąőğŋăçĺň P_n(t) = P_{1n}(t); P_n(t) ≥ 0; ∞∑ n=0 P_n(t) = 1:

Őçěćĺďŋő, çâő P_1(0) = 1 ĺ P_n(0) = 0 ŕàĺ n ≠ 1.

Ććěďěň ŕàőĺğćőďïéãî äãŋłæĺî F(t; z) = ∞∑ n=0 P_n(t)z^n:

Őŋă ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî F(t + s; z) = F(t; F(s; z)) ĺ ŋăçăńìŋőňã ãáńőćĺî F(0; z) = z:

Őąőğŋăçĺň p_n = P_n(1) (ćěàőïâŋőáâì ŕőïćńěŋĺï n çăáâĺæ ć ňőňěŋâ ćàěňěŋĺ àăćŋëľ ěďĺŋĺæě) ĺ àăááňőâàĺň ŕàőĺğćőďïéãî äãŋłæĺî

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 37

f(z) = F(1; z) = ∞∑ n=0 p_nz^n; ∞∑ n=0 p_n = 1:

Šőčďă ŕàĺ æěńëå t = m

F(m; z) = f^m(z)

{ m-ï ĺâěàăæĺï äãŋłæĺĺ f.

Ťãŋłæĺï f ŋě ŕőğćőńïěâ ćőááâăŋőćĺâì ćěàőïâŋőáâĺ P_n(t) ďńï ŋěæěńëå t. Ć âěőàĺĺ ćěâćïéĺåáï ŕàőæěááőć ŕàěďŕőńăčăîâáï ğăďăŋŋëňĺ ŕńőâŋőáâĺ ćěàőïâŋőáâěľ ŕěàěåőďă ı_n = P^′_n(0), n = 0; 1; : : :, â.ě.

P_1(t) = 1 − ı_1t + o(t); P_n(t) = ı_nt + o(t); n ≠ 1;

ĺ àăááňăâàĺćăîâ ŕàőĺğćőďïéãî äãŋłæĺî

’(z) = ı_0 − ı_1z + ∞∑ n=2 ı_nz^n:

Őąëçŋő ŕőńăčăîâ

ı_1 =^∑ n≠1 ı_n; ı_0 > 0; ı_n ≥ 0:

Ŕàĺ íâĺå ãáńőćĺïå ’(0) = ı_0 > 0 ĺ ’(z) > 0 ć ŋěłőâőàőľ őłàěáâŋőáâĺ âőçłĺ z = 0.

Ťãŋłæĺï F(t; z) ŋěŕàěàëćŋă ŕő t àăćŋőňěàŋő ŕő |z| ≤ 1 ĺ ŕő t ∈ [0; ∞). Ŕàĺ t ↓ 0 ćëŕőńŋïěâáï

F(t; z) = z + t’(z) + o(t)

àăćŋőňěàŋő ŕő |z| ≤ 1.

Ŕàőĺğćőďïéăï äãŋłæĺï F(t; z) ïćńïěâáï àěèěŋĺěň ńîąőľ ĺğ áńěďãîéĺå ďćãå íłćĺćăńěŋâŋëå ğăďăç: @F @t = ’(F); F(0; z) = z; @F @t = ’(z) @F @z ; F(0; z) = z:

(2:12)

Őâňěâĺň, çâő ’(z) = @F

(t; z) @t | | | t=0 (ĺŋäĺŋĺâĺğĺňăńìŋëľ őŕěàăâőà őďŋőŕăàăňěâàĺçěáłőľ ŋěŕàěàëćŋőľ čàãŕŕë ŕàěőąàăğőćăŋĺľ F(t; ·)).

38 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

Ŕàĺ ńîąőň |z| < 1 áãéěáâćãěâ àěèěŋĺě ãàăćŋěŋĺï (2:12), łőâőàőě ïćńïěâáï ăŋăńĺâĺçěáłőľ äãŋłæĺěľ ć |z| < 1 ĺ àăğńăčăěâáï ć àïď ŕő áâěŕěŋïň z á ŋěőâàĺæăâěńìŋëňĺ łőíääĺæĺěŋâăňĺ.

Őąőğŋăçĺň h(u) = ∫ u 0 d” ’(”). Ć ŋěłőâőàőľ őłàěáâŋőáâĺ O^0 ŋãńï íâőâ ĺŋâěčàăń łőŋěçěŋ, äãŋłæĺĺ h ĺ őąàăâŋăï ł ŋěľ h^{−1} áãéěáâćãîâ. Ďńï z ĺ t, ąńĺğłĺå ł ŋãńî, ćëŕőńŋïěâáï z ∈ O_0 ĺ F(t; z) ∈ O_0. Ĺğ ãàăćŋěŋĺï (2:12) áńěďãěâ h(F(t; z)) − h(z) = t ĺńĺ F(t; z) = h^{−1}(t + h(z)):

Őçěćĺďŋő, çâő äãŋłæĺï h áćïğăŋă á äãŋłæĺěľ f(z) = F(1; z) äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺěň Ăąěńï

h(f(z)) = 1 + h(z):

2.3.2. Śěňěľáâćő ďàőąŋëå ĺâěàăæĺľ. Ĺâěàăæĺĺ Ÿà-eďěàă

• Śěňěľáâćő äãŋłæĺľ (f^σ; ff ≥ 0) ŋăğëćăěâáï ŕőńãčàãŕŕőľ ĺâěàăæĺľ äãŋłæĺĺ f; D → D, ěáńĺ

f^0(x) = x; f^1(x) = f(x); f^σ(f^τ (x)) = f^{σ+τ} (x) (2:13)

ďńï ćáěå ff; fi ≥ 0.

Ăŋăńőčĺçŋő, áěňěľáâćő äãŋłæĺľ (f^σ; ff ∈ IR) ŋăğëćăěâáï čàãŕŕőľ ĺâěàăæĺľ äãŋłæĺĺ f; D → D, ěáńĺ áćőľáâćő (2:13) ćëŕőńŋïěâáï ďńï ćáěå ff; fi ∈ IR. Ć íâőň áńãçăě čőćőàïâ âăłęě ő áěňěľáâćě ďàőąŋëå ĺâěàăæĺľ (äãŋłæĺĺ f).

• Śãéěáâćőćăŋĺě áěňěľáâćă ďàőąŋëå ĺâěàăæĺľ ğăďăŋŋőľ äãŋłæĺĺ f âěáŋő áćïğăŋő á àěèěŋĺěň äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ Ÿà-eďěàă

ffl(f(x)) = ¸ · ffl(x) (2:14)

ĺ Ăąěńï –(f(x)) = –(x) + ˛: (2:15)

Ěáńĺ ŕàĺ ¸ > 0, ¸ ≠ 1 ãàăćŋěŋĺě (2:14) ĺňěěâ àěèěŋĺě ffl ĺ áãéěáâćãěâ őąàăâŋăï äãŋłæĺï ffl^{−1}, âő äãŋłæĺĺ

f^σ(x) = ffl^{−1}(¸^σffl(x))

őąàăğãěâ áěňěľáâćő ďàőąŋëå ĺâěàăæĺľ.

Ăŋăńőčĺçŋő, ěáńĺ ŕàĺ ˛ ≠ 0 ãàăćŋěŋĺě (2:15) ĺňěěâ àěèěŋĺě – ĺ áãéěáâćãěâ őąàăâŋăï äãŋłæĺï –^{−1}, âő äãŋłæĺĺ

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 39

f^σ(x) = –^{−1}(–(x) + ff˛)

âăłęě őąàăğãěâ áěňěľáâćő ďàőąŋëå ĺâěàăæĺľ.

Ćğăĺňőáćïğì íâĺå ďćãå áěňěľáâć ĺâěàăæĺľ:

ffl(x) = e^{λ(x)}; ¸ = e^β:

• Ďńï ãàăćŋěŋĺï (2:14) áãéěáâćãěâ ąěáłőŋěçŋő ňŋőčő ŋěŕàěàëćŋëå áâàőčő ćőğàăáâăîéĺå àěèěŋĺľ ffl ďńï łăęďőčő ňŋőęĺâěńï 0 < ¸ < 1. Ňőęŋő őŕàěďěńĺâì ffl łăł ŕàőĺğćőńìŋãî ŋěŕàěàëćŋãî áâàőčő ćőğàăáâăîéãî ŕőńőęĺâěńìŋãî ŋă ĺŋâěàćăńě f(d) ≤ x ≤ d äãŋłæĺî, ãďőćńěâćőàïîéãî (2:14). Šőčďă ffl őďŋőğŋăçŋő őŕàěďěńĺâáï ŋă ĺŋâěàćăńě 0 < x ≤ d (áň. ŕ. 2.3.6).

• Ŕãáâì f^σ { áěňěľáâćő ďàőąŋëå ĺâěàăæĺľ äãŋłæĺĺ f; D → D. Ďńï łăęďőčő ¸ > 0; ¸ ≠ 1 ĺ ŕàőĺğćőńìŋőčő x_0 ĺğ őąńăáâĺ D őŕàěďěńĺň äãŋłæĺî ’ àăćěŋáâćőň

’(¸^σ) = f^σ(x_0); ff > 0;

â. ě.

’(y) = f^{ln y}ln α (x_0):

Ěáńĺ áãéěáâćãěâ äãŋłæĺï ffl(x) = ’^{−1}(x), őąàăâŋăï äãŋłæĺĺ ’, âő őŋă ãďőćńěâćőàïěâ ãàăćŋěŋĺî Ÿà-eďěàă (2:14).

• Ěáńĺ ďńï ďăŋŋőčő ňŋőęĺâěńï ¸ > 0 äãŋłæĺï ’ ãďőćńěâćőàïěâ ãàăćŋě- ŋĺî f(’(t)) = ’(¸t);

’ ăŋăńĺâĺçŋă ć âőçłě t = 0, ’^′(0) ≠ 0 ĺ ffl(z) = ’^{−1}(z), âő ffl ăŋăńĺâĺçŋă ć z = = ’(0) ĺ ćëŕőńŋïěâáï (2.14). Ŕàĺ íâőň äãŋłæĺĺ

f^σ(x) = ffl^{−1} (¸^σffl(x))

ăŋăńĺâĺçŋë ć âőçłě ŕàĺ łăęďőň ff ĺ őąàăğãîâ áěňěľáâćő ďàőąŋëå ĺâěàăæĺľ äãŋłæĺĺ f.

2.3.3. Ĺâěàăæĺĺ Ł-eŋĺčă • Šěőàěňă Ł-eŋĺčă. Ěáńĺ f(0) = 0, f ăŋăńĺâĺçŋă ć ŋãńě,

f(z) = ∞∑ n=1 a_nz^n; |z| < R;

ĺ 0 < a_1 < 1, âő áãéěáâćãěâ ŕàěďěń

40 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

ffl(z) = lim_{n→∞} a^{−n}_1 f^n(z);

ïćńïîéĺľáï ăŋăńĺâĺçěáłőľ äãŋłæĺěľ ć ŋěłőâőàőľ őłàěáâŋőáâĺ ŋãńï, ffl^′(0) = 1. Ŕàĺ íâőň äãŋłæĺï ffl { àěèěŋĺě ãàăćŋěŋĺï Ÿà-eďěàă á ňŋőęĺâěńěň a_1.

Ł-eŋĺč [1884] • Şáńőćĺě ăŋăńĺâĺçŋőáâĺ ć âěőàěňě Ł-eŋĺčă ňőęŋő őáńăąĺâì, ğăňěŋĺć ěčő ŋă ãáńőćĺě f(z) = a_1z + O(|z|^{1+δ}); z → 0;

ć őłàěáâŋőáâĺ ŋãńï ďńï ŋěłőâőàőčő ‹ > 0. İâő, őďŋăłő, ŋě čăàăŋâĺàãěâ áãéěáâćőćăŋĺě őąàăâŋőľ äãŋłæĺĺ ffl^{−1}. Łŋěáěà [1950] Ŕàĺňěà (Śěłěàěè [1959]):

f(z) = z2 + 13ı z^2 sin ı_|z_|; z ≠ 0; f(0) = 0:

Ğďěáì ffl(x) = 2^{−m} ŕàĺ 2^{−m} ≤ x < 2^{−m} + 1 3 2^{−2m}:

• Ŕãáâì f { ŋěŕàěàëćŋăï äãŋłæĺï, áâàőčő ćőğàăáâăîéăï ŕàĺ 0 < x ≤ d, 0 < f(x) < x. Ŕãáâì, łàőňě âőčő, f ďĺääěàěŋæĺàãěňă ŋă (0; d) ĺ f^′(x) = a + O(x^δ); x ↓ 0; (2:16) čďě 0 < a < 1, ‹ > 0. Šőčďă áãéěáâćãěâ ŕàěďěń ffl(x) = lim_{n→∞} a^{−n}f^n(x); (2:17) ïćńïîéĺľáï ŋěŕàěàëćŋőľ áâàőčő ćőğàăáâăîéěľ ŋă ĺŋâěàćăńě 0 < x ≤ d äãŋłæĺěľ, ďĺääěàěŋæĺàãěňőľ ŋă (0; d). Ťãŋłæĺĺ f^σ(x) = ffl^{−1}(a^σffl(x)); (2:18) őąàăğãîâ áěňěľáâćő ďàőąŋëå ĺâěàăæĺľ, ŕàĺçěň f^σ(x) = a^σx + O(x^{1+δ}); x ↓ 0: (2:19) Ł-eŋĺč [1884], Łŋěáěà [1950] • Ŕãáâì ďńï äãŋłæĺĺ f ćëŕőńŋïîâáï ãáńőćĺï ŕàĺćěďěŋŋőčő ćëèě ãâćěàęďěŋĺï. Ťãŋłæĺî ffl ŋăğëćăîâ äãŋłæĺěľ Ÿà-eďěàă äãŋłæĺĺ f, ěáńĺ ffl ŕőńőęĺâěńìŋă, ŋěŕàěàëćŋă, áâàőčő ňőŋőâőŋŋă ŕàĺ 0 < x ≤ d ĺ ffl(f(x)) = ¸ffl(x) ďńï ŋěłőâőàőľ łőŋáâăŋâë ¸ > 0, ¸ ≠ 1. Ŕàĺ 0 < ¸ < 1 äãŋłæĺï Ÿà-eďěàă ćőğàăáâăěâ ĺ lim_{x↓0} ffl(x) = 0, ă ŕàĺ ¸ > 1 őŋă ãąëćăěâ ĺ lim_{x↓0} ffl(x) = ∞.

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 41

Ĺâěàăæĺĺ Ÿà-eďěàă (2:18) ŋěŕàěàëćŋë ĺ áâàőčő ãąëćăîâ ŕő ff, lim_{σ→∞} f^σ(x) = 0

ďńï łăęďőčő x ĺğ (0; d].

Őąàăâŋő, ŕãáâì ğăďăŋë ĺâěàăæĺĺ Ÿà-eďěàă f^σ ĺ ¸ > 0, ¸ ≠ 1. Śőőâŋőèěŋĺě ffl_0(f^σ(d)) = ¸^σ ŕőńŋőáâìî őŕàěďěńïěâ äãŋłæĺî Ÿà-eďěàă ffl_0. Ńîąăï ďàãčăï äãŋłæĺï Ÿà-eďěàă ffl, áćïğăŋŋăï á áěňěľáâćőň f^σ, ĺňěěâ ćĺď ffl(x) = c(ffl_0(x))^β; c > 0; ˛ ≠ 0:

Őâňěâĺň, çâő ãáńőćĺě (2:16) ŋě ïćńïěâáï ŋěőąåőďĺňëň ďńï áãéěáâćőćăŋĺï äãŋłæĺĺ, őąàăâŋőľ ŕàěďěńã Ł-eŋĺčă (2:17).

• Śãéěáâćőćăŋĺě áěňěľáâćă ďàőąŋëå ĺâěàăæĺľ Ÿà-eďěàă á ăáĺňŕâőâĺçěáłĺň áćőľáâćőň (2:19) ćńěçěâ áãéěáâćőćăŋĺě áěňěľáâćă ĺâěàăæĺľ Ł-eŋĺčă. Őąă áěňěľáâćă ĺďěŋâĺçŋë, ć çăáâŋőáâĺ, (2:19) őďŋőğŋăçŋő åăàăłâěàĺğãěâ ĺâěàăæĺĺ Ł-eŋĺčă.

Ŕãáâì f { ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŕàĺ 0 < x ≤ d, 0 < f(x) < x; äãŋłæĺï f ĺňěěâ áěňěľáâćő ĺâěàăæĺľ Ÿà-eďěàă, łőâőàëě ãďőćńěâćőàïîâ ăáĺňŕâőâĺçěáłőňã áőőâŋőèěŋĺî

lim_{x↓0} 1 xf^σ(x) = a^σ; 0 < a < 1; (2:20) ďńï łăęďőčő ff > 0. Ěáńĺ ffl { äãŋłæĺï Ÿà-eďěàă á ňŋőęĺâěńěň a, ŕőàőęďăîéăï áěňěľáâćő ĺâěàăæĺľ f^σ, âő ffl(x) = ffl(d) lim_{n→∞}(f_n(x)=f_n(d)):

Ťãŋłæĺï Ÿà-eďěàă ffl(x) = lim_{n→∞}(f_n(x)=f_n(d));

ěáńĺ őŋă áãéěáâćãěâ ďńï 0 < x ≤ d, ŋăğëćăěâáï čńăćŋőľ äãŋłæĺěľ

Ÿà-eďěàă ďńï f. Őŋă ŕàĺŋăďńěęĺâ ňŋőęĺâěńî

a = lim_{x↓0} 1xf(x);

ĺ ŋőàňăńĺğőćăŋă àăćěŋáâćőň ffl(d) = 1.

• Śńěďãï Śěłěàěèã, äãŋłæĺî f ąãďěň ŋăğëćăâì àěčãńïàŋőľ őâŋőáĺâěńìŋő ĺâěàĺàőćăŋĺï, ěáńĺ őŋă ĺňěěâ áěňěľáâćő ĺâěàăæĺľ Ÿà-eďěàă, ãďőćńěâćőàïîéĺå ãáńőćĺî (2:20) ďńï łăęďőčő ff > 0, ă ğŋăçĺâ, ĺ ďńï ff < 0.

42 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

Ďàőąŋëě ĺâěàăæĺĺ, ãďőćńěâćőàïîéĺě ăáĺňŕâőâĺçěáłőňã áőőâŋőèěŋĺî (2:20), áăňĺ àěčãńïàŋë ĺ őďŋőğŋăçŋő őŕàěďěńïîâáï äãŋłæĺěľ f. • Ěáńĺ ffl { äãŋłæĺï Ÿà-eďěàă, ŕàĺŋăďńěęăéăï ňŋőęĺâěńî ¸, ĺ c; ˛ > 0, âő ffl_∗(x) = c(ffl(x))^β { âăłęě äãŋłæĺï Ÿà-eďěàă, ŕàĺŋăďńěęăéăï ňŋőęĺâěńî ¸^β. Ĺâěàăæĺĺ, őŕàěďěńïěňëě ŕő ffl_∗ ĺ ffl, áőćŕăďăîâ. Ąěąąĺďę [1815] • Ŕãáâì ffl { äãŋłæĺï Ÿà-eďěàă, ŕàĺŋăďńěęăéăï ňŋőęĺâěńî ¸, ĺ –(x) = ln ffl(x)= ln a. Šőčďă äãŋłæĺï

ffl_∗(x) = ffl(x)g(–(x)) (2:21)

ŕàĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ g ŕěàĺőďă ěďĺŋĺæă âăłęě ãďőćńěâćőàïěâ ãàăćŋěŋĺî Ÿà-eďěàă, á âěň ęě ňŋőęĺâěńěň ¸. Ąěąąĺďę [1815] Ćáïłĺě ďćě äãŋłæĺĺ Ÿà-eďěàă, ŕàĺŋăďńěęăéĺě őďŋőňã ĺ âőňã ęě ňŋőęĺâěńî, áćïğăŋë áőőâŋőèěŋĺěň (2:21).

• Ŕãáâì f ŋěŕàěàëćŋă, áâàőčő ćőğàăáâăěâ ŕàĺ 0 < x ≤ d ĺ 0 < f(x) < x; ŕàőĺğćőďŋăï f^′(x) áãéěáâćãěâ ŕàĺ 0 < x < d ĺ ďńï áőőâćěâáâćãîéĺå ćěéěáâćěŋŋëå çĺáěń — > 1, a > 0 ĺ ‹ > 0

f^′(x) = —ax^{μ−1} + O(x^{μ−1+δ}); x ↓ 0:

Šőčďă ŕàěďěń ffl(x) = lim_{n→∞} —^{−n} ln(1=f^n(x)) (2:22)

áãéěáâćãěâ, ïćńïěâáï ŋěŕàěàëćŋőľ áâàőčő ćőğàăáâăîéěľ ďńï 0 < x ≤ d äãŋłæĺěľ Ÿà-eďěàă á ňŋőęĺâěńěň —, ďĺääěàěŋæĺàãěňőľ ŕàĺ 0 < x < d. Łàőňě âőčő, äãŋłæĺĺ f^σ(x) = ffl^{−1}(—^σ(x)) ïćńïîâáï ďàőąŋëňĺ ĺâěàăæĺïňĺ äãŋłæĺĺ f ĺ

f^σ(x) = a^{μσ−1μ−1} x^{μσ} (1 + O(x^δ)); x ↓ 0;

ďńï ff > 0.

Śěłěàěè [1959] • Ŕãáâì f { ŋěŕàěàëćŋăï, áâàőčő ćőğàăáâăîéăï ŕàĺ 0 < x ≤ d äãŋłæĺï, 0 < f(x) < x, ĺ ŕãáâì f ĺňěěâ áěňěľáâćő ĺâěàăæĺľ f^σ, łőâőàëě ãďőćńěâćőàïîâ áőőâŋőèěŋĺî

lim_{x↓0} x^{−μσ} f^n(x) = a^{μσ−1μ−1} ; — > 1; a > 0;

ďńï łăęďőčő ŕőńőęĺâěńìŋőčő ff. Ŕãáâì ffl ąãďěâ äãŋłæĺěľ Ÿà-eďěàă á ňŋőęĺâěńěň —, ŕőàőęďăîéěľ áěňěľáâćő f^σ. Šőčďă

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 43

ffl(x) = ffl(d) lim_{n→∞}(ln f^n(x)= ln f^n(d)): Śěłěàěè [1959]

2.3.4. Ĺâěàăæĺĺ Ńěćĺ

• Ŕãáâì äãŋłæĺï f áâàőčő ćőğàăáâăěâ ĺ ŋěŕàěàëćŋă ŕàĺ 0 ≤ x ≤ d, f(0) = 0; f(x) < x ŕàĺ 0 < x < d; ŕàőĺğćőďŋăï f^′(x) áãéěáâćãěâ ĺ ĺňěěâ őčàăŋĺçěŋŋãî ćăàĺăæĺî ć ĺŋâěàćăńě 0 < x < d, ŕàĺçěň lim_{x↓0} f^′(x) = 1. Šőčďă ďńï łăęďëå x; y ∈ (0; d] áãéěáâćãěâ ŕàěďěń

–_y(x) = lim_{n→∞} x^{n −} y^n y_{n−1} − y_n ; x^n = f^n(x); y^n = f^n(y):

Šăł łăł lim_{n→∞} x^{n−1 −} x^n y_{n−1} − y_n = 1;

âő –_x(y) = −–_y(x). Ďńï äĺłáĺàőćăŋŋőčő y –(x) = –_y(x) { ňőŋőâőŋŋő ćőğàăáâăîéăï äãŋłæĺï, ãďőćńěâćőàïîéăï ãàăćŋěŋĺî Ăąěńï –(f(x)) = –(x) − 1. Ńěćĺ [1928] Ěáńĺ äãŋłæĺï – áâàőčő ňőŋőâőŋŋă ĺ ŋěŕàěàëćŋă âăł, çâő áãéěáâćãěâ őąàăâŋăï äãŋłæĺï –^{−1}, âő

f^σ(x) = –^{−1}(–(x) − ff)

{ áěňěľáâćő ĺâěàăæĺľ Ÿà-eďěàă äãŋłæĺĺ f.

Śńěďãï Ńěćĺ, ąãďěň ŋăğëćăâì łăęďőě ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě ãàăćŋěŋĺï Ăąěńï ńőčăàĺäňőň ĺâěàăæĺľ äãŋłæĺĺ f.

Ěáńĺ – { ńőčăàĺäň ĺâěàăæĺľ äãŋłæĺĺ f ĺ a { ćěéěáâćěŋŋőě çĺáńő, âő –_⋆(x) = –(x) + a { âăłęě ńőčăàĺäň ĺâěàăæĺľ. Ŕàĺ íâőň áěňěľáâćő ĺâěàăæĺľ, ŕőàőęďěŋŋëå –_⋆, ĺďěŋâĺçŋő á áěňěľáâćőň, ŕőàőęďěŋŋëň –.

• Ťãŋłæĺï – ŋăğëćăěâáï čńăćŋëň ńőčăàĺäňőň ĺâěàăæĺľ f, ěáńĺ – { ńőčăàĺäň ĺâěàăæĺľ, ĺ áãéěáâćãěâ ŕőńőęĺâěńìŋăï, áâàőčő ćőğàăáâăîéăï ŕőáńěďőćăâěńìŋőáâì ‚_n âăłăï, çâő

–(x) = lim_{n→∞} f^n(x)^− f^n(d) ‚_n :

Ŋőàňăńĺğăæĺï äãŋłæĺĺ – âăłőćă, çâő –(d) = 0. Ĺğ áőőâŋőèěŋĺï

lim_{n→∞} f^n

(x) − f^{n+1}(x) ‚_n = 1

ďńï łăęďőčő 0 < x ≤ d áńěďãěâ

44 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

–_y(x) = –(x) − –(y):

Ďćă čńăćŋëå ńőčăàĺäňă ĺâěàăæĺľ őâńĺçăîâáï âőńìłő ćëąőàőň łőŋáâăŋâë d, ĺ őŋĺ íłćĺćăńěŋâŋë.

Ĺâěàăæĺĺ, ŕőàőęďěŋŋëě čńăćŋëň ńőčăàĺäňőň, őŕàěďěńïîâáï ŕő äãŋłæĺĺ f őďŋőğŋăçŋő.

• Ŕãáâì f { ŋěŕàěàëćŋăï, áâàőčő ćőğàăáâăîéăï ŕàĺ 0 < x ≤ d äãŋłæĺï, ĺ 0 < f(x) < x; ŕàőĺğćőďŋăï f^′(x) áãéěáâćãěâ ŕàĺ 0 < x < d, ĺ ďńï ŋěłőâőàëå ćěéěáâćěŋŋëå a > 0, ˛, ‹, 0 < ‹ < ˛, ćëŕőńŋïěâáï

f^′(x) = 1 − a(˛ + 1)x^β + O(x^{β+δ}); x ↓ 0:

Šőčďă, ěáńĺ y = y_0 { ŋěŕőďćĺęŋăï âőçłă ĺğ ĺŋâěàćăńă 0 < y ≤ d, âő ŕàěďěń –(x) = lim_{n→∞} a^{1/β}(˛n)^{1+1/β}(f^n(x) − f^n(y))

áãéěáâćãěâ ĺ ïćńïěâáï ŋěŕàěàëćŋőľ, áâàőčő ćőğàăáâăîéěľ ŕàĺ 0<x≤d ĺ ďĺääěàěŋæĺàãěňőľ ŕàĺ 0 < x < d äãŋłæĺěľ. Łàőňě âőčő äãŋłæĺĺ

f^σ(x) = –^{−1}(–(x) − ff)

ïćńïîâáï ďàőąŋëňĺ ĺâěàăæĺïňĺ äãŋłæĺĺ f ĺ

f^σ(x) = x − affx^{β+1} + O(x^{β+1}); x ↓ 0:

Ťãŋłæĺï – { čńăćŋëľ ńőčăàĺäň ĺâěàăæĺľ, ĺ

‚_n = a^{−1/β}(˛n)^{−1−1/β}: Śěłěàěè [1959]

• Ŕãáâì f { ŋěŕàěàëćŋăï, áâàőčő ćőğàăáâăîéăï ŕàĺ 0 < x ≤ d äãŋłæĺï ĺ 0 < f(x) < x; f ĺňěěâ áěňěľáâćő ĺâěàăæĺľ Ÿà-eďěàă f^σ, łőâőàëě ãďőćńěâćőàïîâ ăáĺňŕâőâĺçěáłőňã áőőâŋőèěŋĺî

lim_{x↓0} x^{−β−1}(x − f^σ(x)) = ffa; a > 0; ˛ > 0;

ďńï łăęďőčő ŕőńőęĺâěńìŋőčő ff. Ěáńĺ ŕàĺ íâőň – { ńőčăàĺäň ĺâěàăæĺľ ŕőàőęďăîéĺľ áěňěľáâćő f^σ, âő őŋ { čńăćŋëľ ńőčăàĺäň ĺâěàăæĺľ f. Śěłěàěè [1959]

2.3.5. Ĺŋâěàŕőńïæĺőŋŋëľ àïď İľńěàă

• Őąőğŋăçĺň çěàěğ ´ őŕěàăâőà łőŋěçŋőľ àăğŋőáâĺ ŕő ŕěàěňěŋŋőľ y, â.ě. ´F(y) = F(y + 1) − F(y) (áň. ŕ. 4.1).

Ĺŋâěàŕőńïæĺőŋŋëľ àïď Ŋìîâőŋă ďńï äãŋłæĺĺ F(y) á ãğńăňĺ ĺŋâěàŕőńïæĺĺ 0; 1; 2; : : : ĺňěěâ ćĺď

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 45

F(y) ≃ ∞∑ k=0 ( y k ) ´^kF(0):

Ťĺłáĺàãï x, ďńï ĺâěàăæĺľ f^y(x) ĺňěěň (ć áĺňćőńĺçěáłőľ ğăŕĺáĺ)

´f^y(x) = f^{y+1}(x) − f^y(x) = (f − 1)f^y(x);

´^2f^y(x) = f^{y+2}(x) − 2f^{y+1}(x) + f^y(x) = (f − 1)^2f^y(x):

Ćőőąéě, ´^nf^y(x) = (f − 1)^nf^y(x)

ĺńĺ, ŕőńăčăï y = 0,

´^nf^y(x) | | | y=0 = (f − 1)^n(x):

(Ĺŋőčďă ćňěáâő ´^nf^y(x) | | | y=0 ŕĺèãâ ´^nf^0(x)).

Šăłĺň őąàăğőň, ĺŋâěàŕőńïæĺőŋŋëľ àïď Ŋìîâőŋă ďńï äãŋłæĺĺ f^y(x) (ĺŋâěàŕőńïæĺï ŕő æěńëň ğŋăçěŋĺïň ĺâěàăæĺőŋŋőčő ŕőłăğăâěńï y) ĺňěěâ ć áĺňćőńĺçěáłőľ ğăŕĺáĺ ćĺď

f^y(x) ≃ ∞∑ k=0 ( y k ) (f − 1)^k(x) = (1 + (f − 1))^y(x) ĺńĺ f^y(x) ≃ x + ( y 1 ) (f(x) − x) + ( y 2 ) (f^2(x) − 2f(x) + x) + : : :: (2:23)

İâő àăğńőęěŋĺě, ć áćïğĺ á ŕàőĺğćőńìŋëňĺ ćěéěáâćěŋŋëňĺ ĺâěàăæĺőŋŋëňĺ ŕőłăğăâěńïňĺ, àăááňăâàĺćăń Ÿà-eďěà [1871] (áåőďĺňőáâì ŋě ĺğãçăńăáì).

• Őąőğŋăçĺň çěàěğ f(y; x) àïď Ŋìîâőŋă ďńï f^y(x), àăááňăâàĺćăěňëľ łăł äőàňăńìŋëľ áâěŕěŋŋőľ àïď ŕő ŕěàěňěŋŋőľ y. Řïď f(y; x) őąńăďăěâ áćőľáâćăňĺ

f(0; x) = x; f(1; x) = f(x); f(ff; f(fi; x)) = f(ff + fi; x)

ďńï ćáěå ff; fi ≥ 0.

Šăłĺň őąàăğőň, ć áńãçăě ăąáőńîâŋőľ áåőďĺňőáâĺ àïď Ŋìîâőŋă àěèăěâ ğăďăçã ĺŋâěàŕőńïæĺĺ f^y(x) ŕő ŋăâãàăńìŋëň ĺâěàăæĺïň f^0(x), f^1(x), f^2(x), : : :.

• Ĺğ âěőàĺĺ áåőďĺňőáâĺ àïďă Ŋìîâőŋă ∑_∞ k=0 a_k^{(z}_k^) (áň. Čěńìäőŋď [M5]) ĺğćěáâŋő, çâő őŋ őąńăďăěâ ăąáæĺááőľ ăąáőńîâŋőľ áåőďĺňőáâĺ, àăćŋőľ

46 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

– = lim sup_{n→∞} ln ∑n k=0|an| ln n :

Ďńï àïďă (2:23)

– = lim sup_{n→∞} ln ∑n k=0|(f − 1) n(x)| ln n :

Őâáîďă áńěďãěâ, ŋăŕàĺňěà, çâő àïď (2:23) ăąáőńîâŋő áåőďĺâáï ŕàĺ ćáěå y > 0, ěáńĺ ćëŕőńŋïěâáï áńěďãîéěě ãáńőćĺě: ďńï ńîąőčő " > 0 ŕàĺ ďőáâăâőçŋő ąőńìèĺå n ćëŕőńŋïěâáï n∑ k=0 |(f − 1)^n(x)| < n^{1+ε}:

(Ąĺàîł [1996, ŋě őŕãąńĺłőćăŋő]).

Šàĺćĺăńìŋëňĺ ŕàĺňěàăňĺ äãŋłæĺľ á ăąáőńîâŋő áåőďïéĺňĺáï àïďăňĺ Ŋìîâőŋă ďńï ĺå ĺâěàăæĺľ ïćńïîâáï f(x) = ax ŕàĺ 0 < a < 2 ĺ f(x) = – sin x ŕàĺ 0 < – < 1.

2.3.6. Ŋěŕàěàëćŋëě ňőŋőâőŋŋëě àěèěŋĺï ãàăćŋěŋĺľ Ăąěńï ĺ Ÿà-eďěàă

• Ŕãáâì äãŋłæĺï f ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă ćěéěáâćěŋŋőň őâàěğłě [0; R] ĺ 0 = f(0) < f(x) < x ≤ R. Šőčďă őŋă ŕàěďáâăćĺňă ć ćĺďě

f(x) = !(1 + !^{−1}(x)); (2:24)

čďě ! { ŋěŕàěàëćŋăï áâàőčő ãąëćăîéăï ŋă [0; +∞] äãŋłæĺï, âăłăï, çâő !(0) = R, !(+∞) = 0, ă !^{−1} { äãŋłæĺï, őąàăâŋăï !. (áň., ŋăŕàĺňěà, Śěłěàěè [1959], Ŋěçěŕãàěŋłő [1997ą]).

Ć ďàãčőľ äőàňãńĺàőćłě: ŕãáâì äãŋłæĺï f ãďőćńěâćőàïěâ ŕàĺćěďěŋŋëň ćëèě ãáńőćĺïň. Šőčďă áãéěáâćãěâ ŋěŕàěàëćŋőě áâàőčő ãąëćăîéěě ŋă [0; R] àěèěŋĺě – : [0; R] → [0; +∞] ãàăćŋěŋĺï Ăąěńï

–(f(y)) = –(y) + 1; (2:25)

ŕàĺçěň –(0) = +∞, –(R) = 0. Ťãŋłæĺï ffl(y) = e^{λ(y)} ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï Ÿà-eďěàă ffl(f(y)) = e · ffl(y): (2:26) Ďőłăğăâěńìáâćő áőáâőĺâ ć ŕőáâàőěŋĺĺ őąéěčő ŋěŕàěàëćŋőčő áâàőčő ãąëćăîéěčő àěèěŋĺï ãàăćŋěŋĺï Ăąěńï (2:25).

Őŕàěďěńĺň äãŋłæĺî ! ŋă [0; +∞] àăćěŋáâćőň

!(y) = f^{[y]}(!_0({y})); (2:27)

čďě [y] ĺ {y} { æěńăï ĺ ďàőąŋăï çăáâĺ çĺáńă y, ă !_0 { ŋěŕàěàëćŋăï áâàőčő ãąëćăîéăï ŋă [0; 1) äãŋłæĺï, âăłăï, çâő !_0(0) = R, !_0(1 − 0) = f(R).

2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ 47

Ŋă ĺŋâěàćăńăå [n; n + 1), n = 0; 1; : : :, äãŋłæĺï ! àăćŋă

!(y) = f^n(!_0(y − n)); n ≤ y < n + 1;

ă ğŋăçĺâ, ŋěŕàěàëćŋă ĺ áâàőčő ãąëćăěâ łăł áãŕěàŕőğĺæĺï ŋěŕàěàëćŋëå áâàőčő ćőğàăáâăîéĺå äãŋłæĺľ ĺ őďŋőľ ŋěŕàěàëćŋőľ áâàőčő ãąëćăîéěľ äãŋłæĺĺ. Ć æěńëå âőçłăå äãŋłæĺï ! âăłęě ŋěŕàěàëćŋă:

!(n − 0) = f^{n−1}(!_0(1 − 0)) = f^{n−1}(f(R)) = f^n(R);

!(n) = f^n(!_0(0)) = f^n(R):

Śńěďőćăâěńìŋő, äãŋłæĺï ! ŋěŕàěàëćŋă ĺ áâàőčő ãąëćăěâ ŋă ćáěň ĺŋâěàćăńě [0; +∞). Őáâăńőáì ďőőŕàěďěńĺâì ğŋăçěŋĺě !(+∞) = 0 (ŕő ŋěŕàěàëćŋőáâĺ).

Šăłĺň őąàăğőň, őâőąàăęěŋĺě ! : [0; +∞] → [0; R] { ĺŋêěłæĺï, ĺ áãéěáâćãěâ őąàăâŋőě őâőąàăęěŋĺě !^{−1} : [0; R] → [0; +∞], ŕàĺçěň !^{−1}(0) = +∞, !^{−1}(R) = 0. Ĺğ (2:27) áńěďãěâ, çâő äãŋłæĺï ! ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî

!(y + 1) = f(!(y)); ďńï 0 ≤ y ≤ +∞:

Ŕőńăčăï ğďěáì x = !(y), çâő íłćĺćăńěŋâŋő y = !^{−1}(x), ŕàĺåőďĺň ł (2:24). Ğăňěŋă –(x) = !^{−1}(x) ĺ y = –(x) ŕàĺćőďĺâ ł ãàăćŋěŋĺî (2:25) ĺ, ŕőáńě ğăňěŋë ffl(y) = e^{λ(y)} { ł ãàăćŋěŋĺî (2:26).

2.3.7. Ăŋăńĺâĺçěáłĺě àěèěŋĺï ãàăćŋěŋĺï Ÿà-eďěàă • Šěőàěňă Ł-eŋĺčă. Ěáńĺ äãŋłæĺï f ĺňěěâ áåőďïéĺľáï áâěŕěŋŋőľ àïď

f(z) = + ∞∑ n=1 a_n(z − )^n; |z − | < R > 0;

ĺ a_1 ≠ 0, |a_1| ≠ 1, âőčďă ãàăćŋěŋĺě Ÿà-eďěàă ĺňěěâ àěèěŋĺě

ffl(z) = ∞∑ n=1 b_n(z − )^n; b_1 = 1; |z − | < R_1 > 0; (2:28)

ďńï ńîąőčő őŕàěďěńěŋĺï a^σ_1 âăłőčő, çâő

a^1 = a_1; a^σ_1 a^τ_1 = a^{σ+τ}_1 :

Ťãŋłæĺĺ f^σ ĺğ áěňěľáâćă ďàőąŋëå ĺâěàăæĺľ äãŋłæĺĺ f ăŋăńĺâĺçŋë ŕàĺ z = :

48 Čńăćă 2. Šěőàĺï ĺâěàăæĺľ

f^σ(z) = + ∞∑ n=1 a^{(σ)}_p (z − )^p; |z − | < R_σ > 0: (2:29)

Őâňěâĺň, çâő łőíääĺæĺěŋâë a^{(σ)}p őďŋőğŋăçŋő őŕàěďěńïîâáï ĺğ áőőâŋőèěŋĺï f^σ(f(z)) = f(f^σ(z))

ĺ a^{(σ)}_1 = a^σ_1 . Łăęďőě őŕàěďěńěŋĺě a^σ_1 ďăěâ äőàňăńìŋëľ áâěŕěŋŋőľ àïď (2:29), áåőďïéĺľáï ďńï ŋěłőâőàőčő z ≠ 0.

• Ć áńãçăě |f^′()| = |a_1| = 1 áåőďĺňőáâì àïďă (2:28) ğăćĺáĺâ őâ ăàčãňěŋâă çĺáńă a_1. Ŋăŕàĺňěà, ěáńĺ

lim inf n→∞ |^n √ a^n_1 − 1| = 0;

âő áãéěáâćãěâ äãŋłæĺï f á àăáåőďïéĺňáï àïďőň (2:28). Łàěňěà [1938] Őďŋăłő, ěáńĺ

ln |a^n_1 − 1| = O(ln n); n → ∞;

âő àïď (2:28) áåőďĺâáï ďńï łăęďőľ f á f() = , f^′() = a_1. Śĺčěńì [1942] Ć áńãçăě a_1 = 0 àïď (2:29) őąëłŋőćěŋŋő àăáåőďĺâáï.

• Ďńï äãŋłæĺĺ

f(z) = z + ∞∑ p=m a_p(z − )^p; m > 1; a_m ≠ 0; |z − | < R > 0; (2:30)

ãàăćŋěŋĺě Ÿà-eďěàă ŋě ĺňěěâ ďăęě äőàňăńìŋőčő áâěŕěŋŋőčő àěèěŋĺï ćĺďă (2:28). Ć íâőň áńãçăě äőàňăńìŋëľ àïď (2:29) ďńï ĺâěàăæĺľ őŕàěďěńïěâáï őďŋőğŋăçŋő, őďŋăłő, őŋ ňőęěâ àăáåőďĺâìáï ŕàĺ ńîąőň ŋěæěńőň z. Ŕàĺňěà (Ąěľłěà Ĺ.Ŋ.): f(z) = e^z − 1.

Čńăćă 3

Ĺâěàăæĺĺ őâďěńìŋëå äãŋłæĺľ

Ć ŕàĺćěďěŋŋëå ďăńěě äőàňãńăå ĺáŕőńìğãîâáï őąőğŋăçěŋĺï: n { ďńï ĺâěàăæĺőŋŋőčő ŕőłăğăâěńï ĺ x { ďńï ăàčãňěŋâă ĺâěàĺàãěňőľ äãŋłæĺĺ. Ŕàěďŕőńăčăěâáï, çâő ĺâěàăæĺőŋŋëľ ŕőłăğăâěńì æěńőçĺáńěŋ, ă ăàčãňěŋâë äãŋłæĺľ ćěéěáâćěŋŋë. Őąńăáâì őŕàěďěńěŋĺï äãŋłæĺľ ĺŋőčďă ãâőçŋïěâáï.

Ŋěłőâőàëě ŕàĺćőďĺňëě äőàňãńë őáâăîâáï áŕàăćěďńĺćëňĺ ďńï ŕàőĺğćőńìŋëå ćěéěáâćěŋŋëå ĺ ďăęě łőňŕńěłáŋëå ĺâěàăæĺőŋŋëå ŕőłăğăâěńěľ, ă âăłęě ďńï łőňŕńěłáŋőğŋăçŋëå äãŋłæĺľ łőňŕńěłáŋőčő ŕěàěňěŋŋőčő. Řïď äőàňãń, ěáâěáâćěŋŋő, őąőąéăěâáï (ĺŋőčďă á áőåàăŋěŋĺěň ğăŕĺáĺ) ŋă ňŋőčőňěàŋëľ áńãçăľ. Ćáě íâő, àăğãňěěâáï, âàěąãěâ áŕěæĺăńìŋőčő àăááňőâàěŋĺï.

Ąőńìèĺŋáâćő äőàňãń őąéěĺğćěáâŋë. Ć ŕ. 3.5 ĺáŕőńìğãîâáï ŕàĺňěàë Śěćăáâìïŋőćă [1971].

3.1. Ňŋőčőçńěŋë

3.1.1. f(x) = x + b; f^n(x) = x + bn.

3.1.2. f(x) = ax; f^n(x) = a^nx.

3.1.3. f(x) = ax + b; a ≠ 1; f^y(x) = a^y ( x + ba_− 1 ) − b a − 1.

3.1.4. f(x) = ax^m; m ≠ 1.

Śâěŕěŋŋăï äãŋłæĺï, áň. 3.4.1. Ŕàĺ m = 1 äãŋłæĺï ćëàőęďăěâáï ć ńĺŋěľŋãî.

3.1.5. f(x) = (2x − 1)^2;

f^n(x) = { (cos(2^n arccos(2x − 1)) + 1))=2 ŕàĺ 0 ≤ x ≤ 1; (ch(2^n Arch(2x − 1)) + 1))=2 ŕàĺ x ≤ 0 ĺńĺ x ≥ 1;

Arch t = ln(t + √ t^2 − 1):

3.1.6. f(x) = 2x^2 − 1;

f^n(x) = { cos(2^n arccos x) ŕàĺ |x| ≤ 1; ch(2^n Arch x) ŕàĺ |x| ≥ 1:

50 Čńăćă 3. Ĺâěàăæĺĺ őâďěńìŋëå äãŋłæĺľ

3.1.7. f(x) = 4x(1 − x);

f^n(x) =

(sin(2^n arcsin^√x))^2 ŕàĺ 0 ≤ x ≤ 1; −(sh(2^n Arsh^√−x))^2 ŕàĺ x ≤ 0; 1 + (sh(2^n Arsh^√x − 1))^2 ŕàĺ x ≥ 1;

Arsh t = ln ( t +^√t^2 + 1^) :

3.1.8. f(x) = 4x(1 + x);

f^n(x) =

−(sin(2^n arcsin^√−x))^2 ŕàĺ − 1 ≤ x ≤ 0; (sh(2^n Arsh^√x))^2 ŕàĺ x ≥ 0; −1 − (sh(2^n Arsh^√−x − 1))^2 ŕàĺ x ≤ −1:

3.1.9. f(x) = ax^2 + 2x; f^n(x) = (1 + ax)^2 n − 1 a . 3.2. Ďàőąŋő-ńĺŋěľŋëě äãŋłæĺĺ

3.2.1. f(x) =^{ax} +^b_{cx} + d . Ŕàĺ c = 0 äãŋłæĺï f ćëàőęďăěâáï ć ńĺŋěľŋãî. Ŕàĺ c ≠ 0 äãŋłæĺï f ŕàĺćőďĺâáï ł áńěďãîéěňã ćĺďã.

3.2.2. f(x) =^{ax} +^b_x + d . Ŕàĺ ad = b äãŋłæĺï f ćëàőęďăěâáï ć łőŋáâăŋâã. Ŕàĺ ad ≠ b, a + d = 0, áň. ŕ. 3.2.3.

Ŕàĺ ad ≠ b, a + d ≠ 0, (a − d)^2 + 4b = 0, áň. ŕ. 3.2.7. Ŕãáâì ad ≠ b, a + d ≠ 0, (a − d)^2 + 4b ≠ 0. Šőčďă

f^n(x) = p(x^− q)^− r^nq(x^− p)

x − q − r^n(x − p) :

Ğďěáì p ĺ q { łőàŋĺ ãàăćŋěŋĺï x(x + d) = ax + b:

p = a^− d^− √ (a − d)^2 + 4b 2 ; q = a^− d + √ (a − d)^2 + 4b 2 ; r = q + d p + d:

3.2. Ďàőąŋő-ńĺŋěľŋëě äãŋłæĺĺ 51

Ć ďàãčĺå őąőğŋăçěŋĺïå

f^n(x) = — tg ( arctg x^− — + yh ) + ; čďě — = i √ (a − d)^2 + 4b 2 ;

= a^− d 2 ; h

= − arctg 2— a + d:

Ăàĺáâőć [1900] Ć ćěéěáâćěŋŋőľ äőàňě:

ŕàĺ (a − d)^2 + 4b < 0, ŕőńăčăï — = √ −(a − d)^2 − 4b 2 ;

= a^− d 2 ; tg h_0 = 2— a + d;

ŕőńãçĺň f^n(x) = — tg ( arctg x^− — − nh_0 ) + ; ă ŕàĺ (a − d)^2 + 4b > 0, ŕőńăčăï

—_0 = √ (a − d)^2 + 4b 2 ;

= a^− d 2 ; tg h_1 =

2—_0 a + d;

ŕőńãçĺň f^n(x) = —_0 th ( Arth x^− —_0 + nh_1 ) + : 3.2.3. f(x) =^{ax} +^b_x −_a ; a^2 + b ≠ 0;

f^n(x) = { x ŕàĺ n = 2m; f(x) ŕàĺ n = 2m + 1:

3.2.4. f(x) =^x +^b1 −_{bx}; b = tg h ≠ 0; f^n(x) = x + tg nh1_− x tg nh.

3.2.5. f(x) =^{ax}1 +_{cx} ; a ≠ 1; c ≠ 0; f^n(x) = a^nx

1 − 1^− a^n 1 − a cx .

3.2.6. f(x) =^x m − (m − 1)x ; m ≠ 0; 1; f^n(x) = xx_− (x_− 1)m_n .

3.2.7. f(x) =^{ax} +^b_x +_d ; a+d ≠ 0; (a−d)^2+4b = 0, çâő ćńěçěâ ad ≠ b;

52 Čńăćă 3. Ĺâěàăæĺĺ őâďěńìŋëå äãŋłæĺľ

f^n(x) = (a + d)x + n((a^− d)x + 2b) a + d + n(2x − a + d) :

Ć ďàãčĺå őąőğŋăçěŋĺïå, ŕőńăčăï a = p+q, d = p − q ĺ, áńěďőćăâěńìŋő, b = −q^2, ŕàĺåőďĺň ł áńěďãîéěňã ãàăćŋěŋĺî.

3.2.8. f(x) = (^p +^q)^x −^{q2} x + p − q ; p̸= 0; f^n(x) =

(px + q(x − q)n p + (x − q)n .

3.2.9. f(x) = −^{d2}4(_x +_d); f^n(x) = − d2 · dn + 2(n^− 1)x d(n + 1) + 2nx.

3.2.10. f(x) = a −^{a2}4_x; f^n(x) = a2 · 2(n + 1)x^− an

2xn − a(n − 1) . 3.2.11. f(x) =^x 1 + cx ; f^n(x) = x 1 + cxn . 3.3. Řăæĺőŋăńìŋëě äãŋłæĺĺ

3.3.1. f(x) =^{x2} −^a 2x + b ; b^2 ≠ 4a; f^n(x) = q(x + p)^2 n − p(x + q)^{2n} (x + q)^{2n} − (x + p)^{2n} . Ğďěáì

p = b^− √ b^2 − 4a 2 ; q = b +^√b^2 − 4a 2 : Ŕàĺ b^2 = 4a äãŋłæĺï ćëàőęďăěâáï ć ńĺŋěľŋãî. Őáâàőćáłĺľ [1960], Ŋěçěŕãàěŋłő [1961]

3.3.2. f(x) =^{x2} 2x + b ; b ≠ 0; f^n(x) = bx^2 n (x + b)^{2n} − x^{2n} . Ŕàĺ b = 0 äãŋłæĺï ćëàőęďăěâáï ć ńĺŋěľŋãî.

3.3.3. f(x) =^{ax2} + 2^x 1 − bx^2 ; a; b ≠ 0; f^n(x) = q (px + q)^2 n − (x + q)^{2n} p(x + q)^{2n} − (px + q)^{2n} .

Ğďěáì

q = a + √ a^2 − 4b 2b ; p

= bq^2:

3.3.4. f(x) = 2^x 1 − x^2

; f^n(x) = tg (2^n arctg x).

3.3.5. f(x) =^{x2} − 12_x ; f^n(x) = ctg (2^n arcctg x).

3.4. Śâěŕěŋŋăï äãŋłæĺï 53

3.3.6. f(x) = x 3 −^{x2}1 − 3_{x2} ; f^n(x) = tg (3^n arctg x).

3.3.7. f(x) =^{x2}2 −_{x2} ; f^n(x) = ( ch ( 2^n Arch 1 x ))_−1 . 3.3.8. f(x) = 2^x1 +_{x2} ; f^n(x) = ( th ( 2^n Arth 1 x ))_−1 . 3.4. Śâěŕěŋŋăï äãŋłæĺï

3.4.1. f(x) = ax^p; p ≠ 1; x > 0; f^n(x) = a^{pn−1p−1} x^{pn} .

Ŕàĺ p = 1 äãŋłæĺï ćëàőęďăěâáï ć ńĺŋěľŋãî.

3.5. Ĺààăæĺőŋăńìŋőáâĺ

3.5.1. f(x) = (ax^m + b)^{1/m}; a ≠ 1; f^n(x) = ( a^n ( x^m + b a − 1 ) − b a − 1 )1/m : 3.5.2. f(x) = (x^m + b)^{1/m}; b > 0; f^n(x) = (x^m + bn)^{1/m}. 3.5.3. f(x) = 2x √ 1 − x^2; −1 ≤ x ≤ 1; f^n(x) = sin 2^n arcsin x.

3.5.4. f(x) =^x 1 + √ 1 + x^2

; f^n(x) = tg (2^{−n} arctg x).

3.5.5. f(x) = 1 − ( e�αa_{(1 − x)}�α_+^λ_{a · (1 − e}�αa_)^)�^{1/α}_,

0 < ¸ < 1; – > max(0; a);

f^n(x) = 1 − ( e^{−αan}(1 − x)^{−α} + –a · (1 − e^{−αan}) )_−1/α : 3.5.6. f(x) = 1 −^(αλ + (1 − x)�^{α)}�^{1/α}; 0 < ¸ < 1; – > 0; f^n(x) = 1 −^(¸–n + (1 − x)^{−α)−1/α} :

3.5.7. f(x) = x ·^(e^{λk} − (e^{λk} − 1)x^{k)}�^{1/k}; – > 0;

54 Čńăćă 3. Ĺâěàăæĺĺ őâďěńìŋëå äãŋłæĺľ f^n(x) = x ·^(e^{λkn} − (e^{λkn} − 1)x^{k)−1/k} :

3.5.8. f(x) = 1 −^(1 − p + p(1 − x)^{β)1/β}; ˛ > 0; 0 < p < 1; f^n(x) = 1 −^(1 − p^n + p^n(1 − x)^{β)1/β} 3.5.9. f(x) =^x (m − (m − 1)x^k)^{1/k} ; k > 0;

f^n(x) = x (m^n − (m^n − 1)x^k)^{1/k} :

Ůăáâì II

ŤŞŊŁŰĹŐŊĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§.

ŇĚŠŐĎŻ ŘĚŸĚŊĹ§

Ă. Ŕãăŋłăàě ŕàĺŋăďńěęăâ áńőćă: \§ ŋě ğŋăî, çâő âăłőě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï". Ďěľáâćĺâěńìŋő, âěàňĺŋ äãŋłæĺőŋăńìŋëě ãàăćŋě-

ŋĺï ćáěőąêěňńîé: ěčő ĺáŕőńìğãîâ ĺ ďńï ãàăćŋěŋĺľ ć ăąáâàăłâŋëå äãŋł-

æĺőŋăńìŋëå ŕàőáâàăŋáâćăå, ĺ ďńï àăğńĺçŋőčő âĺŕă ãàăćŋěŋĺľ (ďĺääěàěŋæĺăńìŋëå, ĺŋâěčàăńìŋëå ĺ ďà.) ć łőŋłàěâŋëå ŕàőáâàăŋáâćăå äãŋłæĺľ.

Łăł ãęě őâňěçăńőáì ćő ććěďěŋĺĺ, ć ďăŋŋőľ ňőŋőčàăäĺĺ àăááňăâàĺćăîâáï äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï âőńìłő ć ãğłőň áňëáńě: íâő áőőâŋőèěŋĺï, áőďěàęăéĺě ńĺèì łőŋěçŋőě çĺáńő áãŕěàŕőğĺæĺľ ĺğćěáâŋëå ĺ ŋěĺğćěáâŋëå äãŋłæĺľ. Šăłĺňĺ ïćńïîâáï, ŋăŕàĺňěà, ãàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå, ŋő ĺňĺ ŋě ïćńïîâáï ãàăćŋěŋĺï, őąàăğőćăŋŋëě á ŕőňőéìî őŕěàăæĺľ ďĺääěàěŋæĺàőćăŋĺï, ĺŋâěčàĺàőćăŋĺï, lim, inf, sup.

Ć ďăŋŋőľ çăáâĺ ŕàěďńăčăěâáï őąğőà àïďă ňěâőďőć àěèěŋĺï ãàăćŋěŋĺľ ć łőŋěçŋëå àăğŋőáâïå ĺ ŋěłőâőàëå ďàãčĺå âĺŕőć äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Ĺğ ňőŋőčàăäĺľ ŕő íâĺň ćőŕàőáăň ňőęŋő àěłőňěŋďőćăâì [M5, M3, M7, M11, M12, M15]. Ĺğ ňěâőďőć őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï ďńï àěèěŋĺï ńĺŋěľŋëå łőŋěçŋő-àăğŋőáâŋëå ãàăćŋěŋĺľ á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ ŕàěďáâăćńěŋ âőńìłő ŕőďåőď, àăğćĺâëľ Ąěàčőň [1961] (áńãçăľ ďĺáłàěâŋőľ ŕěàěňěŋŋőľ). Őďĺŋ ĺğ ćăàĺăŋâőć őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï, őàĺěŋâĺàőćăŋŋőčő ŋă łőŋěçŋő-àăğŋőáâŋëě ãàăćŋěŋĺï á ŋěŕàěàëćŋőľ ŕěàěňěŋŋőľ, ĺğńőęěŋ ć ŕàĺń. Ď.

Čńăćă 4

Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

4.1. Łőŋěçŋëě àăğŋőáâĺ

4.1.1. Őŕàěďěńěŋĺï ĺ áćőľáâćă

• Ŕãáâì äãŋłæĺï f őŕàěďěńěŋă ć âőçłăå x ĺ x + h.

Śďćĺčőň (áňěéěŋĺěň) f ć âőçłě x ŕàĺ ŕàĺàăéěŋĺĺ ăàčãňěŋâă (èăčě)

h ŋăğëćăěâáï ćěńĺçĺŋă E_hf(x) = f(x + h):

Řăğŋőáâìî ŕěàćőčő ŕőàïďłă äãŋłæĺĺ f ć âőçłě x ŕàĺ ŕàĺàăéěŋĺĺ

ăàčãňěŋâă (èăčě) h ŋăğëćăěâáï ćěńĺçĺŋă ´_hf(x) = f(x + h) − f(x):

Őçěćĺďŋő, çâő ´_hf(x) = E_hf(x) − f(x). Ŕàĺ h = 1 ćňěáâő E_h ĺ ´_h ŕĺèãâ ŕàőáâő E ĺ ´:

Ef(x) = f(x + 1); ´f(x) = f(x + 1) − f(x):

• Ďńï æěńëå n > 1 àěłãààěŋâŋő őŕàěďěńïěâáï áďćĺč äãŋłæĺĺ ŋă n èăčőć E^n_h f(x) ĺ àăğŋőáâì n-čő ŕőàïďłă ´^n_hf(x):

E^n_h f(x) = E_h(E^{n−1}_h f(x); ´^n_hf(x) = ´^{n−1}_h f(x + 1) − ´^{n−1}_h f(x); E^1_hf(x) = E_hf(x); ´^1_hf(x) = ´_hf(x):

Ŕàěďŕőńăčăěâáï, çâő äãŋłæĺï f őŕàěďěńěŋă ć âőçłăå x, x + h; : : :, x + nh. Ŕőńăčăîâ E^0_hf(x) = ´^0_hf(x) = f(x):

• Řăğŋőáâŋăï äőàňãńă Ńăčàăŋęă {

´^n_hf(x) = n∑ j=0 (−1)^{n−j} (n j ) f(x + jh): (4:1)

Ĺŋâěàŕőńïæĺőŋŋăï äőàňãńă İľńěàă {

E^n_h f(x) = f(x + nh) = n∑ j=0 (n j ) ´^j_hf(x): (4:2)

Ćëŕőńŋïîâáï àăćěŋáâćă:

4.1. Łőŋěçŋëě àăğŋőáâĺ 57

´_h(u(x)v(x)) = E_hu(x) · ´_hv(x) + v(x)´_hu(x); E_h(´_hu(x) · ´_hv(x)) = ´_hE_hu(x) · ´_hE_hv(x);

E_h´_hf(x) = ´_hE_hf(x):

• Śńěďãěâ àăğńĺçăâì ćëàăęěŋĺě (´_hf)(g(x)) (ğŋăçěŋĺě łőŋěçŋőľ àăğŋőáâĺ äãŋłæĺĺ f ć âőçłě g(x)) ĺ ćëàăęěŋĺě ´_hf(g(x)) (łőŋěçŋãî àăğŋőáâì áãŕěàŕőğĺæĺĺ äãŋłæĺľ):

(´_hf)(g(x)) = f(g(x) + h) − f(g(x));

´_hf(g(x)) = f(g(x + h)) − f(g(x)): Ŋăŕàĺňěà, (´f)(1 − x) = f(2 − x) − f(1 − x);

´f(1 − x) = f(−x) − f(1 − x):

4.1.2. Őŕěàăâőàŋăï ĺŋâěàŕàěâăæĺï

• Śďćĺčĺ ĺ àăğŋőáâĺ äãŋłæĺĺ ãďőąŋő ĺŋâěàŕàěâĺàőćăâì łăł ďěľáâćĺě őŕěàăâőàőć E_h ĺ ´_h ŋă äãŋłæĺî. Ďńï æěńőçĺáńěŋŋőčő ŕőłăğăâěńï n ≥ 1 áâěŕěŋì őŕěàăâőàă őŕàěďěńïěâáï łăł ěčő n-łàăâŋőě ŕàĺňěŋěŋĺě. Ŋãńěćăï áâěŕěŋì őŕěàăâőàă, ŕő őŕàěďěńěŋĺî, àăćŋă âőęďěáâćěŋŋőňã őŕěàăâőàã I.

Őŕěàăâőàë E_h ĺ ´_h ăďďĺâĺćŋë ĺ őďŋőàőďŋë:

´_h(f + g) = ´_h(f) + ´_h(g); ´_h(¸f) = ¸´_h(f); E_h(f + g) = E_h(f) + E_h(g); E_h(¸f) = ¸E_h(f):

Ć őŕěàăâőàŋőľ äőàňě ´^0_h = E^0_h = I; ´_h = E_h − I;

´_hE_h = E_h´_h = E^2_h − E_h = ´^2_h + ´_h;

´^n_h = (E_h − I)^n = n∑ j=0 (−1)^{n−j} (n j ) E^j_h;

E^n_h = (´_h + I)^n = n∑ j=0 (n j ) ´^j_h:

Ŕàĺ őâńĺçŋëå őâ æěńëå r > 0 äőàňăńìŋő

E^r_h = (I + ´_h)^r = I + ( r 1 ) ´^1_h + ( r 2 ) ´^2_h + : : ::

58 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

• Ćëŕőńŋïěâáï äőàňăńìŋőě áőőâŋőèěŋĺě

E_h = e^{hD} = I + hD + h^22! D^2 + : : :; D = ddx: İâő őŕěàăâőàŋőě ŕàěďáâăćńěŋĺě àïďă Šěľńőàă.

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï

4.2.1. Őŕàěďěńěŋĺě

• Ŕőáńěďőćăâěńìŋőáâì f(0); f(1); : : : íńěňěŋâőć ŋěłőâőàőčő ňŋőęěáâćă Y ŋăğëćăěâáï àěłãààěŋâŋőľ ĺńĺ ćőğćàăâŋőľ ŕőáńěďőćăâěńìŋőáâìî m-čő ŕőàïďłă, ěáńĺ ěě çńěŋë áćïğăŋë áőőâŋőèěŋĺěň

f(n+m) = F(n; f(n); : : :; f(n+m−1)); n = 0; 1; : : :; (4:3) čďě ćâőàőľ ăàčãňěŋâ äãŋłæĺĺ F(n; ˛_0; : : :; ˛_{m−1}) áãéěáâćěŋ, â.ě. áãéěáâćãîâ n; ˛_1; : : :; ˛_{m−1} âăłĺě, çâő F(n; ˛^′; ˛_1; : : :; ˛_{m−1}) ≠ F(n; ˛^{′′}; ˛_1; : : :; ˛_{m−1}) ŕàĺ ŋěłőâőàëå ˛^′ ≠ ˛^{′′}.

Şàăćŋěŋĺě (4:3), ŋăğëćăěňőě àěłãààěŋâŋëň ĺńĺ àăğŋőáâŋëň ãàăćŋěŋĺěň m-čő ŕőàïďłă ŋă ňŋőęěáâćě X, ŕőğćőńïěâ ćëçĺáńïâì ćáě çńěŋë ŕőáńěďőćăâěńìŋőáâĺ, ěáńĺ ğăďăŋë ěě ŕěàćëě m çńěŋőć f(0) = ˛_0; : : :; f(m − 1) = ˛_{m−1} (ŋăçăńìŋëě ãáńőćĺï, ŕàĺ łőâőàëå àěèăěâáï ãàăćŋěŋĺě (4:3)).

• Śãéěáâćãěâ äãŋłæĺï ˘ âăłăï, çâő f(n) = ˘(n; ˛_0; : : :; ˛_{m−1}) ďńï ćáěå n = 0; 1; : : :.

Ťãŋłæĺï ˘ ňőęěâ ąëâì őŕàěďěńěŋă àěłãàáĺćŋő àăćěŋáâćăňĺ ˘(0; ˛_0; : : :; ˛_{m−1}) = ˛_0; . . ˘(m − 1; ˛_0; : : :; ˛_{m−1}) = ˛_{m−1}; ˘(j + m; ˛_0; : : :; ˛_{m−1}) =

F(j; ˘(j; ˛_0; : : :; ˛_{m−1}); : : :; ˘(j + m − 1; ˛_0; : : :; ˛_{m−1})); ďńï j = 0; 1; : : :.

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï 59

Ŕàĺňěàë:

1. Čěőňěâàĺçěáłăï ŕàőčàěááĺï f(n + 1) = qf(n) ĺ ăàĺäňěâĺçěáłăï ŕàőčàěááĺï g(n+1) = g(n)+d { àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ŕěàćőčő ŕőàïďłă; f(n) = q^nf(0), g(n) = g(0) + nd (n ≥ 0):

2. Ůĺáńă Ťĺąőŋăçĺ f(n+2) = f(n) + f(n+1) (őąëçŋő f(0) = 0, f(1) = 1) { àěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ćâőàőčő ŕőàïďłă;

f(n) = f(1)√ 5 [( 1 +^√5 2 )n − ( 1 −^√5 2 )n] + f(0)_√ 5 [( 1 +^√5 2 )n_−1 − ( 1 −^√5 2 )n_−1] : • Řěłãààěŋâŋăï ŕőáńěďőćăâěńìŋőáâì m-čő ŕőàïďłă (4:3) ňőęěâ ąëâì őŕàěďěńěŋă àěłãààěŋâŋëň ãàăćŋěŋĺěň ŕěàćőčő ŕőàïďłă ďńï m-ňěàŋëå ćěłâőàőć ĺğ ňŋőęěáâćă Y^m.

Řăááňőâàĺň m ŕőáńěďőćăâěńìŋőáâěľ

u_1(0); u_1(1); : : :; u_1(j); : : :; . . u_m(0); u_m(1); : : :; u_m(j); : : :

(4:4)

âăłĺå, çâő

u_1(n) = f(n); : : :; u_m(n) = f(n + m); n ≥ 0:

Şàăćŋěŋĺě (4:3) ŕàĺćőďĺâáï ł áĺáâěňě ãàăćŋěŋĺľ ŕěàćőčő ŕőàïďłă

u_1(n + 1) = u_2(n); . . u_{m−1}(n + 1) = u_m(n);

u_m(n + 1) = F(n; u_1(n); : : :; u_m(n)):

(4:5)

Śĺáâěňă ãàăćŋěŋĺľ (4:5) ŕőğćőńïěâ ćëçĺáńïâì ćáě çńěŋë ŕőáńěďőćăâěńìŋőáâěľ (4:4), ěáńĺ ğăďăŋë ĺå ŕěàćëě çńěŋë

u_1(0) = f(0); : : :; u_m(0) = f(m − 1):

Ć ćěłâőàŋőľ äőàňě, őąőğŋăçăï

U_n = [u_1(n); : : :; u_m(n)]^T ;

áĺáâěňã (4:5) ňőęŋő ŕěàěŕĺáăâì ć ćĺďě ćěłâőàŋőčő àěłãààěŋâŋőčő ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă

60 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

U(n + 1) = H(n; U(n)); (4:6) čďě H(n; U) = u_2 . . u_m F(n; u_1; : : :; u_m)

; U = [u_1; : : :; u_m]^T :

Ćáě çńěŋë ŕőáńěďőćăâěńìŋőáâĺ U(0), U(1),: : :ňőčãâ ąëâì ćëçĺáńěŋë ĺğ ãàăćŋěŋĺï (4:6), ěáńĺ ğăďăŋ ěě ŕěàćëľ çńěŋ U(0). Ŕàĺ

U(0) = [˛_0; : : :; ˛_{m−1}]^T

çńěŋë ĺáåőďŋőľ ŕőáńěďőćăâěńìŋőáâĺ őŕàěďěńïâáï ĺğ

f(n) = u_1(n) = pr_1 U(n)

(ŕěàćăï ŕàőěłæĺï ćěłâőàă U_n).

Ŕàĺňěà. Ďńï çĺáěń Ťĺąőŋăçĺ őŕàěďěńïîéěě ãàăćŋěŋĺě ćâőàőčő ŕőàïďłă íłćĺćăńěŋâŋő ďćãňěàŋőňã ćěłâőàŋőňã ãàăćŋěŋĺî (4:6) ŕěàćőčő ŕőàïďłă, čďě U(n) = [u_1(n); u_2(n)]^T ,

H(n; U) = [ u_2 u_1 + u_2 ] = [ 0 1 1 1 ] · [ u_1 u_2 ] = AU:

Ŕãáâì U(0) = [˛_0; ˛_1]^T . Šőčďă U(n) = A^nU(0).

4.2.2. Ńĺŋěľŋëě àěłãààěŋâŋëě ãàăćŋěŋĺï á ŕàőĺğćőńìŋëňĺ łőíääĺæĺěŋâăňĺ

• Ńĺŋěľŋőě àěłãààěŋâŋőě ãàăćŋěŋĺě ďńï ŕőáńěďőćăâěńìŋőáâĺ f(0), f(1); : : : ĺňěěâ ćĺď

f(n + m) + a_1(n)f(n + m − 1) + : : : + a_m(n)f(n) = b(n): (4:7)

Ŕàěďŕőńăčăěâáï, çâő ćěńĺçĺŋë a_1(n); : : :; a_m(n) ĺ b(n) łőŋěçŋë ŕàĺ ćáěå n. Ůĺáńő m ŋăğëćăěâáï ŕőàïďłőň ãàăćŋěŋĺï (4:7), ěáńĺ a_m(n) ≠ 0 åőâï ąë ŕàĺ őďŋőň ğŋăçěŋĺĺ n.

Řěèěŋĺěň ãàăćŋěŋĺï (4:7) ŋăğëćăěâáï äãŋłæĺï, ŕàĺŋĺňăîéăï łőŋěçŋëě ğŋăçěŋĺï ĺ ãďőćńěâćőàïîéăï ãàăćŋěŋĺî (4:7) ŕàĺ ćáěå n = 0; 1; : : :. Łăęďőě àěèěŋĺě ãàăćŋěŋĺï (4:7) őďŋőğŋăçŋő őŕàěďěńïěâáï ğăďăŋĺěň ğŋăçěŋĺľ ŕěàćëå m çńěŋőć ŕőáńěďőćăâěńìŋőáâĺ

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï 61

f(0) = ˛_0; : : :; f(m − 1) = ˛_{m−1}; (4:8)

őáâăńìŋëě ğŋăçěŋĺï f(n) ŋăåőďïâáï ĺğ áőőâŋőèěŋĺï (4:7). • Őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï (4:7) ěáâì áãňňă çăáâŋőčő ĺ őąéěčő àěèěŋĺľ őďŋőàőďŋőčő (ŕàĺćěďěŋŋőčő) ãàăćŋěŋĺï

f(n + m) + a_1(n)f(n + m − 1) + : : : + a_m(n)f(n) = 0: (4:9)

• Ěáńĺ ŕàăćăï çăáâì ć ãàăćŋěŋĺĺ (4:7) àăćŋă b(n) = b_1(n)+b_2(n), ă f_1(n) ĺ f_2(n) { àěèěŋĺï ãàăćŋěŋĺï (4:7) ŕàĺ ŕàăćőľ çăáâĺ, àăćŋőľ b_1(n) ĺ b_2(n) áőőâćěâáâćěŋŋő, âő àěèěŋĺě f(n) ãàăćŋěŋĺï (4:7) á ŕàăćőľ çăáâìî b(n) àăćŋő f(n) = f_1(n) + f_2(n).

Ěáńĺ f_1(n); : : :; f_p(n) { àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9), âő ĺå ćğćěèěŋŋăï áãňňă

g(n) = c_1f_1(n) + : : : + c_pf_p(n);

čďě c_1; : : :; c_p { ŕőáâőïŋŋëě, ąãďěâ âăłęě àěèěŋĺěň íâőčő ãàăćŋěŋĺï.

Řěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9) f_1(n); : : :; f_p(n), n ≥ 0 ŋăğëćăîâáï ńĺŋěľŋő ŋěğăćĺáĺňëňĺ, ěáńĺ ďńï ńîąëå c_1; : : :; c_p, őďŋőćàěňěŋŋő ŋě àăćŋëå ŋãńî, àăćěŋáâćő

c_1f_1(n) + : : : + c_pf_p(n) = 0;

åőâï ąë ďńï őďŋőčő n ≥ 0 ŋě ćëŕőńŋïěâáï.

Şàăćŋěŋĺě (4:9) ćáěčďă ĺňěěâ áĺáâěňã m ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ (äãŋďăňěŋâăńìŋãî áĺáâěňã): ďőáâăâőçŋő ćğïâì

f_i(n) = ‹_{in} = { 1 ŕàĺ i = n, 0 ŕàĺ i ≠ n:

• Ŕãáâì f_1; : : :; f_m { àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9). Őąőğŋăçĺň

D(n) = | | | | | | | f_1(n) : : : f_m(n) . . : : : . . f_1(n+m−1) : : : f_m(n+m−1) | | | | | | | : Šőčďă D(n + 1) = (−1)^mD(n)a_m(n)

ĺ ŕàĺ n ≥ 1

D(n) = (−1)^{m·n} n−1∏ i=0 a_m(i)D(0):

Ěáńĺ a_m(n) ≠ 0 ŕàĺ ćáěå n, âő őŕàěďěńĺâěńì D(n) ĺńĺ àăćěŋ ŋãńî ŕàĺ ćáěå n ≥ 0, ĺńĺ őâńĺçěŋ őâ ŋãńï ŕàĺ ćáěå n ≥ 0.

62 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

Ěáńĺ àěèěŋĺï f_1; : : :; f_m ńĺŋěľŋő ğăćĺáĺňë, âő D(n) = 0 ŕàĺ ćáěå n ≥ 0.

Ěáńĺ f_1; : : :; f_m { áĺáâěňă m ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9), ĺ a_m(n) ≠ 0 ŕàĺ ćáěå n, âő D(n) ≠ 0 ŕàĺ ćáěå n ≥ 0.

• Ěáńĺ f_1; : : :; f_m { ńĺŋěľŋő ŋěğăćĺáĺňëě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9), a_m(n) ≠ 0 ĺ D(0) ≠ 0, âő ěčő őąéěě àěèěŋĺě ćëàăęăěâáï äőàňãńőľ f_ő(n) = c_1f_1(n) + : : : + c_mf_m(n);

čďě c_1; : : :; c_m { ŕàőĺğćőńìŋëě ŕőáâőïŋŋëě.

Ďńï àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï, ãďőćńěâćőàïîéěčő ŋăçăńìŋëň ãáńőćĺïň f(0) = ˛_0, : : :, f(m − 1) = ˛_{m−1}, ćëŕőńŋïîâáï áőőâŋőèěŋĺï

c_1f_1(0) + : : : + c_mf_m(0) = ˛_0; . . c_1f_1(m − 1) + : : : + c_mf_m(m − 1) = ˛_{m−1}:

Šăł łăł D(0) ≠ 0, âő c_i ŋăåőďïâáï ěďĺŋáâćěŋŋëň őąàăğőň ĺ ĺáłőňőě àěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï àăćŋő

f_{őç}(n) = −

| | | | | | | | |

0 f_1(n) : : : f_m(n) ˛_0 f_1(0) : : : f_m(0) . . . . : : : . . ˛_{m−1} f_1(m−1) : : : f_m(m−1)

| | | | | | | | | D(0) : (4:10)

• Ňěâőď Ńăčàăŋęă (ćăàĺăæĺĺ ŕőáâőïŋŋëå). Ŕãáâì ĺğćěáâŋë m ńĺŋěľŋő

ŋěğăćĺáĺňëå àěèěŋĺľ f_1(n); : : :; f_m(n) őďŋőàőďŋőčő ãàăćŋěŋĺï (4:9) ĺ a_m(n) ≠ 0 ŕàĺ ćáěå n. Ůăáâŋőě àěèěŋĺě ńĺŋěľŋőčő ŋěőďŋőàőďŋőčő àěłãààěŋâŋőčő ãàăćŋěŋĺï (4:7) ňőęŋő ŋăľâĺ ć ćĺďě

f(n) = Ś_1(n)f_1(n) + : : : + Ś_m(n)f_m(n);

ŕőńăčăï_m ∑ i=1 f_i(n+j)´C_i(n) = 0; j = 1; : : :; m − 1; m∑ i=1 f_i(n+m)´C_i(n) = b(n):

(4:11)

Ğďěáì ´C_i(n) = C_i(n + 1) − C_i(n). Ŕőáńě àěèěŋĺï áĺáâěňë (4:11) ńĺŋěľŋëå ăńčěąàăĺçěáłĺå ãàăćŋěŋĺľ őâŋőáĺâěńìŋő ´C_i(n) łăęďőě C_i(n) ŋăåőďĺâáï ŕãâěň áãňňĺàőćăŋĺï (áň. ŕ. 4.3.3).

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï 63

Ůăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï (4:7), őâćěçăîéěě ŋãńěćëň ŋăçăńìŋëň ãáńőćĺïň f(0) = : : : = f(m−1) = 0, ňőęěâ ŕàĺ íâőň ąëâì ïćŋő ğăŕĺáăŋő ć ćĺďě

f_{ŋő}(n) = n−m∑ j=0 D_n(j + 1) D(j + 1) b(j); m^≤ n;

0; 0 ≤ n < m:

(4:12)

čďě D_n(j + 1) = | | | | | | | | | |

f_1(j+1) : : : f_m(j+1) . . : : : . . f_1(j+m−1) : : : f_m(j+m−1) f_1(n) : : : f_m(n)

| | | | | | | | | | :

Őŕàěďěńĺâěńì D_n(j + 1) ŕőńãçăěâáï ĺğ D(j + 1) ğăňěéěŋĺěň ŕőáńěďŋěľ áâàőłĺ [f_1(j + m); : : :; f_m(j + m)] áâàőłőľ [f_1(n); : : :; f_m(n)]. Őâňěâĺň, çâő D_n(j + 1) = 0 ŕàĺ n − m + 1 ≤ j ≤ n − 1.

Ůăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï, ãďőćńěâćőàïîéěě ŋăçăńìŋëň ãáńőćĺïň (4:8), àăćŋő

f_{ŋç}(n) = f_{őç}(n) + f_{ŋő}(n); (4:13)

čďě f_{őç} ĺ f_{ŋő} őŕàěďěńïîâáï ŕő (4:10) ĺ (4:12).

• Ďńï ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă (m = 1) çăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï (4:7) ŕàĺ ŋăçăńìŋőň ãáńőćĺĺ f(0) = ˛_0 àăćŋő

f_{ŋç}(n) = ˛^0f_1(0)f_1(n) + n−1∑ j=0 b(j) f_1(j+1)f^1(n); n^≥ 1: (4:14)

(Ěáńĺ ŕőńőęĺâì, çâő áãňňă àăćŋă ŋãńî ŕàĺ ćěàåŋěľ čàăŋĺæě ĺŋďěłáă áãňňĺàőćăŋĺï ňěŋìèěľ ŋĺęŋěľ čàăŋĺæë, âő ďăŋŋăï äőàňãńă őáâăěâáï áŕàăćěďńĺćőľ ĺ ŕàĺ n = 0).

Ŕàĺňěà (Śăňăàáłĺľ, Ŋĺłőńăěć). Řăááňőâàĺň ãàăćŋěŋĺě

f(n + 1) − e^{2n}f(n) = 6n^2e^{n(n+1)}:

Őąéěě àěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï

g(n + 1) − e^{2n}g(n) = 0

àăćŋő g(n) = Ce^{n(n−1)}, â.ě. f_1(n) = e^{n(n−1)}. Ůăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï, őâćěçăîéěě ŋãńěćëň ŋăçăńìŋëň ãáńőćĺïň, ŕő äőàňãńě (4:14) àăćŋő

64 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

f_{ŋő}(n) = e^{n(n−1)} n−1∑ t=0 6t^2e^{t(t+1)} e^{(t+1)t}

= n(n − 1)(2n − 1)e^{n(n−1)}:

Šăłĺň őąàăğőň, őąéĺň àěèěŋĺěň ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ąãďěâ f_ŋ(n) = (C + n(n − 1)(2n − 1))e^{n(n−1)}:

4.2.3. Ńĺŋěľŋëě ãàăćŋěŋĺï á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ

• Őąéěě àěèěŋĺě ńĺŋěľŋőčő őďŋőàőďŋőčő àěłãààěŋâŋőčő ãàăćŋěŋĺï m-čő ŕőàïďłă

f(n + m) + a_1f(n + m − 1) + : : : + a_mf(n) = 0; n ≥ 0; (4:15) á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ a_1; : : :; a_m (a_m ≠ 0) ĺňěěâ ćĺď f_o(n) = (c_{11} + nc_{12} + : : : + n^{k1−1}c_{1k1} )–^n_1 + : : :+ (c_{s1} + nc_{s2} + : : : + n^{ks−1}c_{sks} )–^n_s ;

(4:16)

čďě –_1; : : :; –_s { àăğńĺçŋëě łőàŋĺ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï –^m + a_1–^{m−1} + : : : + a_m = 0;

łàăâŋőáâĺ łőâőàëå àăćŋë k_1; : : :; k_s áőőâćěâáâćěŋŋő; c_{s1}; : : :; c_{sks} { ŕàőĺğćőńìŋëě ŕőáâőïŋŋëě.

Ŕàĺňěà. Ůĺáńă Ťĺąőŋăçĺ. Ţăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě { –^2 −– − 1 = 0, ěčő łőàŋĺ { –_1 = 1 + √ 5 2 , –_1 =

1 −^√5 2 . Ŕőíâőňã őąéěě àěèěŋĺě ěáâì

f(n) = c_1

(1 +^√5 2 )n + c_2

( 1 −^√5 2 )n : • Řăááňőâàĺň ćőŕàőá ćëďěńěŋĺï ćěéěáâćěŋŋëå ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ ć áńãçăě łőňŕńěłáŋëå łőàŋěľ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï.

Ŕãáâì łőíääĺæĺěŋâë åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï ćěéěáâćěŋŋë. Šőčďă ŋăàïďã á łőňŕńěłáŋëň łőàŋěň – łàăâŋőáâĺ k ã ŋěčő ďőńęěŋ ąëâì âăłęě łőňŕńěłáŋő-áőŕàïęěŋŋëľ łőàěŋì –^∗ âőľ ęě łàăâŋőáâĺ. Ćåőďïéĺě ć őąéěě àěèěŋĺě (4:16) őďŋőàőďŋőčő ãàăćŋěŋĺï çńěŋë, áőőâćěâáâćãîéĺě íâĺň łőàŋïň, ąãďãâ (c^′_{11} + nc^′_{12} + : : : + n^{k−1}c^′_{1k})–^n+ (c^{′′}_{11} + nc^{′′}_{12} + : : : + n^{k−1}c^{′′}_{1k})(–^∗)^n = (a_{11} + na_{12} + : : : + n^{k−1}a_{1k})|–|^n cos ’n+ (b_{11} + nb_{12} + : : : + n^{k−1}b_{1k})|–|^n sin ’n;

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï 65

čďě – = |–|(cos’ + i sin ’). Ćěéěáâćěŋŋëě àěèěŋĺï

|–|^n cos ’n; n|–|^n cos ’n; : : :; n^{k−1}|–|^n cos ’n; |–|^n sin ’n; n|–|^n sin ’n; : : :; n^{k−1}|–|^n sin ’n

ńĺŋěľŋő ŋěğăćĺáĺňë.

Ć áńãçăě ćěéěáâćěŋŋőčő łőàŋï áőőâćěâáâćãîéĺľ ěňã çńěŋ ć (4:16) ćěéěáâćěŋ.

• Ňěâőď ćăàĺăæĺĺ ŕőáâőïŋŋëå. Řěèěŋĺě àěłãààěŋâŋőčő ŋěőďŋőàőďŋőčő

ãàăćŋěŋĺï á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ

f(n + m) + a_1f(n + m − 1) + : : : + a_mf(n) = b(n); n ≥ 0 (4:17)

ňőęěâ ąëâì ŋăľďěŋő ĺğ (4:16), łăł ĺ ć őąéěň áńãçăě ńĺŋěľŋëå ãàăćŋěŋĺľ á ŕàőĺğćőńìŋëňĺ łőíääĺæĺěŋâăňĺ (ŕ. 7.2.2), ňěâőďőň ćăàĺăæĺĺ ŕőáâőïŋŋëå.

• Ňăâàĺçŋëľ ňěâőď. Ć ćěłâőàŋőľ äőàňě (ŕ. 7.2.1) ãàăćŋěŋĺě (4:17)

íłćĺćăńěŋâŋő ćěłâőàŋőňã ãàăćŋěŋĺî

U(n + 1) = AU(n) + B(n);

čďě U(n) = [f(n); : : :; f(n + m − 1)]^T , B(n) = [0; : : :; 0; b(n)]^T,

A = 0 1 O ... ...

O 0 1 −a(1) · · · −a(m − 1) −a(m) :

Řěèěŋĺě ãàăćŋěŋĺï ŕàĺ ďăŋŋőň U(0) = [f(0); : : :; f(m − 1)]^T àăćŋő

U_{ŋç}(n) = A^nU_0 + n−1∑ i=0 A^{n−i−1}B(i):

4.2.4. Ňěâőďë őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

Őŕěàăæĺőŋŋëě (őŕěàăâőàŋëě) ĺáçĺáńěŋĺï àăğćĺćăîâáï ďńï àăğńĺçŋëå łńăááőć äãŋłæĺľ (ć âőň çĺáńě ďńï àăğńĺçŋëå őąńăáâěľ ĺå őŕàěďěńěŋĺï) ĺ àăğńĺçŋëå őáŋőćŋëå őŕěàăâőàőć. Řïď őŕěàăæĺőŋŋëå ňěâőďőć őáŋőćëćăěâáï ĺ őąőáŋőćëćăěâáï ŋă ĺŋâěčàăńìŋëå ŕàěőąàăğőćăŋĺïå (ŕàěęďě ćáěčő ŋă ŕàěőąàăğőćăŋĺïå Ńăŕńăáă). "Ůĺáâő őŕěàăâőàŋëě" ňěâőďë ąăğĺàãîâáï ŋă àăğńĺçŋëå ŕőŋïâĺïå áćěàâłĺ (Ňĺłãáĺŋáłĺľ [1956]). Őąğőà ŕãąńĺłăæĺľ ŕő őŕěàăæĺőŋŋëň ňěâőďăň ŋă 1964 č. ďăŋ ć àăąőâě Ďĺâłĺŋă, Ŕàãďŋĺłőćă [1966].

66 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

Ğďěáì ĺğńăčăěâáï ŕőďåőď, áŕěæĺăńìŋő àăğàăąőâăŋŋëľ ďńï ŕàőĺğćőńìŋëå äãŋłæĺľ, őŕàěďěńěŋŋëå ć âőçłăå 0, 1, 2, : : :(Ąěàč [1961]). • Ŕãáâì N { ňŋőęěáâćő äãŋłæĺľ f : IIN → IR.

Śãňňă äãŋłæĺľ ĺ ãňŋőęěŋĺě äãŋłæĺľ ŋă ćěéěáâćěŋŋëě çĺáńă őŕàěďěńïîâáï őąëçŋëň őąàăğőň.

Śćěàâłă (ŕàőĺğćěďěŋĺě) őŕàěďěńïěâáï ŕő äőàňãńě

(f ∗ g)(n) = n∑ j=0 f(n − j)g(j) − n−1∑ j=0 f(n − 1 − j)g(j):

Ğďěáì ćâőàăï áãňňă àăćŋă ŋãńî ŕàĺ n = 0. Śćěàâłă ăááőæĺăâĺćŋă, łőňňãâăâĺćŋă, ďĺáâàĺąãâĺćŋă ĺ ŋě ĺňěěâ ďěńĺâěńěľ ŋãńï, â.ě. N { łőňňãâăâĺćŋőě łőńìæő ąěğ ďěńĺâěńěľ ŋãńï.

Łőńìæő N ňőęěâ ąëâì àăáèĺàěŋő ďő ŕőńï őâŋőèěŋĺľ őąëçŋëň őąàăğőň ŕő áńěďãîéěľ áåěňě. Řăááňőâàĺň ňŋőęěáâćő ŕăà (f; g), čďě f; g ∈ N ĺ g ≠ 0. Ďćě ŕăàë (f; g) ĺ (f_1; g_1) ŋăğëćăîâ íłćĺćăńěŋâŋëňĺ ĺ ŕĺèãâ (f; g) ∼ (f_1; g_1), ěáńĺ f ∗ g_1 = f_1 ∗ g. Ććěďěŋŋőě őâŋőèěŋĺě ěáâì íłćĺćăńěŋâŋőáâì. Ňŋőęěáâćő ŕăà àăğąĺćăěâáï ŋă łńăááë íłćĺćăńěŋâŋëå

ŕăà. Łńăáá ŕăà, íłćĺćăńěŋâŋëå ŕăàě (f; g), őąőğŋăçăîâ çěàěğ fg ĺńĺ

f=g ĺ ŋăğëćăîâ őŕěàăâőàőň. Őçěćĺďŋő, çâő f g = f^1 g_1 âőčďă ĺ âőńìłő

âőčďă, łőčďă f ∗ g_1 = f_1 ∗ g. Őŕàěďěńĺň áãňňã ĺ ŕàőĺğćěďěŋĺě őŕěàăâőàőć àăćěŋáâćăňĺ f g + f_1 g_1 = f ∗ g_1 + f_1 ∗ g g ∗ g_1 ; f g^· f_1 g_1 = f ∗ f_1 g ∗ g_1 ;

ďńï g ∗ g_1 ≠ 0. Ňŋőęěáâćő M őŕěàăâőàőć őąàăğãěâ łőňňãâăâĺćŋőě ŕőńě.

Ťãŋłæĺï, âőęďěáâćěŋŋő àăćŋăï ěďĺŋĺæě, ïćńïěâáï ěďĺŋĺæěľ łőńìæă N, ă ğŋăçĺâ, ĺ ŕőńï őŕěàăâőàőć. İâã äãŋłæĺî ňőęŋő ŋě őâńĺçăâì őâ çĺáńă ěďĺŋĺæă, ěáńĺ áńőęěŋĺě äãŋłæĺĺ á çĺáńőň ŕőŋĺňăâì őąëçŋëň őąàăğőň.

Ňŋőęěáâćő çĺáěń IR ćłńăďëćăěâáï ćő ňŋőęěáâćő N äãŋłæĺľ, ă ňŋőęěáâćő N äãŋłæĺľ, ć áćőî őçěàěďì, ćłńăďëćăěâáï ćő ňŋőęěáâćő M őŕěàăâőàőć, ěáńĺ ŕőńőęĺâì f = f 1 : Šőčďă ćňěáâő f ∗ g (áćěàâłă) ňőęŋő ŕĺáăâì f · g (ãňŋőęěŋĺě őŕěàăâőàőć). Őâňěâĺň, çâő f f = 1; 0 f = 0

ďńï ńîąőľ äãŋłæĺĺ f ∈ N. Ŕãáâì p = fg ĺ g = f^1g_1 . Őŕàěďěńĺň çăáâŋőě őŕěàăâőàőć àăćěŋáâćőň

4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï 67 p q = f ∗ g_1 g ∗ f_1 :

Ďàőąĺ ňőęŋő áőłàăéăâì: pr qr = p q : Ěáńĺ ďńï őŕěàăâőàă p áãéěáâćãěâ äãŋłæĺï f ∈ N âăłăï, çâő p = f, âő čőćőàïâ, çâő őŕěàăâőà p ŕàĺćőďĺň ł äãŋłæĺĺ (ěáâì őŕěàăâőà{äãŋłæĺï).

Őŕěàăâőà fg ŕàĺćőďĺň ł äãŋłæĺĺ âőčďă ĺ âőńìłő âőčďă, łőčďă ĺńĺ g(0) ≠ 0, ĺńĺ ŕàĺ ŋěłőâőàőň m ≥ 1

g(0) = : : : = g(m−1); g(m) ≠ 0; f(0) = : : : = f(m−1) = 0:

Ğăäĺłáĺàãěň ŋěğăćĺáĺňãî æěńőçĺáńěŋŋãî ŕěàěňěŋŋãî . Ŕãáâì f() = A { áőőâŋőèěŋĺě, őŕàěďěńïîéěě äãŋłæĺî f á ŕőňőéìî ćëàăęěŋĺï A, áőďěàęăéěčő ŕěàěňěŋŋãî ĺ ŕàĺŋĺňăîéěčő ćěéěáâćěŋŋëě ğŋăçěŋĺï. Ďńï őąőğŋăçěŋĺï äãŋłæĺĺ → f() (ĺ áőőâćěâáâćãîéěčő őŕěàăâőàă) ąãďěň ĺáŕőńìğőćăâì ĺ áĺňćőń f, ĺ ćëàăęěŋĺě ⟨A⟩.

Ŋăŕàĺňěà, ⟨sin ⟩ őğŋăçăěâ âő ęě, çâő ĺ sin, ⟨^2⟩ { äãŋłæĺï f : → ^2; ⟨⟩ { âőęďěáâćěŋŋőě őâőąàăęěŋĺě IIN → IIN.

Ĺňěěâ ňěáâő àăćěŋáâćő ⟨⟩ ∗ f = ⟨ ν ∑ j=0 (−j)f(j) − ν−1∑ j=0 (−1−j)f(j) ⟩ = ⟨ν_−1 ∑ j=0 f(j) ⟩ : Ć áćïğĺ á íâĺň őŕěàăâőà ⟨⟩ = 1=s ŋăğëćăěâáï őŕěàăâőàőň áãňňĺàőćăŋĺï. Őŕěàăâőà s ŋě ŕàĺćőďĺň ł äãŋłæĺĺ.

Ŕãáâì f = ´F. Šőčďă

⟨⟩ ∗ ´F = F − F(0)

ĺńĺ, âăł łăł s = 1=⟨⟩,

´F = s(F − F(0)):

Ŋă ňŋőęěáâćě äãŋłæĺľ f, ãďőćńěâćőàïîéĺå f(0) = 0, őŕěàăâőà s áőćŕăďăěâ á àăğŋőáâŋëň őŕěàăâőàőň

sf = ´f:

Ć őąéěň áńãçăě

´^nf = s^nf − (s´^{n−1}f + : : : + s^{n−1}´f + s^nf)(0):

68 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

• Ŕàĺćěďěň àïď ďàãčĺå àăćěŋáâć: 1 s^n =

⟨ ()_n n! ⟩ ; n ≥ 1; 1 s^n f = ⟨ ν ∑ i=1 (i−1)_{n−1} (n−1)! f

(−i) ⟩ ; s (s−a)^{n+1} = ⟨ ()_n

n! (1+a)^{ν−n} ⟩ ŕàĺ a ≠ −1; 1 (s+1)^p

= „_p; čďě „_p() = { 0 ŕàĺ < p; 1 ŕàĺ ≥ p; 1 s^2+a^2 = ⟨ 1 − (1+a^2)^{ν/2} cos ’ a^2 ⟩ ; s s^2+a^2 = ⟨ (1+a^2)^{ν/2} sin ’ a ⟩ : Ğďěáì sin ’ = a√ 1+a^2

; cos ’ = 1√ 1+a^2 : • Ďńï ńîąőľ äãŋłæĺĺ f ∈ N ĺňěěâ ňěáâő àăğńőęěŋĺě

f = s ∞∑ j=0 f(j) (s + 1)^{j+1} :

Ěáńĺ ŕőńăčăâì ğďěáì s łőňŕńěłáŋëň çĺáńőň, âő ďăŋŋőě àăćěŋáâćő (ć áńãçăě áåőďĺňőáâĺ àïďă) áâăćĺâ ć áőőâćěâáâćĺě äãŋłæĺĺ f ăŋăńĺâĺçěáłãî äãŋłæĺî f^∗(s) łőňŕńěłáŋőčő ŕěàěňěŋŋőčő s. Ŕàőĺğćěďěŋĺî f ∗g őâćěçăěâ őąëçŋőě ŕàőĺğćěďěŋĺě f^∗(s)g^∗(s), łőŋáâăŋâë áőåàăŋïîâáï. • Ŕàĺňěà. Řăááňőâàĺň ãàăćŋěŋĺě ´^2f(n) − 3´f(n) + 2f(n) = 0; n = 0; 1; : : :;

ŕàĺ ŋăçăńìŋëå ãáńőćĺïå f(0) = 0, ´f(0) = 1. Ĺňěěň ⟨´^2f()⟩ = s^2f − s´f(0) − s^2f(0) = s^2f − s; ⟨´f()⟩ = sf − sf(0) = sf:

Ĺáåőďŋőě ãàăćŋěŋĺě ć őŕěàăâőàŋőň ćĺďě àăćŋő (s^2f − s) − 3sf + 2f = 0 ĺńĺ

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 69

f = s

s^2 − 3s + 2 = 2 s − 2^− 1 s − 1 = ⟨ 2 (1 + 2)^ν

2^−

(1 + 1)^ν − 1 1 ⟩ = ⟨3^ν − 2^ν ⟩:

Šăłĺň őąàăğőň, f(n) = 3^n − 2^n.

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï

4.3.1. Őąéĺľ áńãçăľ • Řăğŋőáâŋëň ãàăćŋěŋĺěň ŋăğëćăěâáï áőőâŋőèěŋĺě

G_1 (t; g(t); ´_hg(t); : : :; ´^m_h g(t)) = 0; t ∈ T; (4:18)

čďě G_1 { ĺğćěáâŋăï ĺ g { ĺáłőňăï äãŋłæĺĺ, t { ŋěğăćĺáĺňăï ŕěàěňěŋŋăï, ´^j_hg(t) { àăğŋőáâì j-čő ŕőàïďłă äãŋłæĺĺ g ć âőçłě t á èăčőň h > 0. Şàăćŋěŋĺě àăááňăâàĺćăěâáï ŋă ňŋőęěáâćě T ğŋăçěŋĺľ ŕěàěňěŋŋőľ t, áőďěàęăéěň ŋăàïďã á łăęďőľ âőçłőľ t ĺ ćáě âőçłĺ t + h, t + 2h,: : :.

Şàăćŋěŋĺě (4:18) ğăňěŋőľ ŋěğăćĺáĺňőľ ŕěàěňěŋŋőľ ĺ ŋěĺğćěáâŋőľ äãŋłæĺľ ŕàĺćőďĺâáï ł ćĺďã

G_2(x; f(x); ´f(x); : : :; ´^mf(x)) = 0; x ∈ X (4:19)

(ŕěàěåőď ł ěďĺŋĺçŋőňã èăčã). Ďőáâăâőçŋő ŕőńőęĺâì t = hx, g(hx) = f(x), X = {t=h : t ∈ T }. Šőčďă

´_hg(t) = g(t + h) − g(t) = g(h(x + 1)) − g(hx) = ´f(x)

ĺ ćőőąéě ´^i_hg(t) = ´^if(x). Ňŋőęěáâćő X ŋăàïďã á łăęďőľ âőçłőľ x áőďěàęĺâ ćáě âőçłĺ x + 1, x + 2, : : : .

Ďàãčăï íłćĺćăńěŋâŋăï äőàňă àăğŋőáâŋëå ãàăćŋěŋĺľ ŕőńãçăěâáï ğăňěŋőľ łőŋěçŋëå àăğŋőáâěľ ĺå ćëàăęěŋĺěň çěàěğ ğŋăçěŋĺï äãŋłæĺĺ ć áőőâćěâáâćãîéĺå âőçłăå. İâő ŕàĺćőďĺâ ł ãàăćŋěŋĺî

G_3(x; f(x); : : :; f(x + m)) = 0; x ∈ X; (4:20)

čďě H { ğăďăŋŋăï äãŋłæĺï. Őąàăâŋő, ãàăćŋěŋĺě (4.20) c ŕőňőéìî äőàňãń (4.2) ňőęěâ ąëâì ŕàĺćěďěŋő ł ćĺďã (4.19).

• Ąãďěň ŕàěďŕőńăčăâì, çâő ãàăćŋěŋĺě (4:20) ňőęěâ ąëâì àăğàěèěŋő őâŋőáĺâěńìŋő f(x + m), ĺ àăááňăâàĺćăâì âőńìłő ãàăćŋěŋĺï ćĺďă

f(x + m) = F(x; f(x); : : :; f(x + m − 1)); x ∈ X: (4:21)

70 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

Ďőŕőńŋĺâěńìŋő ŕàěďŕőńăčăěâáï, çâő ćâőàőľ ăàčãňěŋâ äãŋłæĺĺ F ć ŕàăćőľ çăáâĺ ãàăćŋěŋĺï áãéěáâćěŋ. Ůĺáńő m ć íâőň áńãçăě ŋăğëćăěâáï ŕőàïďłőň ãàăćŋěŋĺï (4:21).

Ěáńĺ ğŋăçěŋĺě ćëàăęěŋĺï F(x; y; y_1; : : :; y_{m−1}) ŋě ğăćĺáĺâ őâ y, âő ŕőàïďőł ãàăćŋěŋĺï (4:21) ňőęěâ ąëâì ŕőŋĺęěŋ ğăňěŋőľ (áďćĺčőň) ŋěğăćĺáĺňőľ ŕěàěňěŋŋőľ.

Ŕàĺňěà. Şàăćŋěŋĺě f(x + 4) = x^2 + f(x + 3) ĺňěěâ ŕőàïďőł ěďĺŋĺæă, ă ŋě çěâëàě, âăł łăł ŕàĺćőďĺâáï ł ćĺďã f(x + 1) = = (x − 3)^2 + f(x).

• Řěèěŋĺěň ãàăćŋěŋĺï (4:21) ŋăğëćăěâáï äãŋłæĺï, őŕàěďěńěŋŋăï (łőŋěç-

ŋăï) ŋă áőőâćěâáâćãîéěň ňŋőęěáâćě ĺ őąàăéăîéăï ŋă ŋěň áőőâŋőèěŋĺě (4:21) ć âőęďěáâćő.

• Ďĺáłàěâŋëľ áńãçăľ. Ěáńĺ

X = {a; a + 1; : : :};

čďě a äĺłáĺàőćăŋő, âő, őąőğŋăçăï f(a + n) = f_n ĺ ŕőńăčăï ć (4:21) x = a + n, ŕàĺåőďĺň ł ãàăćŋěŋĺî

f_{m+n} = F(a + n; f_n; : : :; f_{n+m−1}); n = 0; 1; : : ::

Šăłĺň őąàăğőň, ŕőáńěďőćăâěńìŋőáâì f_0; f_1; : : : ïćńïěâáï àěłãààěŋâŋőľ ŕőáńěďőćăâěńìŋőáâìî m-čő ŕőàïďłă (áň. ŕ. 7.2). Ŕàĺ ŕàőĺğćőńìŋő ğăďăćăěňëå ŋăçăńìŋëå ãáńőćĺïå

f_0 = f(a); f_1 = f(a + 1); : : :; f_{m−1} = f(a + m − 1)

ãàăćŋěŋĺě ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě.

• Śńãçăľ X = [a; ∞). Ğăäĺłáĺàãěň fi ∈ [0; 1). Ŋă ňŋőęěáâćě

X_τ = {a + fi + j : j = 0; 1; : : :}

ĺğ ãàăćŋěŋĺï (4:21) áńěďãěâ, çâő ŕőáńěďőćăâěńìŋőáâì ğŋăçěŋĺľ f_n = f(a + fi + n) ïćńïěâáï àěłãààěŋâŋőľ m-čő ŕőàïďłă. Őŋă ěďĺŋáâćěŋŋëň őąàăğőň őŕàěďěńïěâáï ŕő ğăďăŋŋëň ŋăçăńìŋëň ğŋăçěŋĺïň

f(a + fi); f(a + fi + 1); : : :; f(a + fi + m − 1):

Ăŋăńőčĺçŋő ŕàĺ ďàãčĺå fi. Šăłĺň őąàăğőň, ãàăćŋěŋĺě (4:21) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě ŕàĺ (ŕàőĺğćőńìŋő ğăďăćăěňëå) ŋăçăńìŋëå ğŋăçěŋĺïå äãŋłæĺĺ f ŋă ĺŋâěàćăńě [a; a + m).

• Śãéěáâćãěâ äãŋłæĺï ˘ : X × Y^n → Y âăłăï, çâő àěèěŋĺě ãàăćŋěŋĺï (4:21) ĺňěěâ ćĺď

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 71

f(x) = ˘(x; !_0(x); : : :; !_{m−1}(x)); a ≤ x;

čďě !_i { äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă, őŕàěďěńïěňëě ŋăçăńìŋëňĺ ãáńőćĺïňĺ !_i(fi) = f(a + i + fi); 0 ≤ fi < 1; i = 0; 1; : : :; m − 1:

Ťãŋłæĺï ˘ ňőęěâ ąëâì őŕàěďěńěŋă àěłãàáĺćŋő àăćěŋáâćăňĺ

˘(x; f_0; : : :; f_{m−1}) = f_0 ŕàĺ a ≤ x < a + 1; . . ˘(x; f_0; : : :; f_{m−1}) = f_{m−1} ŕàĺ a + m − 1 ≤ x < a + m; ˘(x; f_0; : : :; f_{m−1}) = F(x − m; ˘(x − m; f_0; : : :; f_{m−1}); : : :; ˘(x − 1; f_0; : : :; f_{m−1})) ŕàĺ a + m ≤ x:

4.3.2. Ńĺŋěľŋëě àăğŋőáâŋëě ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă

• Ńĺŋěľŋëň àăğŋőáâŋëň ãàăćŋěŋĺěň ŕěàćőčő ŕőàïďłă ŋăğëćăěâáï ãàăćŋěŋĺě ćĺďă f(x + 1) = p(x)f(x) + ’(x); x ≥ 0; (4:22) čďě p ĺ ’ { ĺğćěáâŋëě äãŋłæĺĺ, äãŋłæĺï p âőęďěáâćěŋŋő ŋě àăćŋă ŋãńî.

Şàăćŋěŋĺě ŋăğëćăěâáï ŋěőďŋőàőďŋëň, ěáńĺ äãŋłæĺï ’ âőęďěáâćěŋŋő ŋě àăćŋă ŋãńî. Şàăćŋěŋĺě f(x + 1) = p(x)f(x); x ≥ 0; (4:23) ŋăğëćăěâáï őďŋőàőďŋëň ĺńĺ ŕàĺćěďěŋŋëň.

Őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ŕàěďáâăćĺňő ć ćĺďě áãňňë ŋěłőâőàőčő ŕàőĺğćőńìŋőčő çăáâŋőčő àěèěŋĺï ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ĺ őąéěčő àěèěŋĺï őďŋőàőďŋőčő.

• Őąéěě àěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï àăćŋő f_ő(x) = !(x)^∏ 1≤i≤[x] p(x − j); (4:24)

čďě ! { ŕàőĺğćőńìŋăï ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă, [x] { æěńăï çăáâì çĺáńă x, ă ŕàőĺğćěďěŋĺě ∏ ŕő ŕãáâőňã ňŋőęěáâćã ĺŋďěłáőć ŕőńăčăěâáï àăćŋëň ěďĺŋĺæě. Řěèěŋĺě (4:24) ïćńïěâáï çăáâŋëň àěèěŋĺěň őďŋőàőďŋőčő ãàăćŋěŋĺï, áőőâćěâáâćãîéĺň ŋăçăńìŋőňã ãáńőćĺî f_ő(x) = !(x); 0 ≤ x < 1:

Őďŋő ĺğ çăáâŋëå àěèěŋĺľ ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ěáâì

72 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå f_{ŋő}(x) =^∑ 1≤i≤[x] ’(x − i)^∏_{1≤j≤i−1} p(x − j); (4:25)

čďě áãňňă ∑ ŕő ŕãáâőňã ňŋőęěáâćã ĺŋďěłáőć ŕőńăčăěâáï àăćŋőľ ŋãńî.

Őŋő őâćěçăěâ ŋãńěćëň ŋăçăńìŋëň ãáńőćĺïň f_{ŋő}(x) = 0; 0 ≤ x < 1:

Őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

f_ŋ(x) =^∑ 1≤i≤[x] ’(x−i)^∏_{1≤j≤i−1} p(x−j) + !(x)^∏ 1≤i≤[x] p(x−j); (4:26)

čďě ! { ŕàőĺğćőńìŋăï ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă. Ďăŋŋőě àěèěŋĺě ŕàĺŋĺňăěâ ŋă ĺŋâěàćăńě [0; 1) ğŋăçěŋĺě f_ŋ (x) = !(x); 0 ≤ x < 1: (4:27) Ć áĺńã ŕěàĺőďĺçŋőáâĺ äãŋłæĺï !(x) = f_ŋ({x}); 0 ≤ x; (4:28) čďě {x} { ďàőąŋăï çăáâì çĺáńă x. (Őâňěâĺň, çâő áőőâŋőèěŋĺï (4:26) ĺ (4:28) áńěďãîâ ĺğ (4:22), ěáńĺ ŕőáńěďőćăâěńìŋő ćëàăğĺâì f(x) çěàěğ f(x − 1), ğăâěň f(x − 1) çěàěğ f(x − 2) ĺ â. ď.).

Šăłĺň őąàăğőň, ãàăćŋěŋĺě (4:22) ŕàĺ ŕàőĺğćőńìŋőň ğăďăŋĺĺ ğŋăçěŋĺľ ŋěĺğćěáâŋőľ äãŋłæĺĺ f ŋă ĺŋâěàćăńě [0; 1) (ŋăçăńìŋëě ãáńőćĺï) ĺňěěâ ěďĺŋáâćěŋŋőě àěèěŋĺě, őŕàěďěńïěňőě àăćěŋáâćăňĺ (4:26) ĺ (4:27). • Ěáńĺ ĺğćěáâŋő çăáâŋőě àěèěŋĺě f_1(x) őďŋőàőďŋőčő ãàăćŋěŋĺï (4:23), âő àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï (4:22) ŕàĺ ŋăçăńìŋëå ãáńőćĺïå (4:27) ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

f(x) = ( !(x) f_1(0) + [x]∑ j=1 ’(x − k) f_1(x − k + 1) ) f_1(x):

4.3.3. Śãňňĺàőćăŋĺě äãŋłæĺľ

• Ğăďăçă àěèěŋĺï àăğŋőáâŋőčő ãàăćŋěŋĺï ´f(x) = ’(x); x ≥ 0 (4:29) âěáŋő ćğăĺňőáćïğăŋă á ğăďăçěľ ŋăåőęďěŋĺï áãňň ćĺďă

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 73 n∑ i=m ’(t + i):

Śãňňă

f(x) = [x]∑ j=1 ’(x − j) = [x]−1∑ j=0 ’({x} + j)

ïćńïěâáï ěďĺŋáâćěŋŋëň àěèěŋĺěň ãàăćŋěŋĺï (4:29), ãďőćńěâćőàïîéĺň ŋăçăńìŋőňã ãáńőćĺî f(x) = 0; 0 ≤ x < 1:

Őąàăâŋő, ěáńĺ f { ŕàőĺğćőńìŋőě àěèěŋĺě ãàăćŋěŋĺï (4:29), âő [x]∑ j=1 ’(x − j) = f(x) − f({x}):

Őâďěńìŋëě ŕàĺňěàë àěèěŋĺľ ãàăćŋěŋĺľ ćĺďă (4:29) áőąàăŋë ć ŕ. 6.2 ć ćĺďě âăąńĺæ ŕăà äãŋłæĺľ ˛ ĺ f âăłĺå, çâő ´f = ˛. Őŋĺ ňőčãâ ąëâì ĺáŕőńìğőćăŋë ŕàĺ ŋăåőęďěŋĺĺ łőŋłàěâŋëå łőŋěçŋëå áãňň, ć çăáâŋőáâĺ, áãňň ćĺďă n∑ j=m ˛(x + j) = f(x + n + 1) − f(x + m); n−1∑ j=0 ˛(j) = f(n) − f(0):

• Ďńï ŋěłőâőàëå íńěňěŋâăàŋëå äãŋłæĺľ ’ áãňňă ∑n_−1 j=0 ’(j) łăł äãŋłæĺï n ŋě őąïğăâěńìŋő ïćńïěâáï íńěňěŋâăàŋőľ. Ŋăŕàĺňěà, ãàăćŋěŋĺï ´f(x) = 1=x ĺ ´f(x) = ln x ŋě ĺňěîâ àěèěŋĺľ ć íńěňěŋâăàŋëå äãŋłæĺïå (áň. ŕ. 6.2).

• Ťőàňãńă áãňňĺàőćăŋĺï ŕő çăáâïň (ŕàěőąàăğőćăŋĺě Ăąěńï): n∑ j=m u(j)´v(j) = u(n + 1)v(n + 1) − u(m)v(m) − n∑ j=m v(j + 1)´u(j):

• Ťőàňãńă áãňňĺàőćăŋĺï İľńěàă{Ňăłńőàěŋă. Ěáńĺ ŕàőĺğćőďŋăï ’^{(p)}(x)

łőŋěçŋă ĺ ĺŋâěčàĺàãěňă ŋă [0; n], âő

74 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå n−1∑ j=0 ’(j) = ∫ n 0 ’(t)dt + S_{n,p−1} + R_{n,p}; (4:30) čďě S_{n,p} = p∑ i=1 B_i i! ( ’^{i−1}(n) − ’^{i−1}(0)^) ; S_{n,0} = 0;

R_{n,p} = 1p! ∫ n 0 (B_p − B_p(1−{x})) ’^{(p)}(x)dx; n; p = 1; 2; : : : :

Ğďěáì {x} { ďàőąŋăï çăáâì x; B_n(t) ĺ B_n { ňŋőčőçńěŋë ĺ çĺáńă Ąěàŋãńńĺ (áň. ŕàĺń. A).

Ťőàňãńă (4:30) ňőęěâ ąëâì âăłęě ğăŕĺáăŋă ć ćĺďě n−1∑ j=0 ’(j) = ∫ n 0 ’(t)dt + S_{n,p} + R^′_{n,p}; čďě R^′_{n,p} = (^−1)^{p−1} p! ∫ n 0 B_p({x})’^{(p)}(x)dx; n; p = 1; 2; : : ::

Šăł łăł B_i = 0 ŕàĺ i ŋěçěâŋőň ĺ ąőńìèěň ěďĺŋĺæë, âő őąëçŋő äőàňãńă (4:30) ĺáŕőńìğãěâáï ďńï çěâŋëå p.

Ěáńĺ ’ { ňŋőčőçńěŋ áâěŕěŋĺ ňěŋìèěľ p, âő őáâăâőçŋëě çńěŋë R_{n,p} ĺ R^′_{n,p} àăćŋë ŋãńî.

Ŕàĺ ĺáŕőńìğőćăŋĺĺ äőàňãńë İľńěàă{Ňăłńőàěŋă (ć âěőàĺïå àăáåőďïéĺåáï ĺ ăáĺňŕâőâĺçěáłĺå àïďőć, ć âěőàĺĺ łćăďàăâãàŋëå äőàňãń ĺ ŕà.) ćőğŋĺłăěâ ğăďăçă őæěŋłĺ őáâăâőçŋőčő çńěŋă.

Ŕàĺćěďěň ŕàĺňěà âăłĺå őæěŋőł. Ěáńĺ äãŋłæĺï f ĺňěěâ ŋă [0; n] łãáőçŋő-ŋěŕàěàëćŋãî ŕàőĺğćőďŋãî f^{(p)} ĺ

|f^{(p)}(x)| ≤ K_{n,p} ďńï 0 ≤ x ≤ n; âő |R^′_{n,p}| ≤ nK_{n,p}^|B^{p|}p! ; |R_{n,p}| ≤ nK_{n,p}C_p;

C_p= 1 p! ∫ 1 0 |B_p(t) − B_p|dt= |B_p| p! ŕàĺ p çěâŋőň, 4 (p + 1)!

(1 − 2^{−p+1})|B_{p+1}| ŕàĺ p ŋěçěâŋőň.

Őæěŋłă ďőáâĺęĺňă ŋă àăááňăâàĺćăěňőň łńăááě äãŋłæĺľ.

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 75

4.3.4. Ńĺŋěľŋëě ãàăćŋěŋĺï ŕàőĺğćőńìŋőčő ŕőàïďłă

• Ńĺŋěľŋëň àăğŋőáâŋëň ãàăćŋěŋĺěň m-čő ŕőàïďłă ŋăğëćăěâáï ãàăćŋěŋĺě ćĺďă

f(x + m) + a_1(x)f(x + m − 1) + : : : + a_m(x)f(x) = b(x); x ≥ 0; (4:31)

čďě a_1; : : :; a_m; b { ğăďăŋŋëě äãŋłæĺĺ; äãŋłæĺï a_m âőęďěáâćěŋŋő ŋě àăćŋă ŋãńî.

Őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï (4:31) (â. ě. ãàăćŋěŋĺï, ć łőâőàőň äãŋłæĺï b âőęďěáâćěŋŋő ŋě àăćŋă ŋãńî) ěáâì áãňňă őąéěčő àěèěŋĺï őďŋőàőďŋőčő (ŕàĺćěďěŋŋőčő) ãàăćŋěŋĺï

f(x + m) + a_1(x)f(x + m − 1) + : : : + a_m(x)f(x) = 0; x ≥ 0; (4:32)

ĺ ńîąőčő çăáâŋőčő àěèěŋĺï ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï.

Łăęďőě àěèěŋĺě ãàăćŋěŋĺï (4:31) őďŋőğŋăçŋő őŕàěďěńïěâáï ğăďăŋĺěň ğŋăçěŋĺï àěèěŋĺï ŋă ĺŋâěàćăńě [0; m).

• Ěáńĺ ŕàăćăï çăáâì ć ãàăćŋěŋĺĺ (4:31) àăćŋă b(x) = b_1(x)+b_2(x), ă f_1(x) ĺ f_2(x) { àěèěŋĺï ãàăćŋěŋĺï (4:31) ŕàĺ ŕàăćőľ çăáâĺ, àăćŋőľ b_1(x) ĺ b_2(x) áőőâćěâáâćěŋŋő, âő àěèěŋĺě f(x) ãàăćŋěŋĺï (4:31) á ŕàăćőľ çăáâìî b(x) àăćŋő f(x) = f_1(x) + f_2(x).

Ěáńĺ f_1; : : :; f_p { ńîąëě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï, âő ĺå ńĺŋěľŋăï łőňąĺŋăæĺï ćĺďă

f(x) = !_1(x)f_1(x) + : : : + !_p(x)f_p(x);

čďě !_i { ŕàőĺğćőńìŋëě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă, âăłęě ïćńïěâáï àěèěŋĺěň íâőčő ãàăćŋěŋĺï.

Řěèěŋĺï f_1; : : :; f_m őďŋőàőďŋőčő ãàăćŋěŋĺï ŋăğëćăîâáï ńĺŋěľŋő ŋěğăćĺáĺňëňĺ (őąàăğãîâ äãŋďăňěŋâăńìŋãî áĺáâěňã), ěáńĺ áőőâŋőèěŋĺě

!_1(x)f_1(x) + : : : + !_m(x)f_m(x) = 0;

čďě !_i { ŕàőĺğćőńìŋëě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă, ćőğňőęŋő ńĺèì ŕàĺ !_1(x) = : : : = !_m(x) = 0 âőęďěáâćěŋŋő.

• Ŕãáâì äãŋłæĺĺ f_1; : : :; f_m { àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:32). Őąőğŋăçĺň

D(t) = | | | | | | f_1(t) : : : f_1(t+m−1) . . : : : . . f_m(t) : : : f_m(t+m−1) | | | | | | : Šőčďă (−1)^mD(x) · a_m(x) = D(x + 1) ĺ

76 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

(−1)^{m[x]}D(x) = [x]−1∏ i=0 a_m(x − i)D({x});

čďě [x] { æěńăï, ă {x}{ ďàőąŋăï çăáâĺ çĺáńă x.

Ěáńĺ a_m(x) ≠ 0 ŕàĺ ćáěå x ≥ 0, âő őŕàěďěńĺâěńì D(x) ĺńĺ àăćěŋ ŋãńî ŕàĺ ćáěå x ≥ 0, ĺńĺ őâńĺçěŋ őâ ŋãńï ŕàĺ ćáěå x ≥ 0.

Ěáńĺ àěèěŋĺï f_1; : : :; f_m őďŋőàőďŋőčő ãàăćŋěŋĺï ńĺŋěľŋő ğăćĺáĺňë, âő D(x) = 0 ŕàĺ ćáěå x ≥ 0.

Ěáńĺ f_1; : : :; f_m { áĺáâěňă ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ őďŋőàőďŋőčő ãàăćŋěŋĺï, ĺ a_m(x) ≠ 0 ŕàĺ ćáěå x ≥ 0, âő D(x) ≠ 0 ŕàĺ ćáěå x ≥ 0.

• Ěáńĺ f_1; : : :; f_m { ńĺŋěľŋő ŋěğăćĺáĺňëě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï (4:32), ĺ D(t) ≠ 0 ŕàĺ ćáěå 0 ≤ t < 1, âő ěčő őąéěě àěèěŋĺě ĺňěěâ ćĺď f_ő (x) = !_1(x)f_1(x) + : : : + !_m(x)f_m(x);

čďě !_i { ŕàőĺğćőńìŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă.

• Ňěâőď ćăàĺăæĺĺ ŕőáâőïŋŋëå (ňěâőď Ńăčàăŋęă). Ěáńĺ ĺğćěáâŋë m

ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ ŕàĺćěďěŋŋőčő ãàăćŋěŋĺï (4:32), âő őąéěě àěèěŋĺě ŋěőďŋőàőďŋőčő ńĺŋěľŋőčő àăğŋőáâŋőčő ãàăćŋěŋĺï (4:31) ňőęŋő ŋăľâĺ ć ćĺďě

f(x) = C_1(x)f_1(x) + : : : + C_m(x)f_m(x):

Ťãŋłæĺĺ ´C_i(x) = C_i(x+1) − C_i(x) ćëçĺáńïîâáï ĺğ áĺáâěňë ńĺŋěľŋëå ăńčěąàăĺçěáłĺå ãàăćŋěŋĺľ m∑ i=1 f_i(x + i)´C_i(x) = 0; j = 1; 2; : : :; m−1; m∑ i=1 f_i(x + i)´C_i(x) = f(x):

(4:33)

Ŕőáńě àěèěŋĺï ďăŋŋőľ áĺáâěňë őâŋőáĺâěńìŋő ´C_i(x) äãŋłæĺĺ C_i(x) ŋăåőďïâáï ŕãâěň áãňňĺàőćăŋĺï (áň. ŕ. 7.3.3, áàăćŋĺ á ŕ. 7.2.2).

Řěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ŕàĺ ŋăçăńìŋëå ãáńőćĺïå

f(j + t) = !_j (t); j = 0; : : :; m−1; 0 ≤ t ≤ 1; (4:34)

àăćŋő f_{ŋç}(x) = f_{őç}(x) + f_{ŋő}(x); (4:35) čďě

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 77

f_{őç}(x) = −

| | | | | | | | |

0 f_1(x) : : : f_m(x)

!_0(x) f_1({x}) : : : f_m({x}) . . . . : : : . . !_{m−1}(x) f_1({x}+m−1) : : : f_m({x}+m−1)

| | | | | | | | | D({x}) (4:36)

{ àěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï, ãďőćńěâćőàïîéěě ŋăçăńìŋëň ãáńő-

ćĺïň (4:34), ă

f_{ŋő}(x) = [x]∑ i=m D_x(x − i + 1)

D(x − i + 1) b(x^− i) (4:37)

{ çăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï á ŋãńěćëňĺ ŋăçăńìŋëňĺ

ãáńőćĺïňĺ

f_{ŋő}(x) = 0; 0 ≤ x < m:

Őŕàěďěńĺâěńì

D_x(t + 1) = | | | | | | | |

f_1(t+1) : : : f_m(t+1) . . : : : . . f_1(t+m−1) : : : f_m(t+m−1)

f_1(x) : : : f_m(x)

| | | | | | | | ŕőńãçăěâáï ĺğ őŕàěďěńĺâěńï D(t + 1) ğăňěéěŋĺěň ŕőáńěďŋěľ áâàőłĺ

[f_1(t + m); : : :; f_m(t + m)] áâàőłőľ [f_1(x); : : :; f_m(x)]. Őâňěâĺň, çâő

D_x(t + 1) = 0 ŕàĺ x − m + 1 ≤ t ≤ x − 1.

4.3.5. Ńĺŋěľŋëě àăğŋőáâŋëě ãàăćŋěŋĺï á ŕőáâőïŋŋëňĺ

łőíääĺæĺěŋâăňĺ

• Őąéěě àěèěŋĺě ńĺŋěľŋőčő őďŋőàőďŋőčő àăğŋőáâŋőčő ãàăćŋěŋĺï m-čő

ŕőàïďłă

f(x + m) + a_1f(x + m − 1) + : : : + a_mf(x) = 0; x ≥ 0; (4:38)

á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ a_1; : : :; a_m (a_m ≠ 0) ĺňěěâ ćĺď

f(x) =^(!_{11}(x) + x!_{12}(x) + : : : + x^{k1−1}!_{1k1} (x)^) –^x_1 + : : : + ( !_{s1}(x) + x!_{s2}(x) + : : : + x^{ks−1}!_{sks} (x)^) –^x_s ; (4:39)

čďě –_1; : : :; –_s { àăğńĺçŋëě łőàŋĺ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï

–^m + a_1–^{m−1} + : : : + a_m = 0;

łàăâŋőáâì łőâőàëå àăćŋă k_1; : : :; k_s áőőâćěâáâćěŋŋő; !_{ij} (x) { ŕěàĺőďĺçě-

áłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă, 1 ≤ j ≤ k_i; ∑s i=1 k_i = m.

78 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

• Řěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï, ãďőćńěâćőàïîéěě ŋăçăńìŋëň ãáńőćĺïň

f(j + t) = !_j(t); j = 0; 1; : : :; m−1; 0 ≤ t < 1;

ňőčãâ ąëâì ŋăľďěŋë, łăł ĺ ć áńãçăě ŕàőĺğćőńìŋëå łőíääĺæĺěŋâőć, ŕő äőàňãńăň (4:35){(4:37).

• Řăááňőâàĺň ćőŕàőá ćëďěńěŋĺï ćěéěáâćěŋŋëå ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ ć áńãçăě łőňŕńěłáŋëå łőàŋěľ åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï.

Ŕãáâì łőíääĺæĺěŋâë åăàăłâěàĺáâĺçěáłőčő ãàăćŋěŋĺï ćěéěáâćěŋŋë. Šőčďă ŋăàïďã á łőňŕńěłáŋëň łőàŋěň – łàăâŋőáâĺ k ã ŋěčő ďőńęěŋ ąëâì âăłęě łőňŕńěłáŋő-áőŕàïęěŋŋëľ łőàěŋì –^∗ âőľ ęě łàăâŋőáâĺ. Ćåőďïéĺě ć őąéěě àěèěŋĺě (4:39) őďŋőàőďŋőčő ãàăćŋěŋĺï çńěŋë, áőőâćěâáâćãîéĺě íâĺň łőàŋïň, ąãďãâ ( !^′_{11}(x) + x!^′_{12}(x) + : : : + x^{k−1}!^′_{1k}(x)^) –^x+ ( !^′_{21}(x) + x!^′_{22}(x) + : : : + x^{k−1}!^{′′}_{2k}(x)^) (–^∗)^x = (!_{11} + x!_{12} + : : : + x^{k−1}!_{1k})|–|^x cos ’x+ (!_{21} + x!_{22} + : : : + x^{k−1}!_{2k})|–|^x sin ’x;

čďě – = |–|(cos’ + i sin ’). Ćěéěáâćěŋŋëě àěèěŋĺï |–|^x cos ’x; x|–|^x cos ’x; : : :; x^{k−1}|–|^x cos ’x; |–|^x sin ’x; x|–|^x sin ’x; : : :; x^{k−1}|–|^x sin ’x ńĺŋěľŋő ŋěğăćĺáĺňë.

Ć áńãçăě ŕőńőęĺâěńìŋőčő łőàŋï – áőőâćěâáâćãîéĺľ ěňã çńěŋ ć (4:39) ćěéěáâćěŋ. Őáâăěâáï àăááňőâàěâì áńãçăľ őâàĺæăâěńìŋőčő łőàŋï.

Śőőâćěâáâćãîéěě őâàĺæăâěńìŋőňã łőàŋî −|–| áńăčăěňőě ć őąéěň àěèěŋĺĺ (4:39) őďŋőàőďŋőčő ãàăćŋěŋĺï àăćŋő

(!^′_1(x) + x!^′_2(x) + : : : + x^{k−1}!^′_k(x))(−|–|)^x = (!_1(x) + x!_2(x) + : : : + x^{k−1}!_k(x))|–|^x cos ıx+ (!^{′′}_1 (x) + x!^{′′}_2 (x) + : : : + x^{k−1}!^{′′}_k (x))|–|^x sin ıx:

Řěèěŋĺï x^j cos ıx ĺ x^j sin ıx ńĺŋěľŋő ğăćĺáĺňë (ć áňëáńě őŕàěďěńěŋĺï, ďăŋŋőčő ć ŕ. 4.3.4, ŋăŕàĺňěà, !_1(x)x^j cos ıx + !_2(x)x^j sin ıx = 0 ŕàĺ !_1(x) = cos 2ıx − 1, !_2(x) = sin 2ıx). Ćěéěáâćěŋŋëě àěèěŋĺï

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 79

|–|^x cos ıx; x|–|^x cos ıx; : : :; x^{k−1}|–|^x cos ıx

ńĺŋěľŋő ŋěğăćĺáĺňë.

• Şàăćŋěŋĺï ćâőàőčő ŕőàïďłă á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ ĺňěîâ ćĺď f(x + 2) + a_1f(x + 1) + a_2f(x) = b(x); x ≥ 0; (4:40) čďě a_2 ≠ 0.

Őąéěě àěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï

f(x + 2) + a_1f(x + 1) + a_2f(x) = 0

àăćŋő f_{őď}(x) = !_1(x)f_1(x) + !_2(x)f_2(x);

čďě f_1 ĺ f_2 { ěčő ńĺŋěľŋő ŋěğăćĺáĺňëě àěèěŋĺï, ă !_i { ŕàőĺğćőńìŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă.

Šăł łăł åăàăłâěàĺáâĺçěáłőě ãàăćŋěŋĺě

–^2 + a_1– + a_2 = 0

ĺňěěâ łőàŋĺ

–_1 =^− a_1 +^√a^2_1−4a_2 2 ; –^2

−a_1 −^√a^2_1−4a_2 2 ; âő ć łăçěáâćě ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ őďŋőàőďŋőčő ãàăćŋěŋĺï ňőčãâ ąëâì ćğïâë

f_1(x) = –^x_1; f_2(x) = –^x_2 ŕàĺ –_1 ≠ –_2 (a^2_1 ≠ 4a_2); f_1(x) = –^x; f_2(x) = x–^x ŕàĺ –_1 = –_2 = – (a^2_1 = 4a_2):

Ňőęěâ őłăğăâìáï ãďőąŋëň ćëąőà ńĺŋěľŋő ŋěğăćĺáĺňëå àěèěŋĺľ ć ćĺďě f_1(x) = –^2–^{x1 −} –^1–^{x2}

–_2 − –_1 ; f^2(x) =

–^x_2 − –^x_1 –_2 − –_1 :

İâĺ àěèěŋĺï őąńăďăîâ áćőľáâćăňĺ: őŋĺ ćěéěáâćěŋŋë ŕàĺ ŕàőĺğćőńìŋëå –_1 ĺ –_2, ă ŕàĺ –_2 → –_1 = – áåőďïâáï ł äãŋłæĺïň

f_1(x) = (1−x)–^x; f_2(x) = x–^{x−1};

ïćńïîéĺňáï ńĺŋěľŋő ŋěğăćĺáĺňëňĺ àěèěŋĺïňĺ őďŋőàőďŋőčő ãàăćŋěŋĺï.

Ć âăąń. 4.1 ŕàĺćěďěŋë ńĺŋěľŋő ŋěğăćĺáĺňëě àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï, ĺňěîéĺě ïćŋãî ćěéěáâćěŋŋãî äőàňã. Şčőń ’ ŋăåőďĺâáï ĺğ áőőâŋőèěŋĺľ

80 Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå

cos ’ = − a^1 2^√a_2 ;

sin ’ = √ 4a_2 − a^2_1 2a_2 ;

â. ě.

’ = arccos ( − a_1 2^√a_2 ) : Šăąńĺæă 4.1

f1(x) f2(x) Ďĺáłàĺňĺŋăŋâ

–^x_1 –^x_2 a^2_1 > 4a2

a^{x/2}_2 cos ’x a^{x/2}_2 sin ’x a^2_1 < 4a2

a^{x/2}_2 xa^{x/2}_2 a^2_1 = 4a2; a1 < 0

a^{x/2}_2 cos ıx a^{x/2}_2 x cos ıx a^2_1 = 4a2; a1 > 0

Řěèěŋĺï ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï ŋăåőďïâáï ňěâőďőň Ńăčàăŋęă ĺğ őąéěčő àěèěŋĺï őďŋőàőďŋőčő ãàăćŋěŋĺï:

f(x) = C_1(x)f_1(x) + C_2(x)f_2(x):

Şàăćŋěŋĺï (4:33) ŕěàěåőďïâ ć

f_1(x + 1)´C_1(x) + f_2(x + 1)´C_2(x) = 0;

f_1(x + 2)´C_1(x) + f_2(x + 2)´C_2(x) = b(x):

Őâáîďă

´C_1(x) = − f^2

(x+1)b(x)

D ; ´C^2(x) =^− f_1(x+1)b(x) D ; D = | | | | | f_1(x+1) f_2(x+1) f_1(x+2) f_2(x+2) | | | | | ;

f_{ŋő}(x) = [x]−1∑ j=1

| | | | f_1(x−j) f_2(x−j) f_1(x) f_2(x) | | | | | | | | f_1(x−j) f_2(x−j) f_1(x−j+1) f_2(x−j+1) | | | | b(x−j):

Řěèěŋĺě őďŋőàőďŋőčő ãàăćŋěŋĺï, ãďőćńěâćőàïîéěě ŋăçăńìŋëň ãáńőćĺïň

f_{őç}(t) = !_0(t); f_{őç}(t+1) = !_1(t); 0 ≤ t < 1; (4:41)

àăćŋő

4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï 81

f_{őç}(x) = −

| | | | | | 0 f_1(x) f_2(x)

!_0({x}) f_1({x}) f_2({x})

!_1({x}) f_1({x}+1) f_2({x}+1)

| | | | | | | | | | | f_1({x}) f_2({x}

f_1({x}+1) f_2({x}+1) | | | | | :

Ğďěáì !_0 ĺ !_1 { ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă. Řěèěŋĺě

ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï á ŋăçăńìŋëňĺ ãáńőćĺïňĺ (4:41) ąãďěâ

f_{ŋç}(x) = f_{őç}(x) + f_{ŋő}(x):

Čńăćă 5

Ŋěłőâőàëě ňěâőďë àěèěŋĺï

5.1. Śćěďěŋĺě ł ãàăćŋěŋĺïň ć łőŋěçŋëå àăğŋőáâïå

Řăááňőâàĺň äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï ćĺďă f^n(x) = F^(x; f(x); : : :; f^{n−1}(x)^) ; (5:1) čďě F { ĺğćěáâŋăï, ă f { ŋěĺğćěáâŋăï äãŋłæĺĺ; ćâőàőľ ăàčãňěŋâ äãŋłæĺĺ F ğŋ«ăçĺň.

Řăááňăâàĺćăěňëľ ğďěáì ňěâőď àěèěŋĺï áőáâőĺâ ć ğăňěŋě ŋěğăćĺáĺňőľ ŕěàěňěŋŋőľ x ŋă z ĺ ŋěĺğćěáâŋőľ äãŋłæĺĺ f ŋă u ŕő äőàňãńăň x = u(z); f(x) = u(z + 1):

Śńěďőćăâěńìŋő, u(z + 1) = f(u(z)) ĺ

f^2(x) = f (u(z + 1)) = u(z + 2); : : :; f^n(x) = u(z + n): Şàăćŋěŋĺě (5:1) ŕěàěåőďĺâ ć u(z + n) = F (u(z); : : :; u(z + n − 1)):

Řěèěŋĺě íâőčő ãàăćŋěŋĺï ĺňěěâ ćĺď u(z) = ’ (z; !_1(z); : : :; !_n(z)) ;

čďě ’_i { ŕàőĺğćőńìŋëě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă (áň. ŕ. 4.3.1).

Ŕőíâőňã àěèěŋĺě ãàăćŋěŋĺï (5:1) ňőęŋő ŕàěďáâăćĺâì ć ćĺďě áńěďãîéěľ áĺáâěňë ďćãå áőćňěáâŋëå ãàăćŋěŋĺľ: x = ’(z; !_1(z); : : :; !_n(z));

f(x) = ’ (z + 1; !_1(z); : : :; !_n(z)):

Ĺáłńîçăï z, ŕàĺåőďĺň ł àěèěŋĺî f ĺáåőďŋőčő ãàăćŋěŋĺï.

Ŕàĺňěà. Ťãŋłæĺőŋăńìŋőě ãàăćŋěŋĺě f(f(x)) − 4f(x) + 3x = 0 ŕőďáâăŋőćłőľ x = u(z), f(x) = u(z + 1) ŕàĺćőďĺâáï ł ãàăćŋěŋĺî ć łőŋěçŋëå àăğŋőáâïå

5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ 83

u(z + 2) − 4u(z + 1) + 3u(z) = 0:

Őąéěě àěèěŋĺě íâőčő ãàăćŋěŋĺï (áň. ŕ. 4.3.5) ěáâì u(z) = !_1(z) + !_2(z)3^z;

čďě !_i { ŕàőĺğćőńìŋëě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă. Śńěďőćăâěńìŋő, x = !_1(z) + !_2(z)3^z;

f(x) = !_1(z) + !_2(z)3^{z+1}:

(5:2)

İâő { àěèěŋĺě ĺáåőďŋőčő ãàăćŋěŋĺï ć ŕăàăňěâàĺçěáłőň ćĺďě.

Şŕàőáâĺň ğăćĺáĺňőáâì x ĺ z, ŕőńăčăï łőŋáâăŋâăňĺ äãŋłæĺĺ !_1 ĺ !_2: x = !_1 + !_23^z; f(x) = !_1 + 3!_23^z:

Ĺáłńîçăï z ŕàĺ !_2 ≠ 0, ŋăľďěň çăáâŋőě àěèěŋĺě f(x) = 3x − 2!_1 = 3x + C; (5:3) čďě C { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï.

Ďàãčőě çăáâŋőě àěèěŋĺě, áőďěàęăéěěáï ć (5:2) (ŋăŕàĺňěà, ŕàĺ !_2(z) ≡ 0, !_1(z) = − ctg ız, 0 < z < 1): f(x) = x: (5:4) Ŕàőćěàłă ŕőłăğëćăěâ, çâő äãŋłæĺĺ (5:3) ĺ (5:4) ĺáçěàŕëćăîâ ćáě àěèěŋĺï ćĺďă f(x) = ax + b.

5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ

Śîďă őâŋőáïâáï çĺáâő ĺáłãááâćěŋŋëě ŕàĺěňë, ĺáŕőńìğãîéĺě áŕěæĺäĺłã ãàăćŋěŋĺľ ĺ őáŋőćëćăîéĺěáï ŋă ğăňěŋăå ŋěğăćĺáĺňëå ŕěàěňěŋŋëå ĺ äãŋłæĺľ.

5.2.1. Ŕàőáâëě ŕàĺňěàë

• Şàăćŋěŋĺě xf(1 − x) + f(x) = p: (5:5) Ŕàěďŕőńăčăěâáï, çâő äãŋłæĺï f őŕàěďěńěŋă ć őąńăáâĺ, áőďěàęăéěľ ćňěáâě á łăęďëň x âăłęě ĺ 1 − x. Ğăňěŋă x ŋă 1 − x ďăěâ (1 − x)f(x) + f(1 − x) = p: (5:6) Şňŋőęăï (5:6) ŋă x ĺ ćëçĺâăï ĺğ (5:5) ŋăľďěň

84 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

f(x) = p(1^− x)

x^2 − x + 1: • Şàăćŋěŋĺě xf ( 1 x ) + f(x) = p; x ≠ 0:

Ŕàěďŕőńăčăěâáï, çâő äãŋłæĺï f őŕàěďěńěŋă ć őąńăáâĺ, áőďěàęăéěľ ćňěáâě á łăęďëň x âăłęě ĺ 1=x. Ğăňěŋïï x ŋă 1=x ŋăľďěň 1 x f(x) + f ( 1 x ) = p:

Ŕőíâőňã f(x) = p − xf ( 1 x ) = p − x ( p − 1xf(x) ) ; çâő ćőğňőęŋő ńĺèì ŕàĺ p = 0.

Řăááňőâàĺň ãàăćŋěŋĺě xf ( 1 x ) + f(x) = 0: (5:7)

Ěáńĺ f(x) = !(x) ŕàĺ x > 1, âő ŕàĺ 0 < x < 1

f(x) = −xf ( 1 x ) = −x! ( 1 x ) : (5:8)

Ăŋăńőčĺçŋő, ěáńĺ f(x) = !(x) ŕàĺ x < −1, âő ŕàĺ −1 < x < 0 âăłęě ŕàĺåőďĺň ł àăćěŋáâćã (5:8).

Ŕàĺ x = 1 ĺğ (5:7) áńěďãěâ f(1) = 0. Ěáńĺ x = −1, âő àăćěŋáâćő (5:7) ćëŕőńŋïěâáï ŕàĺ ńîąőň łőŋěçŋőň ğŋăçěŋĺĺ f(−1).

Šăłĺň őąàăğőň,

f(x) =

!(x) ŕàĺ x ∈ (−1; 0) ∪ (0; 1); −x!(1=x) ŕàĺ |x| > 1; 0 ŕàĺ x = 1; C ŕàĺ x = −1;

čďě C { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï, ă ! { ŕàőĺğćőńìŋăï łőŋěçŋăï äãŋłæĺï.

Řěèěŋĺě ŋěŕàěàëćŋő ŋă IR \{0} âőčďă ĺ âőńìłő âőčďă, łőčďă äãŋłæĺï ! ŋěŕàěàëćŋă ŋă [−1; 0) ∪ (0; 1] ĺ !(1) = 0. • Şàăćŋěŋĺě

f(˛(x)) − f (−˛(x)) = ¸(x); x ∈ IR; (5:9)

čďě äãŋłæĺï ¸ ĺ ąĺěłæĺï ˛ ğăďăŋë.

5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ 85

Ŕőďáâăŋőćłă y = ˛(x) ŕěàěćőďĺâ (5:9) ć íłćĺćăńěŋâŋőě f(y) − f(−y) = ¸ ∘ ˛^{−1}(y); x ∈ IR: (5:10) Ďăŋŋőě ãàăćŋěŋĺě ĺňěěâ àěèěŋĺě âőčďă ĺ âőńìłő âőčďă, łőčďă ¸ ∘ ˛^{−1} { ŋěçěâŋăï äãŋłæĺï, â. ě. äãŋłæĺï ¸ ĺňěěâ ćĺď ¸(x) = ∘ ˛(x), čďě { ŋěçěâŋăï äãŋłæĺï.

Őąéěě àěèěŋĺě ãàăćŋěŋĺï (5:10), ă ğŋăçĺâ, ĺ (5:9) ěáâì f(y) = !(y) + ¸ ∘ ˛^{−1}(y)=2;

čďě ! { ŕàőĺğćőńìŋăï çěâŋăï äãŋłæĺï.

5.2.2. Şàăćŋěŋĺï Łőèĺ. Ŋěŕàěàëćŋëě àěèěŋĺï

Ťãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï ćĺďă f(x + y) = f(x) + f(y); (5:11) f(x + y) = f(x)f(y); (5:12) f(xy) = f(x) + f(y); (5:13) f(xy) = f(x)f(y); (5:14) ŋăğëćăîâáï, áőőâćěâáâćěŋŋő, ŕěàćëň, ćâőàëň, âàěâìěň ĺ çěâćěàâëň ãàăćŋěŋĺïňĺ Łőèĺ.

• Ŕãáâì f { ŋěŕàěàëćŋőě àěèěŋĺě ŕěàćőčő ãàăćŋěŋĺï Łőèĺ. Ĺğ (5:11) áńěďãěâ f(mx) = mf(x) ďńï æěńëå m > 0. Ěáńĺ n > 0 âăłęě æěńőě, âő nf ( m n ) = mf ( n n ) = mf(1);

â. ě. f(p) = pf(1) ďńï ćáěå àăæĺőŋăńìŋëå p. Ŕãáâì âěŕěàì x { ŕàőĺğćőńìŋőě ŕőńőęĺâěńìŋőě çĺáńő ĺ lim p_n = x ŕàĺ n → ∞, čďě p_n àăæĺőŋăńìŋë. Šăł łăł f ŋěŕàěàëćŋă, âő f(x) = lim_{n→∞} f(p_n) = f(1) lim_{n→∞} p_n = f(1)x:

Ĺğ (5:11) ŕàĺ y = −x áńěďãěâ f(x) + f(−x) = 0, â.ě. äãŋłæĺï f ŋěçěâŋă, ć çăáâŋőáâĺ, f(0) = 0. Śńěďőćăâěńìŋő, àăćěŋáâćő f(x) = xf(1) ďőńęŋő ćëŕőńŋïâìáï ŕàĺ ćáěå ćěéěáâćěŋŋëå x.

Ŕőďáâăŋőćłă ŕőłăğëćăěâ, çâő äãŋłæĺï f(x) = Ax, ďěľáâćĺâěńìŋő, ïćńïěâáï àěèěŋĺěň ŕěàćőčő ãàăćŋěŋĺï Łőèĺ ŕàĺ ŕàőĺğćőńìŋőň ćëąőàě łőŋáâăŋâë A. Ďàãčĺå ŋěŕàěàëćŋëå àěèěŋĺľ ã ãàăćŋěŋĺï ŋěâ. • Řěèěŋĺě f ćâőàőčő ãàăćŋěŋĺï Łőèĺ (5:12) ŋěőâàĺæăâěńìŋő, âăł łăł f(x) = (f(x=2))^2. Ěáńĺ f(x_0) = 0 ŕàĺ ŋěłőâőàőň x_0, âő ĺ ćáîďã

86 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

f(x) = f(x − x_0)f(x_0) = 0. Ŕőíâőňã ĺńĺ f(x) ≡ 0, ĺńĺ f(x) > 0 ŕàĺ ćáěå x.

Ŕőńőęĺň g(x) = ln f(x). Ńőčăàĺäňĺàãï àăćěŋáâćő (5:12) ŕőńãçĺň g(x + y) = g(x)+ g(y). Ěáńĺ f ŋěŕàěàëćŋă, âő g âăłęě ŋěŕàěàëćŋă. Śńěďőćăâěńìŋő, g(x) = Ax ŕàĺ ŋěłőâőàőň A ĺ, âăłĺň őąàăğőň, ŋěŕàěàëćŋőě àěèěŋĺě ćâőàőčő ãàăćŋěŋĺï Łőèĺ ĺńĺ âàĺćĺăńìŋő f(x) ≡ 0), ĺńĺ ĺňěěâ ćĺď f(x) = e^{Ax}, čďě łőŋáâăŋâă A ŕàőĺğćőńìŋă.

• Řăááňőâàĺň ŋěŕàěàëćŋőě àěèěŋĺě f âàěâìěčő ãàăćŋěŋĺï Łőèĺ (5:13) ŕàĺ ŕőńőęĺâěńìŋëå ğŋăçěŋĺïå ăàčãňěŋâă. Ŕőńőęĺň f(x) = g(ln x). Šőčďă ŕàĺ ćáěå x; y > 0

g(ln x + ln y) = f(xy) = f(x) + f(y) = g(ln x) + g(ln y):

Ğăňěŋă s = ln x, t = ln y ŕàĺćőďĺâ ł g(s + t) = g(s) + g(t) ďńï ćáěå ćěéěáâćěŋŋëå s, t. Śńěďőćăâěńìŋő, g(s) = As.

Šăłĺň őąàăğőň, ěďĺŋáâćěŋŋëňĺ ŋěŕàěàëćŋëňĺ àěèěŋĺïňĺ âàěâìěčő ãàăćŋěŋĺï Łőèĺ ïćńïîâáï äãŋłæĺĺ f(x) = A ln x, čďě łőŋáâăŋâă A ŕàőĺğćőńìŋă.

Šăł łăł ĺğ ãàăćŋěŋĺï (5:13) áńěďãěâ f(0) = 0, âő âàĺćĺăńìŋőě àěèěŋĺě ïćńïěâáï ěďĺŋáâćěŋŋëň ŋěŕàěàëćŋëň ŋă ćáěľ ćěéěáâćěŋŋőľ őáĺ.

• Řěèěŋĺě f çěâćěàâőčő ãàăćŋěŋĺï Łőèĺ (5:14) ŕàĺ x > 0 ŋěőâàĺæăâěńìŋő, âăł łăł f(x) = (f(^√x ))^2. Ďńï x; y > 0 ŕőńőęĺň x = e^s, y = e^t ĺ g(s) = f(e^s). Šőčďă

g(s + t) = f(e^{s+t}) = f(e^s)f(e^t) = g(s)g(t):

Śńěďőćăâěńìŋő, ĺńĺ g(s) ≡ 0, ĺńĺ g(s) = e^{As}. Őâáîďă ŕàĺ x > 0 ĺńĺ f(x) = e^{A ln x} = x^A, ğďěáì A { ŕàőĺğćőńìŋăï łőŋáâăŋâă, ć çăáâŋőáâĺ, f(x) ≡ 1 ŕàĺ A = 0. İâő { ěďĺŋáâćěŋŋëě ŋěŕàěàëćŋëě àěèěŋĺï çěâćěàâőčő ãàăćŋěŋĺï Łőèĺ ŋă ĺŋâěàćăńě (0; ∞). Šăł łăł f(0) = (f(0))^2, âő ŋěŕàěàëćŋëňĺ àěèěŋĺïňĺ ãàăćŋěŋĺï ŋă ĺŋâěàćăńě [0; ∞) ïćńïîâáï ĺńĺ f(x) ≡ 0, ĺńĺ f(x) ≡ 1, ĺńĺ f(x) = x^A, A > 0.

Ďńï ŕàőĺğćőńìŋëå ćěéěáâćěŋŋëå x, âăł łăł (f(−1))^2 = f(1) ∈ {0; 1} ĺ f(−x) = f(−1)f(x), ćőğňőęŋë áńěďãîéĺě âàĺ áńãçăï. Ŕàĺ f(1) = 0, f(−1) = 0: f(x) ≡ 0. Ŕàĺ f(1) = f(−1) = 1: f { çěâŋă, â. ě. f(x) ≡ 1 ĺńĺ f(x) = |x|^A, A > 0. Ŕàĺ f(1) = 1, f(−1) = −1: f { ŋěçěâŋă, â.ě. f(0) = 0 ĺ f(x) = x · |x|^{A−1}, A > 0. Ćáě ŕěàěçĺáńěŋŋëě äãŋłæĺĺ ĺ âőńìłő őŋĺ ïćńïîâáï ŋěŕàěàëćŋëňĺ àěèěŋĺïňĺ ãàăćŋěŋĺï ŋă ĺŋâěàćăńě (−∞; +∞). 5.2.3. Şàăćŋěŋĺï Łőèĺ. Řăğàëćŋëě àěèěŋĺï Čăňěńă

Őąéĺľ ćĺď ŋěŕàěàëćŋőčő àěèěŋĺï ãàăćŋěŋĺï f(x + y) = f(x) + f(y) ąëń ĺğćěáâěŋ Ńěęăŋďàã [1791], Čăãááã [1809], Łőèĺ [1821]. Ňŋőčĺňĺ

5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ 87

ăćâőàăňĺ ńĺŋěľŋőáâì àěèěŋĺï ąëńă ŕőłăğăŋă ŕàĺ ŕàěďŕőńőęěŋĺïå ąőńěě áńăąëå, çěň ŋěŕàěàëćŋőáâì (áň., ŋăŕàĺňěà, ŕ. 7.2.11).

Őąéěě àěèěŋĺě ŕěàćőčő ãàăćŋěŋĺï Łőèĺ ąëńő ŋăľďěŋő Čăňěńěň [1905]. Ěčő łőŋáâàãłæĺï ŕőńãçěŋă ŕàĺ ãáńőćĺĺ áŕàăćěďńĺćőáâĺ ăłáĺőňë Űěàňěńă (ăłáĺőňë ćëąőàă): ďńï ńîąőčő áěňěľáâćă ňŋőęěáâć ňőęŋő ćëąàăâì ĺğ łăęďőčő ňŋőęěáâćă, ćåőďïéěčő ć áĺáâěňã, ŕő ěďĺŋáâćěŋŋőňã ŕàěďáâăćĺâěńî ĺ őąêěďĺŋĺâì ĺå ćáěå ć őďŋő ňŋőęěáâćő. Čăňěń ŕőłăğăń, çâő ěáńĺ ăłáĺőňă ćëąőàă áŕàăćěďńĺćă, âő áãéěáâćãîâ ąăğĺáë {¸; ˛; ‚; : : :} ćěéěáâćěŋŋëå çĺáěń âăłĺě, çâő łăęďőě ćěéěáâćěŋŋőě çĺáńő ňőęěâ ąëâì ěďĺŋáâćěŋŋëň őąàăğőň ŕàěďáâăćńěŋő ć ćĺďě łőŋěçŋőľ áãňňë

x = a¸ + b˛ + : : : + l–

á àăæĺőŋăńìŋëňĺ łőíääĺæĺěŋâăňĺ a; b; : : :; l. Šőčďă, ğăďăć ŕàőĺğćőńìŋëň őąàăğőň ğŋăçěŋĺï äãŋłæĺĺ ŋă ąăğĺáě, ŕőńãçĺň

f(x) = af(¸) + bf(˛) + : : : + lf(–):

Ŕőďáâăŋőćłă ŕőłăğëćăěâ, çâő âăłăï äãŋłæĺï, ďěľáâćĺâěńìŋő, ãďőćńěâćőàïěâ ãàăćŋěŋĺî Łőèĺ.

Ťãŋłæĺĺ, ãďőćńěâćőàïîéĺě ãàăćŋěŋĺî Łőèĺ, ŋăğëćăîâáï ăďďĺâĺćŋëňĺ. Őŋĺ, âăłĺň őąàăğőň, ŋě őąïğăâěńìŋő ïćńïîâáï ńĺŋěľŋëňĺ.

Łăęďőě àěèěŋĺě Čăňěńă, őâńĺçŋőě őâ ŋěŕàěàëćŋőčő, ĺňěěâ ŕăâőńőčĺçěáłĺľ åăàăłâěà: ŋă ŕàőĺğćőńìŋőň ĺŋâěàćăńě őŋő ŕàĺŋĺňăěâ ŕàőĺğćőńìŋëě ğŋăçěŋĺï (ć âőň çĺáńě áłőńì ãčőďŋő ąőńìèĺě ĺ áłőńì ãčőďŋő ňăńëě) ć ŋěáçěâŋőň ňŋőęěáâćě âőçěł, ă ěčő čàăäĺł ćáîďã ŕńőâěŋ ŋă ŕńőáłőáâĺ.

Šěň ŋě ňěŋěě, łăęďőě àěèěŋĺě ŕěàćőčő ãàăćŋěŋĺï Łőèĺ ćëŕãłńő. Ăŋăńőčĺçŋő áâàőïâáï àăğàëćŋëě àěèěŋĺï ďàãčĺå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ Łőèĺ.

5.2.4. Şàăćŋěŋĺě Ďăńăňąěàă

Şàăćŋěŋĺě Ďăńăňąěàă [1769] ĺňěěâ ćĺď

f(x + y) + f(x − y) = 2f(x)f(y):

Ŕàĺ y = 0 ĺňěěň ĺńĺ f(0) = 1, ĺńĺ f(x) ≡ 0. Ŕãáâì f { ŋěâàĺćĺăńìŋőě àěèěŋĺě ĺ f(0) = 1.

Ŕàĺ y = x ĺğ ãàăćŋěŋĺï ŋăľďěň f(2x) + 1 = 2(f(x))^2 ≥ 0. Őâáîďă ĺńĺ f(1) = b > 1, ĺńĺ −1 ≤ f(1) = b ≤ 1. Ć ŕěàćőň áńãçăě ŋăľďěâáï c âăłőě, çâő b = ch c, ćő ćâőàőň { ŋăľďěâáï c, ďńï łőâőàőčő b = cos c.

Ŕãáâì b = ch c. Šőčďă f (1 2 ) = ch c 2 ĺ, ŕő ĺŋďãłæĺĺ, f ( 1 2^n ) = ch c 2^n . Ŕőłăęěň ŕő ĺŋďãłæĺĺ, çâő f ( k 2^n ) = ch ( c k2_n ) . Ŕãáâì íâő áőőâŋőèěŋĺě

88 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

ćěàŋő ŕàĺ 1 ≤ k ≤ m. Ŕőńőęĺň ć ĺáåőďŋőň ãàăćŋěŋĺĺ x = m 2^n

, y = 1 2^n . Šőčďă f (m + 1 2^n ) = 2f ( m 2^n ) f ( 1 2^n ) − f ( m − 1

2^n ) = = 2 ch ( c m2_n ) ch ( c 2^n ) − ch ( cm^− 12_n ) = ch ( cm + 12_n ) : Ěáńĺ x ≥ 0 ŕàőĺğćőńìŋő ĺ m 2^{n →} x

, ŕàĺ x → ∞, âő ĺğ ŋěŕàěàëćŋőáâĺ f áńěďãěâ f(x) = ch(cx).

Ĺğ ĺáåőďŋőčő ãàăćŋěŋĺï ŕàĺ x = 0 ĺňěěň f(−x) = f(x). Šăłĺň őąàăğőň, ŋěŕàěàëćŋőě àěèěŋĺě ãàăćŋěŋĺï Ďăńăňąěàă, ãďőćńěâćőàïîéěě f(x) > 1, ďőńęŋő ĺňěâì ŕàĺ ćáěå x ćĺď f(x) = ch(cx). Ŕàőćěàłă ŕőłăğëćăěâ, çâő íâă äãŋłæĺï, ďěľáâćĺâěńìŋő, ïćńïěâáï àěèěŋĺěň.

Śńãçăľ −1 ≤ f(x) ≤ 1 àăááňăâàĺćăěâáï ăŋăńőčĺçŋő.

5.2.5. Şàăćŋěŋĺï Ńőąăçěćáłőčő ĺ Ľěŋáěŋă Şàăćŋěŋĺě Ńőąăçěćáłőčő ĺňěěâ ćĺď

f(x + y)f(x − y) = (f(x))^2:

Ěáńĺ f(0) = 0, âő f(x) ≡ 0. Ďěľáâćĺâěńìŋő, (f(x))^2 = f(2x)f(0). Ňőęŋő ŕőńőęĺâì f(0) = 1. Ćáïłőě ďàãčőě àěèěŋĺě ąãďěâ őâńĺçĺâìáï őâ âăłőčő ãňŋőęěŋĺěň ŋă łőŋáâăŋâã. Šăł łăł f(x) = (f(x=2))^2=f(0) > 0, âő, ńőčăàĺäňĺàãï, ŕàĺćőďĺň ãàăćŋěŋĺě Ńőąăçěćáłőčő ł ćĺďã

2g(x) = g(x + y) + g(x − y);

čďě g(x) = ln f(x). Ŕőďáâăŋőćłă x + y = , x − y = ” ŕàĺćőďĺâ ŕőáńěďŋěě ãàăćŋěŋĺě ł ãàăćŋěŋĺî Ľěŋáěŋă g ( + ” 2 ) = g () + g(”) 2 : Ěáńĺ g { àěèěŋĺě ãàăćŋěŋĺï Ľěŋáěŋă, âő őŋő ãďőćńěâćőàïěâ áőőâŋőèě- ŋĺî g ( 2 ) = g () + g(0) 2 ; ă ğŋăçĺâ, ĺ g( + ”) + g(0) = g() + g(”). Ŕőńăčăï g() = h() + g(0), ŕàĺåőďĺň ł ŕěàćőňã ãàăćŋěŋĺî Łőèĺ

h( + ”) = h() + h(”):

5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ 89

Šăłĺň őąàăğőň, őąéěě àěèěŋĺě ãàăćŋěŋĺï Ľěŋáěŋă ĺňěěâ ćĺď g() = A() + B;

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï, ă B { ŕàőĺğćőńìŋăï łőŋáâăŋ- âă. Őâáîďă áńěďãěâ, çâő őąéěě àěèěŋĺě ãàăćŋěŋĺï Ńőąăçěćáłőčő ěáâì f(x) = e^B · e^{A(ξ)} = c · ȷ();

čďě ȷ { ŕàőĺğćőńìŋăï íłáŕőŋěŋæĺăńìŋăï äãŋłæĺï, ă c { ŕàőĺğćőńìŋăï łőŋáâăŋâă.

5.2.6. Şàăćŋěŋĺï Łăŋâőàă

Ŕàĺćőďĺňëě ğďěáì íńěňěŋâăàŋëě àěèěŋĺï ďăŋë Śĺŋæőćëň [1903].

• Ŕěàćőě ãàăćŋěŋĺě Łăŋâőàă

f(x; z) = f(x; y) + f(y; z); x; y ∈ IR; (5:15) f { ŋěĺğćěáâŋăï äãŋłæĺï, łőŋěçŋăï ŋă IR^2.

Šăł łăł f(x; y) = f(x; a) − f(y; a); âő f(x; y) = ’(x) − ’(y); (5:16) čďě ’(x) = f(x; a) ŕàĺ ŋěłőâőàőň äĺłáĺàőćăŋŋőň a ĺ ćáěå ćěéěáâćěŋŋëå x. Őâáîďă áńěďãěâ, çâő łăęďőě àěèěŋĺě ãàăćŋěŋĺï (5:15) ĺňěěâ ćĺď (5:16). Őąàăâŋő, łăł ŕőłăğëćăěâ ŕàőćěàłă, àěèěŋĺě (5:16) ŕàĺ ŕàőĺğćőńìŋőľ łőŋěçŋőľ äãŋłæĺĺ ’ ãďőćńěâćőàïěâ ãàăćŋěŋĺî (5:15) ĺ, áńěďőćăâěńìŋő, ïćńïěâáï ěčő őąéĺň àěèěŋĺěň. • Ăŋăńőčĺçŋő àěèăěâáï ćâőàőě ãàăćŋěŋĺě Łăŋâőàă f(x; z) = f(x; y)f(y; z); x; y ∈ IR; (5:17)

f { ŋěĺğćěáâŋăï äãŋłæĺï, łőŋěçŋăï ŋă IR^2.

Řěèěŋĺě íâőčő ãàăćŋěŋĺï ĺńĺ ćáîďã àăćŋő ŋãńî, ĺńĺ ćáîďã őâńĺçŋő őâ ŋãńï. Ďěľáâćĺâěńìŋő, ěáńĺ f(a; b) = 0 ŕàĺ ŋěłőâőàëå a ĺ b, âő f(x; z) = f(x; a)f(a; z) = f(x; a)f(a; b)f(b; z) = 0

ŕàĺ ćáěå x, z.

Ŕãáâì âěŕěàì äãŋłæĺï f ćáîďã őâńĺçŋă őâ ŋãńï. Šőčďă, äĺłáĺàãï ńîąőě a, ŋăľďěň

f(x; y) = f(x; a)f(y; a) = ’(x)’(y):

Ŕàőćěàłă ŕőďáâăŋőćłőľ ŕőłăğëćăěâ, çâő íâă äãŋłæĺï ïćńïěâáï őąéĺň ŋěâàĺćĺăńìŋëň àěèěŋĺěň ãàăćŋěŋĺï (5:17) ŕàĺ ŕàőĺğćőńìŋëå łőŋěçŋëå ćáîďã őâńĺçŋëå őâ ŋãńï äãŋłæĺľ ’.

90 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

5.2.7. Ŕőďåőď Ąěąąĺďęă

Ąěąąĺďę [1815] ďăń ŕàĺňěàë ŕőáâàőěŋĺï ŕő çăáâŋëň àěèěŋĺïň ŋőćëå àěèěŋĺľ, áőďěàęăéĺå ŕàőĺğćőńìŋãî äãŋłæĺî.

• Ďńï ãàăćŋěŋĺï f(x) = f(¸(x)), ěáńĺ áãéěáâćãěâ äãŋłæĺï âăłăï, çâő (¸^2(x)) = (x), äãŋłæĺï

f(x) = ȷ ( (x); (¸(x)))

ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï ŕàĺ ŕàőĺğćőńìŋőľ áĺňňěâàĺçěáłőľ äãŋłæĺĺ ȷ.

Łőŋłàěâŋëě ŕàĺňěàë ŕàĺćěďěŋë ć ŕŕ. 6.4.7 ĺ 6.4.8.

• Ďńï ãàăćŋěŋĺï f(x) = ˛(x) · f(¸(x)), ěáńĺ ĺğćěáâŋő çăáâŋőě àěèěŋĺě g ĺ äãŋłæĺï âăłăï, çâő (¸^2(x)) = (x),

f(x) = g(x) · ȷ ( (x); (¸(x)))

ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï ŕàĺ ŕàőĺğćőńìŋőľ áĺňňěâàĺçěáłőľ äãŋłæĺĺ ȷ.

Ďńï âőčő ęě ãàăćŋěŋĺï, ěáńĺ g { çăáâŋőě àěèěŋĺě, ă äãŋłæĺï˛ ãďőćńěâćőàïěâ ãàăćŋěŋĺî ˛(x) = ˛(¸(x)), äãŋłæĺï

f(x) = g(x) · ȷ(˛(x))

ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï ŕàĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ ȷ.

Łőŋłàěâŋëě ŕàĺňěàë ŕàĺćěďěŋë ć ŕŕ. 6.5.6 ĺ 6.5.1.

5.2.8. Řěğãńìâăâë Ăæěńï

Ňěâőďőň ğăňěŋë ŕěàěňěŋŋëå ĺ äãŋłæĺľ Ăæěńì ĺááńěďőćăń ŋěłőâőàëě ãàăćŋěŋĺï őąéěčő ćĺďă, ŋăŕàĺňěà,

f(x + y) = F (f(x); f(y)); f

(x + y 2 ) = F (f(x); f(y)):

Ŋěłőâőàëě ĺğ íâĺå àěğãńìâăâőć ŕàĺćěďěŋë ć çăáâĺ III (áň. ŕŕ. 7.2.10 ĺ 7.2.18).

5.3. Ăŋăńĺâĺçěáłĺě ňěâőďë 91

5.3. Ăŋăńĺâĺçěáłĺě ňěâőďë

5.3.1. Śćěďěŋĺě ł ďĺääěàěŋæĺăńìŋëň ãàăćŋěŋĺïň

• Őďŋĺň ĺğ ŕàőáâěľèĺå ŕàĺňěàőć ïćńïěâáï ŋăåőęďěŋĺě ďĺääěàěŋæĺàãěňőčő àěèěŋĺï ŕěàćőčő ãàăćŋěŋĺï Łőèĺ:

f(x + y) = f(x) + f(y):

Ďĺääěàěŋæĺàãï őąě çăáâĺ ãàăćŋěŋĺï ŕő ŕěàěňěŋŋőľ x, ŋăľďěň f^′(x + y) = f^′(x). Śńěďőćăâěńìŋő, f^′(x) = c ĺ f(x) = cx + b, čďě c ĺ b { łőŋáâăŋâë. Ŕőáłőńìłã f(0) = 0, âő b = 0 ĺ őąéĺň ďĺääěàěŋæĺàãěňëň àěèěŋĺěň ãàăćŋěŋĺï ïćńïěâáï äãŋłæĺï f(x) = cx.

• Őďŋőàőďŋëě äãŋłæĺĺ. Ťãŋłæĺï f(x1; : : :; xn), őąńăáâì őŕàěďěńěŋĺï

łőâőàőľ ćňěáâě á łăęďőľ âőçłőľ (x_1; : : :; x_n) áőďěàęĺâ ćáě âőçłĺ (tx_1; : : :; tx_n) ŕàĺ ćáěå t > 0, ŋăğëćăěâáï őďŋőàőďŋőľ äãŋłæĺěľ áâěŕěŋĺ k, ěáńĺ ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋőňã ãàăćŋěŋĺî

f(tx_1; : : :; tx_n) = t^kf(x_1; : : :; x_n);

čďě t > 0 ćěéěáâćěŋŋő.

Ďĺääěàěŋæĺàãï ãàăćŋěŋĺě ŕő t ĺ ŕő łăęďőľ ĺğ ŕěàěňěŋŋëå x_1; : : :; x_n, ŕőńãçĺň_n ∑ i=1 x_i @f(u^1; : : :; u^n) @u_i = kt^{k−1}f(x^1; : : :; x^n);

t @f(u^1; : : :; u^n) @u_i = t^k

@f(x_1; : : :; x_n) @x_i ;

(5:18)

čďě u_i = tx_i. Ĺáłńîçăï ĺğ àăćěŋáâć (5:18) ŕàőĺğćőďŋëě @f

(u_1; : : :; u_n) @u_i , ŕàĺåőďĺň ł ãàăćŋěŋĺî İľńěàă n∑ i=1 x_i @f(x^1; : : :; x^n)

@x_i = kf(x^1; : : :; x^n): (5:19)

Ěáńĺ őąńăáâì E őŕàěďěńěŋĺï äãŋłæĺĺ f { őâłàëâőě ňŋőęěáâćő ĺ äãŋłæĺï f ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă ŋă E, âő f ïćńïěâáï őďŋőàőďŋőľ äãŋłæĺěľ áâěŕěŋĺ k âőčďă ĺ âőńìłő âőčďă, łőčďă őŋă ãďőćńěâćőàïěâ ŋă E ãàăćŋěŋĺî İľńěàă.

Ć áńãçăě, łőčďă őąńăáâì E áőďěàęĺâáï ć őąńăáâĺ

{(x_1; : : :; x_n) : x_1 > 0; : : :; x_n > 0}

ĺ ćňěáâě á łăęďőľ âőçłőľ (x_1; : : :; x_n) áőďěàęĺâ âőçłĺ (tx_1; : : :; tx_n) ŕàĺ ćáěå t > 0, őąéěě àěèěŋĺě ãàăćŋěŋĺï (5:19) ĺňěěâ ćĺď

92 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

f(x_1; : : :; x_n) = x^k_1’

(x_2 x_1

; : : :; x^n x_1 ) ; čďě ’ { ŕàőĺğćőńìŋăï äãŋłæĺï, őŕàěďěńěŋŋăï ŋă ňŋőęěáâćě { (t_2; : : :; t_n) : t_2 = x^2x_1 ; : : :; t_n = x^nx_1 ; (x_1; : : :; x_n) ∈ E } : 5.3.2. Řăğńőęěŋĺě ć àïď Šěľńőàă

• Ŕàĺ őŕàěďěńěŋŋëå ãáńőćĺïå àěèěŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ňőęěâ ąëâì ŋăľďěŋő àăğńőęěŋĺěň ć áâěŕěŋŋőľ àïď.

Ŋăŕàĺňěà, ďńï ãàăćŋěŋĺï f(z) = F (z; f(¸(z))) (5:20) ĺňěěâ ňěáâő áńěďãîéĺľ àěğãńìâăâ (Śňăľďőà [1967]). Ŕãáâì:

1) áãéěáâćãîâ çĺáńă a ĺ b âăłĺě, çâő ¸(a) = a, F(a; b) = b; 2) äãŋłæĺï ¸ ăŋăńĺâĺçŋă ć ŋěłőâőàőľ őłàěáâŋőáâĺ âőçłĺ a, ŕàĺçěň |¸^′(a)| < 1;

3) äãŋłæĺï F ăŋăńĺâĺçŋă ć ŋěłőâőàőľ őłàěáâŋőáâĺ âőçłĺ (a; b), ŕàĺçěň |F^′_b(a; b)| < 1.

Šőčďă äőàňăńìŋőě àěèěŋĺě

f(x) = b + ∞∑ n=1 c_n(x − a)^n (5:21)

ãàăćŋěŋĺï (5:20) ĺňěěâ ŕőńőęĺâěńìŋëľ àăďĺãá áåőďĺňőáâĺ.

Ŕő ŕőćőďã äőàňăńìŋëå áâěŕěŋŋëå àïďőć áň. ŕàĺń. Ą. Ťőàňăńìŋőě àěèěŋĺě ŕőńãçăěâáï ŕőďáâăŋőćłőľ àăğńőęěŋĺľ

¸(x) = a + ∞∑ n=1 a_n(x − a)^n;

F(x; y) = b + ∞∑ n=1 ∑ i+j=n F_{ij} (x − a)^i(y − b)^j

ĺ àăğńőęěŋĺï (5:21) ć ãàăćŋěŋĺě (5:20). Ŕãáâì u = x − a ĺ

v = f(¸(x)) − b = ∞∑ n=1 c_n(¸(x) − a)^n = ∞∑ n=1 c_n (_∞ ∑ m=1 a_mu^m )n :

5.4. Řěłãààěŋâŋëě ŕàőæěďãàë 93

Ĺňěěň_∞ ∑ n=1 c_nu^n =^{∞∑}_{n=1}^∑_{i+j=n} F_{ij}u^i (_∞ ∑ n=1 c_n (_∞∑ m=1 a_mu^m )n)j : Ŕàĺàăćŋĺćăï łőíääĺæĺěŋâë ŕàĺ őďĺŋăłőćëå áâěŕěŋïå u, ŋăľďěň c_1 = F_{10} + F_{01}c_1a_1;

c_2 = F_{01}(c_1a_2 + c_2a^2_1) + F_{20} + F_{11}c_1a_1 + F_{02}c^2_1a^2_1; : : ::

Őâáîďă, âăł łăł F_{01}a_1 ≠ 1, ŕőáńěďőćăâěńìŋő őŕàěďěńĺň łőíääĺæĺěŋâë c_1; c_2; : : :.

• Łãçňă [1969] ĺááńěďőćăń áãéěáâćőćăŋĺě ăŋăńĺâĺçěáłĺå àěèěŋĺľ ńĺŋěľŋëå ãàăćŋěŋĺľ ćĺďă f(’(z)) − (z)f(z) = ffl(z); čďě ’(z) = z^pF(z); F(0) ≠ 0; p ≥ 2; (z) = z^qG(z); G(0) ≠ 0; q ≥ 1; ffl(z) = z^sH(z); H(0) ≠ 0; s ≥ 0;

ă äãŋłæĺĺ F, G ĺ H ăŋăńĺâĺçŋë ć őłàěáâŋőáâĺ ŋãńï.

5.4. Řěłãààěŋâŋëě ŕàőæěďãàë

5.4.1. Ĺâěàĺàőćăŋĺě ïďàă

• Řăááňőâàĺň ãàăćŋěŋĺě f(2x) = (f(x))^2; x ≥ 1:

Őâňěâĺň, çâő f(x) = (f(x=2))^2 ≥ 0.

Ĺâěàĺàãï ïďàő ¸(x) = 2x m àăğ, ŕőńãçĺň

f(2^nx) =^(f(2^{n−1}x)^{)2} = : : : = (f(x))^{2n} :

Ďńï y = 2^nx ćëąěàěň n âăł, çâőąë ąëńő 1 ≤ x < 2, ĺ ğăďăďĺň äãŋłæĺî f(x) = ’(x) ŕàőĺğćőńìŋő ŋă őâàěğłě [1; 2). Šőčďă f(y) = (’(x))^{2n}, čďě 1 ≤ y2^{−n} = x < 2. İâő ďăěâ 2^n ≤ y < 2^{n+1} ĺńĺ n ≤ ln yln 2 < n + 1, â. ě. n =

[ ln y ln 2 ] (łćăďàăâŋëě áłőąłĺ { áĺňćőń æěńőľ çăáâĺ). Őâáîďă 2^n = y2^{{ ln yln 2 }} ĺ x = 2^{−{ ln yln 2 }} (äĺčãàŋëě áłőąłĺ { áĺňćőń ďàőąŋőľ çăáâĺ). Šăłĺň őąàăğőň,

94 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

f(y) =^(’^(2^{−{ ln y}ln 2^{}))y2}

{^{ln y}_{ln 2} } = ( ȷ (ln y ln 2 ))y ; čďě ȷ { ŕàőĺğćőńìŋăï ŋěőâàĺæăâěńìŋăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă.

• Ŕãáâì ć ãàăćŋěŋĺĺ

f(¸(x)) − f(x) = ‚(x);

x ∈ I = (a; b), a < ¸(x) < x ŋă I, äãŋłæĺï ¸ ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă I.

Şàăćŋěŋĺě ĺňěěâ ŋěŕàěàëćŋőě àěèěŋĺě ŋă I âőčďă ĺ âőńìłő âőčďă, łőčďă äãŋłæĺï ‚ ŋěŕàěàëćŋă ŋă I, ă àïď ∑_∞ n=0 ‚(¸^n(x)) áåőďĺâáï. Ŕàĺ íâőň f(x) = f(a) − ∞∑ n=0 ‚(¸^n(x)): (5:22)

(Śàăćŋĺ á ŕ. 6.5.21).

Ŋěőąåőďĺňőáâì ŋěŕàěàëćŋőáâĺ äãŋłæĺĺ ‚ őçěćĺďŋă. Ěáńĺ f { àěèěŋĺě, âő

f(¸^{m+1}(x)) − f(¸^m(x)) = ‚(¸^m(x)); m = 0; 1; : : ::

Śńěďőćăâěńìŋő,

f(¸^{n+1}(x)) − f(x) = n∑ m=0 ‚(¸^m(x)):

Ďńï ńîąőčő x ∈ I ŕàĺ n → ∞ ĺňěěň ¸^{n+1}(x) → a ĺ f(¸^n(x)) → f(a). İâő ćńěçěâ áåőďĺňőáâì àïďă ć ŕàăćőľ çăáâĺ ĺ àăćěŋáâćő (5:22).

5.4.2. Ŋěŕàěàëćŋëě àěèěŋĺï ãàăćŋěŋĺï f^n(x) = β(x)

Śńěďãîéěě ŕőáâàőěŋĺě ďăŋő Łãçňőľ [1964].

Ŕãáâì ć ãàăćŋěŋĺĺ f^n(x) = ˛(x) äãŋłæĺï ˛ ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă [a; b], ˛(a) = a, ˛(b) = b, ˛(x) < x ŋă (a; b).

Ćëąěàěň ŋă (a; b) ãğńë x_0; : : :; x_{n−1} âăł, çâő ˛(x_0) < x_{n−1} < : : : < x_1 < x_0. Ŕőńőęĺň x_{m+n} = ˛(x_m), m = 0; ±1; ±2; : : :. Šőčďă ŕőáńěďőćăâěńìŋőáâì x_m ŕàĺ m ≥ 0 ãąëćăîéăï ĺ x_m ↓ a ŕàĺ m → +∞; ŕőáńěďőćăâěńìŋőáâì x_{−m} ŕàĺ m ≥ 0 ćőğàăáâăîéăï ĺ x_m ↑ b ŕàĺ m → +∞.

Ćëąěàěň ŕàőĺğćőńìŋëě ŋěŕàěàëćŋëě ćőğàăáâăîéĺěäãŋłæĺĺ ’_1; : : :, ’_{n−1}, őŕàěďěńěŋŋëě, áőőâćěâáâćěŋŋő, ŋă őâàěğłăå [x_1; x_0]; : : :, [x_{n−1}; x_{n−2}], âăłĺě, çâő ’_i(x_{i−1}) = x_i ŕàĺ ćáěå i = 1; : : :; n−1.

5.5. Ňěâőď ĺŋćăàĺăŋâőć 95

Ďńï x ∈ [x_{m+n}; x_{m+n−1}], m = 0; ±1; ±2; : : :, ŕőńőęĺň

’_{m+n} = ˛^(’^{−1}_{m+1}(’^{−1}_{m+2}(: : :(’^{−1}_{m+n−1}(x)) : : :))^) :

Ťãŋłæĺï f : [a; b] → IR, áőćŕăďăîéăï ŋă [x_m; x_{m−1}], čďě m = 0; ±1; ±2; : : :, á äãŋłæĺěľ ’_m ďńï ćáěå m = 0; ±1; ±2; : : :, ïćńïěâáï ŋěŕàěàëćŋëň àěèěŋĺěň ãàăćŋěŋĺï. Ć âăłőň ćĺďě ňőęěâ ąëâì ŕàěďáâăćńěŋő ŕàőĺğćőńìŋőě ŋěŕàěàëćŋőě áâàőčő ćőğàăáâăîéěě àěèěŋĺě.

5.5. Ňěâőď ĺŋćăàĺăŋâőć

• Ňěâőď ĺŋćăàĺăŋâőć ŕőáâàőěŋĺï àěèěŋĺľ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ćĺďă f(¸(x; f(x))) = F(x; f(x)); (5:23)

ć çăáâŋőáâĺ, f(¸(x)) = F(x; f(x));

ŕőďàőąŋő àăááňőâàěŋ ć ňőŋőčàăäĺĺ Č.Ŕ.Ŕěńîåă ĺ Ă.Ŋ. Ÿăàłőćáłőčő [M15]. Ć ãàăćŋěŋĺĺ (5:23) f { ŋěĺğćěáâŋăï, ă ¸ ĺ F { ğăďăŋŋëě äãŋłæĺĺ. Ďăńěě àăááňăâàĺćăěâáï áńãçăľ

f : U → V; ¸ : U → U; F : U × V → V;

čďě U; V ⊂ IR (ć [M15] { V ⊂ IR^n).

• Őâőąàăęěŋĺě S : (x; y) → (¸(x; y); F(x; y))

ĺğ U × V ć U × V ŋăğëćăěâáï åăàăłâěàĺáâĺçěáłĺň őâőąàăęěŋĺěň äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï (5:23). Őŋő őâőąàăęăěâ čàăäĺł àěèěŋĺï `_f ć áěąï: S(`_f ) ⊂ `_f . Ğďěáì

`_f = {(x; f(x)) : x ∈ U } ⊂ U × V:

Ďěľáâćĺâěńìŋő. Ŕãáâì x_0 ∈ U ĺ y_0 = f(x_0), â.ě. (x_0; y_0) ∈ `_f . Ěáńĺ x_1 = ¸(x_0; y_0) ∈ U ĺ, áőčńăáŋő ãàăćŋěŋĺî (5:23), y_1 = f(x_1) = F(x_0; y_0), âő (x_1; y_1) = (¸(x_0; y_0); F(x_0; y_0)) ∈ `_f :

• Ňŋőęěáâćő A ⊂ IR^2 ŋăğëćăěâáï äãŋłæĺőŋăńìŋëň (ć [M15] { t-ňŋőęěáâćőň), ěáńĺ (a; y_1); (a; y_2) ∈ A ćńěçěâ y_1 = y_2 (łăęďőňã a áőőâćěâáâćãěâ ŋě ąőńěě őďŋőčő y âăłőčő, çâő (a; y) ∈ A).

96 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

Ňŋőęěáâćő A ⊂ U × V ŋăğëćăěâáï ĺŋćăàĺăŋâŋëň őâŋőáĺâěńìŋő őâőąàăęěŋĺï S, ěáńĺ S(A) = A.

Łăęďőě ĺŋćăàĺăŋâŋőě őâŋőáĺâěńìŋő őâőąàăęěŋĺï S äãŋłæĺőŋăńìŋőě ňŋőęěáâćő A ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï (5:23) ć âőň áňëáńě, çâő őŋő áőďěàęĺâáï ć ŋěłőâőàőň čàăäĺłě `_f àěèěŋĺï ãàăćŋěŋĺï, â.ě. A ⊂ `_f .

• Ťãŋłæĺï ’ : U × V → IR ŋăğëćăěâáï ĺŋćăàĺăŋâőň åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï S, ěáńĺ ’ ∘ S(x; y) = ’(x; y) ŕàĺ ćáěå (x; y) ∈ U × V , â. ě. ěáńĺ łőňňãâăâĺćŋă ďĺăčàăňňă - ? HHH HHH HHj_V

U × V U × V S ’ ’

Őçěćĺďŋő, çâő ’ ∘ S^n(x; y) = ’(x; y), â.ě. ĺŋćăàĺăŋâ { íâő äãŋłæĺï, ŕàĺŋĺňăîéăï ŕőáâőïŋŋőě ğŋăçěŋĺě ŋă łăęďőľ âàăěłâőàĺĺ őâőąàăęěŋĺï S. Ĺŋćăàĺăŋâë åăàăłâěàĺáâĺçěáłĺå őâőąàăęěŋĺľ ăŋăńőčĺçŋë ŕěàćëň ĺŋâěčàăńăň ć âěőàĺĺ ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ (őŋĺ ŕőáâőïŋŋë ćďőńì âàăěłâőàĺľ, ŕőàőęďăěňëå őâőąàăęěŋĺïňĺ).

Ěáńĺ ’ { ĺŋćăàĺăŋâ őâőąàăęěŋĺï S, âő ňŋőęěáâćő S = {(x; y) : ’(x; y) = c} ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő őâőąàăęěŋĺï S ŕàĺ ńîąőň c. Śãéěáâćőćăŋĺě ĺŋćăàĺăŋâőć åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï ŋě čăàăŋâĺàãěâ áãéěáâćőćăŋĺï àěèěŋĺľ äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï, âăł łăł áőőâćěâáâćãîéĺě ĺŋćăàĺăŋâŋëě ňŋőęěáâćă ňőčãâ őłăğăâìáï ŋěäãŋłæĺőŋăńìŋëňĺ.

Ŋěŕàěàëćŋëě ĺŋćăàĺăŋâë åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï áãéěáâćãîâ ŋě ćáěčďă ĺńĺ ŋě ć âăłőň łőńĺçěáâćě, çâőąë ćëàăğĺâì çěàěğ ŋĺå ŕàőĺğćőńìŋőě ŋěŕàěàëćŋőě àěèěŋĺě.

• Ŕàĺňěà. Ďńï ãàăćŋěŋĺï f(x + a) = f(x) + b åăàăłâěàĺáâĺçěáłőě őâőąàăęěŋĺě ěáâì S(x; y) = (x + a; y + b). Ťãŋłæĺï ’(x; y) = ay − bx ĺŋćăàĺăŋâŋă ŕàĺ íâőň őâőąàăęěŋĺĺ, â. ě. ’ ∘ S(x; y) = ’(x; y). Ŕőíâőňã ňŋőęěáâćő A = {(x; y) : ay − bx = c}

ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï ŕàĺ ńîąőň c:

S(A) = {(x + a; y + b); ay − bx = c} = = {(; ”) : a(” − b) − b( − a) = c} = A:

İâő äãŋłæĺőŋăńìŋőě ňŋőęěáâćő, áńěďőćăâěńìŋő, A ⊂ `_f ĺ A ïćńïěâáï čàăäĺłőň àěèěŋĺï y = (c + bx)=a.

5.5. Ňěâőď ĺŋćăàĺăŋâőć 97

• Ěáńĺ ďńï őâőąàăęěŋĺï S áãéěáâćãěâ äãŋłæĺï : U × V → V ĺ çĺáńő – âăłőě, çâő ∘ S = – , âőčďă – ŋăğëćăěâáï áőąáâćěŋŋëň çĺáńőň, ă

{ áőąáâćěŋŋőľ äãŋłæĺěľ őâőąàăęěŋĺï S.

• Ŕãáâì – ≠ 1 { ŕőńőęĺâěńìŋőě áőąáâćěŋŋőě çĺáńő őâőąàăęěŋĺï S, ă { áőőâćěâáâćãîéăï ŕőńőęĺâěńìŋăï áőąáâćěŋŋăï äãŋłæĺï. Šőčďă äãŋł-

æĺï ’(x; y) = !

( ln (x; y)

ln – ) ; čďě ! { ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă, ïćńïěâáï ĺŋćăàĺăŋâőň őâőąàăęěŋĺï.

• Ŕãáâì őâőąàăęěŋĺě S æĺłńĺçěáłőě, â. ě. S^m { âőęďěáâćěŋŋőě őâőąàăęěŋĺě ŕàĺ ŋěłőâőàőň m > 1. Ćőğìňěň ŕàőĺğćőńìŋãî äãŋłæĺî ffl : U ×V → W ĺ őąàăğãěň äãŋłæĺĺ u_i(x; y) = ffl(S^{i−1}(x; y)), i = 1; : : :; m. Ŕàĺ ńîąőľ áĺňňěâàĺçěáłőľ äãŋłæĺĺ ” : W^m → IR äãŋłæĺï

’(x; y) = ”(u_1(x; y); : : :; u_m(x; y))

ïćńïěâáï ĺŋćăàĺăŋâőň őâőąàăęěŋĺï.

• Ŕàĺňěà. Ţăàăłâěàĺáâĺçěáłőě őâőąàăęěŋĺě S(x; y) = (a − x; b − y) äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï f(a − x) = b − f(x) æĺłńĺçěáłőě: S^2(x; y) = (x; y). Ďńï ŕàőĺğćőńìŋőľ äãŋłæĺĺ ffl ŕőńőęĺň

u_1(x; y) = ffl(x; y); u_2(x; y) = ffl ∘ S(x; y) = ffl(a − x; b − y):

Ěáńĺ ” { áĺňňěâàĺçěáłăï äãŋłæĺï, âő ”(ffl(x; y); ffl(a − x; b − y)) { ĺŋćăàĺăŋâ.

Šăł, ŕàĺ ”(u_1; u_2) = u_1u_2, ffl_1(x; y) = x ĺ ffl_2(x; y) = y ĺňěěň ďćă ĺŋćăàĺăŋâă: ’_1(x; y) = x(a − x), ’_2(x; y) = y(b − y). Ŕàĺ ŕàőĺğćőńìŋőľ äãŋłæĺĺ ˘ ňŋőęěáâćő

{(x; y) : ˘(x(a − x); y(b − y)) = c}

ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő őâőąàăęěŋĺï S. Řěèěŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï áćěńőáì ł àěèěŋĺî łćăďàăâŋőčő ãàăćŋěŋĺï y(b − y) = ȷ(ax − x^2), čďě äãŋłæĺï ȷ ŕàőĺğćőńìŋă.

• Ěáńĺ ’_1; : : :; ’_p { ĺŋćăàĺăŋâë őâőąàăęěŋĺï S, âő ŕàőĺğćőńìŋăï äãŋłæĺï ˘(’_1(x; y); : : :; ’_n(x; y)) { âăłęě ĺŋćăàĺăŋâ őâőąàăęěŋĺï S.

Ťãŋłæĺĺ ’_1; : : :; ’_m ŋăğëćăîâáï ŋěğăćĺáĺňëňĺ, ěáńĺ ŋĺ őďŋă ĺğ ŋĺå ŋě ňőęěâ ąëâì ŕàěďáâăćńěŋă ć ćĺďě äãŋłæĺĺ őáâăńìŋëå.

Ţăàăłâěàĺáâĺçěáłőě őâőąàăęěŋĺě, ďěľáâćãîéěě ć IR^2, ŋě ňőęěâ ĺňěâì ąőńěě ďćãå ŋěğăćĺáĺňëå ĺŋćăàĺăŋâőć.

98 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

• Ŕãáâì őâőąàăęěŋĺě S ĺňěěâ ŕőńőęĺâěńìŋëě áőąáâćěŋŋëě çĺáńă –_1, –_2 ĺ ŕőńőęĺâěńìŋëě áőąáâćěŋŋëě äãŋłæĺĺ _1, _2. Šőčďă äãŋłæĺï

’(x; y) = ( ^2(x; y))^{lnλ1} ( _2(x; y))^{lnλ1}

ïćńïěâáï ĺŋćăàĺăŋâőň őâőąàăęěŋĺï.

• Ŕàĺňěà. Ţăàăłâěàĺáâĺçěáłőě őâőąàăęěŋĺě S(x; y) = (ax; by) äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï f(ax) = bf(y), a; b > 0, a ≠ 1, x > 0, ĺňěěâ áőąáâćěŋŋëě çĺáńă –_1 = a, –_2 = b ĺ áőőâćěâáâćãîéĺě áőąáâćěŋŋëě äãŋłæĺĺ 1(x; y) = x, _2(x; y) = y. Ŕőíâőňã äãŋłæĺï

’(x; y) = _2(x; y) · _1(x; y)^{− ln λ1/ ln λ2} = yx^{− ln b/ ln a}

{ ĺŋćăàĺăŋâ őâőąàăęěŋĺï S. Ďàãčőľ ĺŋćăàĺăŋâ {

’_2(x; y) = !

(ln _1(x; y) ln –_1 ) = ! ( ln x ln a ) ; čďě ! { ŕàőĺğćőńìŋăï ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă. Ňŋőęěáâćő A = { (x; y) : yx^{− ln b/ ln a} = !

{ ln x ln a }}

ĺŋćăàĺăŋâŋő őâŋőáĺâěńìŋő S ĺ äãŋłæĺőŋăńìŋő. Śńěďőćăâěńìŋő, àěèěŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ĺňěěâ ćĺď

f(x) = x^{ln b}ln a !

{ ln x ln a } : • Ěáńĺ ďńï åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï S áãéěáâćãîâ őâőąàăęěŋĺï : U; V → W ĺ ~S : W → W, čďě W ⊂ IR ĺńĺ W ⊂ IR^2, âăłĺě, çâő ďĺăčàăňňă - - ? ? W W

U × V U × V

~S

S

łőňňãâăâĺćŋă, â.ě. ∘ S = ~S ∘ , âő ~S ŋăğëćăěâáï äăłâőàőň, ă {

łőćăàĺăŋâőň åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï S.

Łőćăàĺăŋâë, łăł ĺ ĺŋćăàĺăŋâë, ŕőğćőńïîâ ŋăåőďĺâì ĺŋćăàĺăŋâŋëě ňŋőęěáâćă åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï, ă ğŋăçĺâ, ĺ àěèěŋĺï äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï.

5.5. Ňěâőď ĺŋćăàĺăŋâőć 99

• Ěáńĺ äăłâőà ~S { âőęďěáâćěŋŋőě őâőąàăęěŋĺě ĺğ W ć W, ĺ : U × V → W { łőćăàĺăŋâ åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï S, âő ŕàőĺğćőńìŋőě őâőąàăęěŋĺě ȷ : W → IR ŕőàőęďăěâ ĺŋćăàĺăŋâ ȷ ∘ : ȷ ∘ ∘ S = ȷ ∘ ~S ∘ = ȷ :

• Ěáńĺ äãŋłæĺï ~’ : W → IR { ĺŋćăàĺăŋâ äăłâőàă ~S : W → W, â.ě. ~’∘ ~S = ~’, ă : U → W { łőćăàĺăŋâ őâőąàăęěŋĺï S, âő ~’∘ { ĺŋćăàĺăŋâ őâőąàăęěŋĺï S:

~’ ∘ ∘ S = ~’ ∘ ~S ∘ = ~’ ∘ :

• Ěáńĺ ~A { ňŋőęěáâćő, ĺŋćăàĺăŋâŋőě őâŋőáĺâěńìŋő őâőąàăęěŋĺï ~S, âő ěčő ŕàőőąàăğ A = ^{−1}( ~A) { ĺŋćăàĺăŋâŋőě ňŋőęěáâćő őâőąàăęěŋĺï S. • Ŕãáâì ďńï åăàăłâěàĺáâĺçěáłőčő őâőąàăęěŋĺï S áãéěáâćãěâ ąĺěłæĺï H : U × V → U × V ĺ őâőąàăęěŋĺě ~S : U × V → U × V âăłĺě, çâő S = H^{−1} ∘ ~S ∘ H, â.ě. łőňňãâăâĺćŋă ďĺăčàăňňă - - ? ? @@R �` U × V U × V

U × V U × V V H

H ~’

~’ S ~S

Ěáńĺ ŕàĺ íâőň ~’ { ĺŋćăàĺăŋâ őâőąàăęěŋĺï ~S, âő ’ = ~’ ∘ H { ĺŋćăàĺăŋâ őâőąàăęěŋĺï S:

’ ∘ S = ~’ ∘ H ∘ H^{−1} ∘ ~S ∘ H = ~’ ∘ ~S ∘ H = ~’ ∘ H = ~’:

• Ŕàĺňěà. Őâőąàăęěŋĺě S(x; y) = (ax; by^β) { åăàăłâěàĺáâĺçěáłőě ďńï äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï

f(ax) = b(f(x))^β; a; b; ˛ > 0; a; ˛ ≠ 1; f : IR_+ → IR_+: Ďńï őâőąàăęěŋĺľ

H(x; y) = ( x; ln y + ln b̨_− 1 ) ; ~S(x; y) = (ax; ˛y)

ćëŕőńŋïěâáï S = H^{−1} ∘ ~S ∘ H. Ťăłâőà ~S ĺňěěâ ĺŋćăàĺăŋâë

~’_1(x; y) =

{ ln x ln a } ; ~’_2(x; y) = y · x^{− ln β}ln a :

100 Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï

Ŕőíâőňã äãŋłæĺĺ ’_i = ~’_i ∘ H { ĺŋćăàĺăŋâë őâőąàăęěŋĺï S:

’_1(x; y) =

{ ln x ln a } ; ’_2(x; y) = ( ln y + ln b ˛ − 1 ) · x^{− ln β}ln a :

Řěèěŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ŋăľďěâáï ĺğ ( ln f(x) + ln b ˛ − 1 ) x^{− ln β}ln a =

{ ln x ln a } : Őâáîďă f(x) = exp ( x^{ln β}ln a ·

{ ln x ln a } − ln b ˛ − 1 ) :

Ůăáâì III

ŐŠĎĚŃĲŊŻĚ ŤŞŊŁŰĹŐŊĂŃĲŊŻĚ ŞŘĂĆŊĚŊĹ§

Ć ďăŋŋőľ çăáâĺ ŕàĺćőďĺâáï áćőďłă àěèěŋĺľ łőŋłàěâŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Ţőâï ŕàěďáâăćńěŋŋëľ ňăâěàĺăń ĺ ŋőáĺâ áŕàăćőçŋëľ åăàăłâěà, íâő ďăńěłő ŋě ŕőńŋëľ őąğőà ğăďăç, àăááňőâàěŋŋëå ć ńĺâěàăâãàě. Ŕàěďáâăćńěŋë łńăááĺçěáłĺě ãàăćŋěŋĺï ĺ ĺå ňőďĺäĺłăæĺĺ, ãàăćŋěŋĺï, őŕàěďěńïîéĺě őâďěńìŋëě łńăááë äãŋłæĺľ, ĺ ĺå ćőğňőęŋëě ŕàěďáâăćńěŋĺï, ďàãčĺě ãàăćŋěŋĺï àăğńĺçŋőľ áńőęŋőáâĺ (ãàăćŋěŋĺï Ăąěńï ĺ Ÿàěďěàă àăááňőâàěŋë ć čń. 5). Ŕàěáńěďőćăńăáì őáŋőćŋăï æěńì { ŕőłăğăâì àăğŋőőąàăğĺě äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ĺ ćőğňőęŋëå äőàň ŕàěďáâăćńěŋĺï àěğãńìâăâőć àěèěŋĺï ãàăćŋěŋĺľ.

Şàăćŋěŋĺï (áĺáâěňë ãàăćŋěŋĺľ) łńăááĺäĺæĺàőćăŋë á ěďĺŋáâćěŋŋőľ æěńìî { őąńěčçĺâì ĺå ŕőĺáł. Őáŋőćŋëě ŕàĺğŋăłĺ, ŕő łőâőàëň ŕàőćěďěŋă łńăááĺäĺłăæĺï: çĺáńő ãàăćŋěŋĺľ ć àăááňăâàĺćăěňőľ áĺáâěňě; çĺáńő ŋěĺğćěáâŋëå äãŋłæĺľ; ňăłáĺňăńìŋőě çĺáńő ăàčãňěŋâőć (ćăńěŋâŋőáâì) ŋěĺğćěáâŋëå äãŋłæĺľ; çĺáńő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå ć ãàăćŋěŋĺĺ.

Řěłãàáĺćŋëňĺ ŋăğćăŋë ãàăćŋěŋĺï, ć ğăŕĺáĺ łőâőàëå åőâï ąë őďĺŋ ăàčã-

ňěŋâ ŋěĺğćěáâŋőľ äãŋłæĺĺ ïćńïěâáï ćëàăęěŋĺěň, áőďěàęăéĺň ğŋăçěŋĺě ŋěĺğćěáâŋőľ äãŋłæĺĺ. İâă łńăááĺäĺłăæĺï ŋěŕőáàěďáâćěŋŋő ŋě áćïğăŋă ŋĺ á ňěâőďăňĺ àěèěŋĺï, ŋĺ á łàĺâěàĺïňĺ áãéěáâćőćăŋĺï ĺ ěďĺŋáâćěŋŋőáâĺ àěèěŋĺľ.

Ĺğćěáâěŋ àïď áĺáâěň łńăááĺäĺłăæĺĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. Ćőğňőęŋő, ŕěàćãî ĺğ ŋĺå ŕàěďńőęĺń Ÿćěľæěà [1919].

Ć áőőâćěâáâćĺĺ á őďŋőľ ĺğ łńăááĺäĺłăæĺľ (Ďăćĺďěŋłő [1985]) ãàăćŋěŋĺï ćĺďă F(x; f(x); f(¸_1(x)); : : :; f(¸_n(x))) = 0

őâŋőáïâ ł äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň ŕěàćőčő ŕőàïďłă ĺ (n + 1)-čő łńăááă (ŋěĺğćěáâŋăï äãŋłæĺï őďŋőľ ŕěàěňěŋŋőľ ćåőďĺâ ć ãàăćŋěŋĺě á àăğńĺçŋëňĺ ăàčãňěŋâăňĺ { ďăŋŋëňĺ äãŋłæĺïňĺ x; ¸_1(x); : : :; ¸_n(x), ŋăğëćăěňëňĺ ĺŋőčďă ïďàăňĺ ãàăćŋěŋĺï), ă ãàăćŋěŋĺï ćĺďă

F(x; f(x); : : :; f^{n+1}(x)) = 0

{ ł äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň (n + 1)-čő ŕőàïďłă ĺ ŕěàćőčő łńăááă

(ć ãàăćŋěŋĺě ćåőďïâ n + 1 ĺâěàăæĺĺ f; : : :; f^{n+1} ŋěĺğćěáâŋőľ äãŋłæĺĺ). Šăłăï łńăááĺäĺłăæĺï ŋě áőčńăáőćăŋă á őąéěŕàĺŋïâőľ łńăááĺäĺłăæĺěľ ãàăćŋěŋĺľ ć łőŋěçŋëå àăğŋőáâïå.

Ĺáŕőńìğãîâáï áńěďãîéĺě őąőğŋăçěŋĺï (ćőğňőęŋő á ĺŋďěłáăňĺ): f, g, h { ŋěĺğćěáâŋëě ćěéěáâćěŋŋëě äãŋłæĺĺ, F, G, ¸, ˛, ‚ { ğăďăŋŋëě ćěéěáâćěŋŋëě äãŋłæĺĺ, a, b, c, p, q, r { ğăďăŋŋëě ćěéěáâćěŋŋëě łőŋáâăŋâë, x, y, z, , ”, “ { ŋěğăćĺáĺňëě ćěéěáâćěŋŋëě ŕěàěňěŋŋëě, m, n { æěńőçĺáńěŋŋëě ŕěàěňěŋŋëě, ’, , ffl, ȷ { ŕàőĺğćőńìŋëě äãŋłæĺĺ, ! { ŕàőĺğćőńìŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺ- æă, A, B, C, ff, fi { ŕàőĺğćőńìŋëě łőŋáâăŋâë.

Ćáě őâłńőŋěŋĺï ĺ őčàăŋĺçěŋĺï, ĺáŕőńìğãěňëě ć őâďěńìŋëå ğăďăçăå, őčőćăàĺćăîâáï.

Čńăćă 6

Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

6.1. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ äãŋłæĺľ

Őàâőčőŋăńìŋëě ňŋőčőçńěŋë (ŕőńĺŋőňë) ãďőćńěâćőàïîâ ãàăćŋěŋĺïň ćĺ- ďă f_{n+1}(x) = (a_nx + b_n)f_n(x) − c_nf_{n−1}(x); n = 1; 2; : : :;

ŕàĺ ğăďăŋŋëå f_0(x) ĺ f_1(x). Śőőâŋőèěŋĺě őàâőčőŋăńìŋőáâĺ á ćěáőň w ŋă ĺŋâěàćăńě (a; b) ĺňěěâ ćĺď ∫ b a f_m(x)f_n(x)w(x)dx = 0; m ≠ n:

Ŕàĺ äĺłáĺàőćăŋŋőň x ŕőáńěďőćăâěńìŋőáâì ňŋőčőçńěŋőć f_n(x) ïćńïěâáï àěłãààěŋâŋőľ çĺáńőćőľ ŕőáńěďőćăâěńìŋőáâìî.

Ŋĺęě ŕàĺćőďĺâáï àïď áĺáâěň őàâőčőŋăńìŋëå ňŋőčőçńěŋőć, ĺå ïćŋëě ćëàăęěŋĺï ĺ/ĺńĺ ŕàőĺğćőďïéĺě äãŋłæĺĺ (áň., ŋăŕàĺňěà, Ąíľâňăŋ, İàďěľĺ [1953]).

6.1.1. 2(n+1)(n+α+β+1)(2n+α+β)f_{n+1}(x) =

(2+α+β+1)((2+α+β)(2n+α+β+2)x+α^2−β^2)f_n(x)− 2(n+α)(n+β)(2n+α+β+2)f_n�_1(x); ¸ > −1; ˛ > −1.

Ůăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë §łőąĺ

f_0(x) = 1; f_1(x) = ((2 + ¸ + ˛)x + ¸ − ˛)=2; f_n(x) = P^{(α,β)}_n ;

P^{(α,β)}_n (x) = 2^{−n} n∑ m=0 ( n +¸ m )( n +˛ n − m ) (x − 1)^{n−m}(x + 1)^m;

őàâőčőŋăńìŋëě ŋă (−1; 1) á ćěáőň w(x) = (1 − x)^α(1 + x)^β. Ŕàőĺğćőďïéăï äãŋłæĺï {

2^{α+β}R^{−1}(1 − z + R)^{−α}(1 + z + R)^{−β} = ∞∑ n=0 P^{(α,β)}_n (x)z^n;

čďě R =^√1 − 2xz + z^2.

6.1.2. (n + 1)f_{n+1}(x) = 2(n + λ)xf_n(x) − (n + 2λ − 1)f_n�_1(x), – > −1=2, – ≠ 0 (çăáâŋëľ áńãçăľ 6.1.1 ŕàĺ ¸ = ˛ = – − 1=2).

Ůăáâŋőě àěèěŋĺě { (ãńìâàăáäěàĺçěáłĺě) ňŋőčőçńěŋë Čěčěŋąăãíàă

104 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f_0(x) = 1; f_1(x) = –(2– + 1)^22 x; f_n(x) = C^λ_n(x); ( – + 12 ) n C^λ_n(x) = (2–)_nP^{(α,α)}_n (x); ¸ = – − 12;

őàâőčőŋăńìŋëě ŋă (−1; 1) á ćěáőň w(x) = (1 − x^2)^{λ−1/2}. Ŕàőĺğćőďïéăï äãŋłæĺï { ( 1 − 2xz + z^2 )_−λ = ∞∑ n=0 C^λ_n (x)z^n:

6.1.3. (n + 1)f_{n+1}(x) = (2n + 1)xf_n(x) − nf_n�_1(x)

(çăáâŋëľ áńãçăľ 6.1.2 ŕàĺ – = 1=2 ĺ 6.1.1 ŕàĺ ¸ = ˛ = 0). Ůăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë Ńěęăŋďàă (áäěàĺçěáłĺě) f_0(x) = 1; f_1(x) = x; f_n(x) = P_n(x);

P_n(x) = 2^{−n} [n/2]∑ m=0 (−1)^m ( n m )( 2n − 2m n ) x^{n−2m};

őàâőčőŋăńìŋëě ŋă (−1; 1) á ćěáőň w(x) = 1. Ŕàőĺğćőďïéăï äãŋłæĺï { 1 √ 1 − 2xz + z^2 = ∞∑ n=0 P_n(x)z^n:

6.1.4. f_{n+1}(x) = 2xf_n(x) − f_n�_1(x)

(çăáâŋëľ áńãçăľ 6.1.2 ŕàĺ – → 1.

Ůăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë Ůěąëèěćă ŕěàćőčő àőďă f_0(x) = 1; f_1(x) = x; f_n(x) = T_n(x); T_n(x) = cos n arccos x ŕàĺ − 1 ≤ x ≤ 1;

őàâőčőŋăńìŋëě ŋă (−1; 1) á ćěáőň w(x) = 1=^√1 − x^2. Ŕàőĺğćőďïéăï äãŋłæĺï { 1 − z^2 1 − 2xz + z^2

= 1 + 2 ∞∑ n=1 T_n(x)z^n: (6:1) Ňŋőčőçńěŋë Ůěąëèěćă ŕěàćőčő àőďă ãďőćńěâćőàïîâ ãàăćŋěŋĺïň 1 + 2T_{2n}(x) = 2(T_n(x))^2;

T_{n+1}(x) − T_{n−m}(x) = 2T_m(x)T_n(x); n ≥ m:

6.1. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ äãŋłæĺľ 105

Ďàãčőě çăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë Ůěąëèěćă ćâőàőčő àőďă f_0(x) = 1; f_1(x) = 2x; f_n(x) = U_n(x);

U_n(x) = sin((n + 1) arccosx) √ 1 − x^2 ; őàâőčőŋăńìŋëě ŋă (−1; 1) á ćěáőň w(x) =^√1 − x^2. Ŕàőĺğćőďïéăï äãŋłæĺï { 1 1 − 2xz + z^2 = ∞∑ n=0 U_n(x)z^n: (6:2) Ňŋőčőçńěŋë Ůěąëèěćă áćïğăŋë áőőâŋőèěŋĺïňĺ

2(1 − x^2)(U_{n−1}(x))^2 = 1 − 2T_{2n}(x); 2T_n(x)U_{n−1}(x) = U_{2n−1}(x); 2(1 − x^2)(U_{n−1}(x))^2 = 1 − 2T_{2n}(x); U_{n+m−1}(x) + U_{n−m−1}(x) = 2T_m(x)U_{n−1}(x); U_{n+m−1}(x) − U_{n−m−1}(x) = 2T_n(x)U_{m−1}(x); T_{n+m}(x) − T_{n−m}(x) = 2(x^2 − 1)U_{m−1}(x)U_{n−1}(x):

6.1.5. (n +1)f_{n+1}(x)−(2n + α +1− x)f_n(x)+(n + α)f_n�_1(x) = 0, ¸ > −1.

Ůăáâŋőě àěèěŋĺě { őąőąéěŋŋëě ňŋőčőçńěŋë Ńăčěààă f_0(x) = 1; f_1(x) = 1 + ¸ − x; f_n(x) = L^α_n(x);

L^α_n(n) = n∑ m=0 ( n +¸ n − m ) (−x)^m

m! ;

őàâőčőŋăńìŋëě ŋă (0; ∞) á ćěáőň w(x) = x^αe^{−x}. Ŕàőĺğćőďïéăï äãŋłæĺï {

(1 − z)^{−α−1} exp xzz_− 1 = ∞∑ n=0 L^α_n(x)z^n: (6:3) 6.1.6. f_{n+1}(x) − 2xf_n(x) + 2nf_n�_1(x) = 0.

Ůăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë İàňĺâă

f_0(x) = 1; f_1(x) = 2x; f_n(x) = H_n(x);

H_n(x) = n! [n/2]∑ m=0 (−1)^m(2x)^{n−2m} m!(n − 2m)! ;

őàâőčőŋăńìŋëě ŋă IR á ćěáőň w(x) = exp (−x^2). Ŕàőĺğćőďïéăï äãŋłæĺï {

106 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

exp (2xz − z^2) = ∞∑ n=0 H_n(x)z^nn! :

6.1.7. (n + 1)f_{n+1}(x) − xf_n(x) + nf_n�_1(x) = 0.

Ůăáâŋőě àěèěŋĺě { ňŋőčőçńěŋë

f_0(x) = 1; f_1(x) = x; f_n(x) = ’_n(x); őàâőčőŋăńìŋëě ŋă IR á ćěáőň w(x)= ( 2 ch^π_2 x

)_−1

. Ŕàőĺğćőďïéăï äãŋłæĺï { exp(x arctg z) √ 1 + z^2 = ∞∑ n=0 ’_n(x)z^n: (6:4) Ďăŋŋëě ňŋőčőçńěŋë őâŋőáïâáï ł ňŋőčőçńěŋăň Ňěľłáŋěàă ĺ ïćńïîâáï çăáâŋëň áńãçăěň ňŋőčőçńěŋőć Ŕőńńăçěłă. Ŋěçěŕãàěŋłő [1985]

6.2. Śãňňë äãŋłæĺľ

Ůăáâŋëě àěèěŋĺï f ãàăćŋěŋĺľ ćĺďă f(x + 1) − f(x) = ˛(x) ŕàěďáâăćńěŋë ŋĺęě ć ćĺďě âăąńĺæ ŕăà äãŋłæĺľ ˛ ĺ f. Őąéĺě àěèěŋĺï ŕàĺ íâőň ĺňěîâ ćĺď f_{őą} = f(x) + !(x), čďě ! { ŕàőĺğćőńìŋăï ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă ěďĺŋĺæă.

Ğŋăŋĺě äãŋłæĺľ f âăłĺå, çâő ´f = ˛, ŕőğćőńïěâ ŋăåőďĺâì łőŋěçŋëě áãňňë ćĺďă_{[x]} ∑ j=1 ˛(x − j) = f(x) − f({x});

čďě [x] ĺ {x} { æěńăï ĺ ďàőąŋăï çăáâĺ çĺáńă x.

6.2. Śãňňë äãŋłæĺľ 107

Őąéĺě äőàňãńë

˛(x) = ´f(x) f(x) a˛(x) af(x) ˛(x+a) f(x+a) ˛(a−x) −f(a−x+1) ˛1(x) + ˛2(x) f1(x) + f2(x) ˛(x)‚(x); ´‚(x) = 0 f(x)‚(x) ´^n˛(x) ´^nf(x) ˛([x]); [x] { æěńăï çăáâì x f([x]) ˛(‚(x)); ´‚(x) = 1 f(‚(x)) ˛(‚(x)); ´‚(x) = −1 −f(‚(x)+1) ˛^{(n)}(x) f^{(n)}(x) ∫_x a ˛(t)dt ∫_x a f(t)dt − (x−a)

∫_{a+1} a f(t)dt ∫_x a [x − t]˛(t)dt; [x] { æěńăï çăáâì x ∫_x a (x−t)^{n−1} (n−1)! ˛(t)dt; ∫_x a (x−t)^{n−1} (n−1)! f(t)dt+

+(−1)^{n−1}n!

∫_{a+1} a Bn(t−x)f(t)dt

n ≥ 1 ∫_x a Bn(x−t) − Bn({x−t}) n! ˛(t)dt @^n˛(p; x)

@p^n

@^nf(p; x) @p^n ∫_b a ˛(p; x)dp; ∫_b a f(p; x)dp

108 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

Łőŋłàěâŋëě äãŋłæĺĺ

˛(x) = ´f(x) f(x) 1 x x x(x−1)2

2x + 1 x^2 x^2 x(x−1)(2x−1)6

x(x − 1) x(x−1)(x−2)3

(2x + 1)^2 x(4x^2 − 1)3

x^3

[ x(x−1) 2 ]_2

x^n; n ≥ 0 B^{n+1}(x)n + 1 ; Bn(x) { ŕőńĺŋőň Ąěàŋãńńĺ

(x)n; n ≥ 1 (x)^{n+1}n + 1 1 x; x > 0 (x) = −‚ +

∫_1 0 1 − t^{x−1} 1 − t dt;

ax + b x + d ax + (b − ad) (x + d) 1 x(x + 1) − 1 x 1 x(x + 2) −

2x + 1 2x(x + 1) 1 x^2 + 1; x > 0 −

∫_1 0 e^{−tx} sin t 1 − e^{−t} dt x x^2 + 1; x > 0 −‚ +

∫_1 0 e^{−t} − e^{−tx} cos t 1 − e^{−t} dt 1 (p+xq)(p+(x+1)q) − 1 q(p+xq)

6.2. Śãňňë äãŋłæĺľ 109

Ŕàőďőńęěŋĺě âăąń. Łőŋłàěâŋëě äãŋłæĺĺ ˛(x) = ´f(x) f(x) 1 (p+xq) : : : (p+(x+l+1)q) − 1 (l+1)q(p+xq) : : : (p+(x+l)q) a^x; a ≠ 1 1a − 1 a^x

xa^x; a ≠ 1 a^xa − 1 ( x − aa − 1 )

ln x; x > 0 ln `(x)

x ln x; x > 0 ∫_x 1 ln `(t)dt + x(x−1)2 − x2 ln 2ı

x`(x); x > 0 `(x) 1 (x + 1)`(x); x > 0 − 1 `(x + 1) x − 2 `(x) ; x >

0 − x − 1 `(x) x^2 + px − p − 2

`(x + 1) ; x > 0 − x + p + 1 `(x)

sin 2bx; b ≠ ım − cos (2x − 1)b 2 sin b sin 2ımx x sin 2ımx cos 2bx; b ≠ ım sin (2x − 1)b2 sin b cos 2ımx x cos 2ımx [sin bx]^2; b ≠ ım x2 − sin (2x − 1)b4 sin b

(sin ımx)^2 x2 (sin ımx)^2

[cos bx]^2; b ≠ ım x2 + sin (2x − 1)b4 sin b

(cos ımx)^2 x2 (cos ımx)^2

110 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

Őłőŋçăŋĺě âăąń. Łőŋłàěâŋëě äãŋłæĺĺ ˛(x) = ´f(x) f(x) x sin 2bx; b ≠ ım sin 2bx4(sin b)_2 − x cos (2x − 1)b2 sin b

x sin 2ımx x(x−1)2 sin 2ımx

x cos 2bx; b ≠ ım cos 2bx4(sin b)_2 + x sin (2x − 1)b2 sin b

x cos 2ımx x(x−1)2 cos 2ımx

a^x sin bx;

a > 0; a ≠ 1 a sin (x − 1)b − sin bx a^2 − 2a cos b + 1 a x

a^x cos bx;

a > 0; a ≠ 1 a cos (x − 1)b − cos bx a^2 − 2a cos b + 1 a^x 1 cos px cos p(x+1); p ≠ ım tg px sin p 1 sin px sin p(x+1); p

≠ ım − ctg px

sin p sh(a + 2bx); b > 0 ch(a − b + 2bx)2 sh b

ch(a + 2bx); b > 0 sh(a − b + 2bx)2 sh b

x sh 2bx; b > 0 sh 2bx4(sh b)_2 − x ch (2x − 1)b2 sh b

x ch 2bx; b > 0 ch 2bx4(sh b)_2 + x sh (2x − 1)b2 sh b

a^x sh bx; a > 0; a ≠ 1; e^{−b}; e^b a sh (x − 1)b − sh bx a^2 − 2a ch b + 1 a^x

a^x ch bx; a > 0; a ≠ 1; e^{−b}; e^b a ch (x − 1)b − ch bx a^2 − 2a ch b + 1 a^x

6.3. f(x + p) = F (x, f(x)) 111

6.3. f(x + p) = F (x, f(x))

6.3.1. f(x + T ) − f(x) = 0, T > 0.

Őąéěě àěèěŋĺě { ŕàőĺğćőńìŋăï ŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă T:

f(x) = !(x=T):

6.3.2. f(x + T ) + f(x) = 0, T > 0.

Őąéěě àěèěŋĺě { ŕàőĺğćőńìŋăï ăŋâĺŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă T: f(x) = (−1)^{[x/T ]}!(x=T):

Ăŋâĺŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă T ïćńïěâáï ŕěàĺőďĺçěáłőľ äãŋłæĺěľ ŕěàĺőďă 2T.

6.3.3. f(x + p) − f(x) = ax + b; p ≠ 0.

Őąéěě àěèěŋĺě {

f(x) = a2px^2 + ( b p^− a 2 ) x + ! (x p ) : 6.3.4. f(x + p) − qf(x) = ax + b; p ≠ 0, 0 < q ≠ 1.

Őąéěě àěèěŋĺě {

f(x) = ax1_− q + b(1^− q)^− ap (1 − q)^2

+ q^{x/p}!(x=p):

6.3.5. f(x + p) + qf(x) = ax + b; p ≠ 0, 0 < q.

Őąéěě àěèěŋĺě {

f(x) = ax1 + q + b(1 + q)^− ap (1 + q)^2

+ (−q)^{[x/p]}!(x=p):

6.3.6. f(x + 1) + f(x) = 2x^n.

Őąéěě àěèěŋĺě { f(x) = E_n(x) + ȷ(x);

čďě E_n { ňŋőčőçńěŋ İľńěàă áâěŕěŋĺ n (áň. ŕàĺńőęěŋĺě), ȷ { ŕàőĺğćőńìŋăï ăŋâĺŕěàĺőďĺçěáłăï äãŋłæĺï ŕěàĺőďă 2.

6.3.7. f(x + 1) − qf(x) = x^n.

Ůăáâŋőě àěèěŋĺě {

112 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f(x) = 11_− q n∑ k=0 ( n k ) P_k(q)x^{n−k} (q − 1)^k :

Ťãŋłæĺĺ P_k(q) őŕàěďěńïîâáï àěłãààěŋâŋëňĺ äőàňãńăňĺ

P_m(q) = 11_− q m−k∑ k=0 ( m k ) P_k(q):

Ĺå ŕàőĺğćőďïéăï äãŋłæĺï { q − 1 q − e^{z(q−1)} ∞∑ m=0 P_m(q)z^mm!:

Ůăáâŋëě ğŋăçěŋĺï: P_0(q) = P_1(q) = 1, P_2(q) = 1 + q.

6.3.8. f(x + 1) − f(x) =^{m∑}_{k=0} a_kx^k.

Ůăáâŋőě àěèěŋĺě ŋěőďŋőàőďŋőčő ãàăćŋěŋĺï { g(x) = m∑ k=0 a_k B^{k+1}(x) k + 1 ;

čďě B_m(x) { ŕőńĺŋőňë Ąěàŋãńńĺ.

6.3.9. f(x + 1) − xf(x) = 0; x > 0.

Őąéěě àěèěŋĺě { f(x) = `(x)!(x):

6.3.10. f(x + 1) − xf(x) = a^xe�^a; a > 0, x > 0.

Ůăáâŋőě àěèěŋĺě { ŋěŕőńŋăï čăňňă{äãŋłæĺï f(x) = `(x; a) = ∫_∞ a e^{−t}t^{x−1}dt;

(áň. ŕàĺńőęěŋĺě).

6.3.11. f(x + 1) − x^xf(x) = 0; x > 0.

Ěďĺŋáâćěŋŋőě àěèěŋĺě ŋă łńăááě ńőčăàĺäňĺçěáłĺ ćëŕãłńëå äãŋłæĺľ ćâőàőčő ŕőàïďłă ěáâì

6.3. f(x + p) = F (x, f(x)) 113

f(x) = lim_{n→∞} (1^12^{2 · · ·} n^n)(n + 1) x(n+1) 2 (n + x)^{x(n+x)}2 x^x(x + 1)^{x+1} · · · (x + n)^{x+n} : Ńãŕăá Ă. ĺ Ń. [1980]

6.3.12. f(x + 1) − `(x)f(x) = 0; x > 0.

Ěďĺŋáâćěŋŋőě àěèěŋĺě ŋă łńăááě ńőčăàĺäňĺçěáłĺ ćëŕãłńëå äãŋłæĺľ ćâőàőčő ŕőàïďłă ěáâì

f(x) = lim_{n→∞} (`(1)^{· · ·}`(n))`^{x/2}(n + 1)`^{x/2}(n + x) `(x)`(x + 1) · · · `(x + n) : Ńãŕăá Ă. ĺ Ń. [1980]

6.3.13. f(x + 1) =^f(^x)_f(_x) + 1; x > 0, f : (0; ∞) → (0; ∞).

Ěďĺŋáâćěŋŋőě ćëŕãłńőě àěèěŋĺě, ãďőćńěâćőàïîéěě f(1) = 1, ěáâì f(x) = 1=x: Łãçňă [1964] Őąéěě àěèěŋĺě àăćŋő f(x) = (x + !(x))^{−1}, čďě !(x) > −x ŕàĺ ćáěå x > 0.

6.3.14. f(x + 1) =^f(^x) 1 + β(x)f(x) . Řěèěŋĺě ŋă ĺŋâěàćăńě (0; ∞). Ŕãáâì ˛ : (0; +∞) → (0; 1], 0 < ˛(y) < ˛(x) < ˛(0) = 1 ŕàĺ 0 < x < y, lim_{x→+∞} ˛(x) = a ≥ 0.

Ěďĺŋáâćěŋŋőě ćëŕãłńőě àěèěŋĺě ŋěŕàěàëćŋő ĺ

f(x) = 1 ax + ’(x)

; čďě ’(x) = ∞∑ m=0 (˛(m) − ˛(x + m)) :

Ąăľàăłâăàőćĺç [1978] Řěèěŋĺě ŋă IR. Ŕãáâì ˛ : IR → IR_+, 0 ≤ a ≤ ˛(y) ≤ ˛(x) ≤ b ≤ +∞ ŕàĺ −∞ < x < y < +∞, ’(0) = 1, lim_{x→+∞} ˛(x) = a, lim_{x→−∞} ˛(x) = b.

Ťãŋłæĺĺ

f_1(x) = 1ax + ’(x); f_2(x) = 1bx + (x); čďě ’(x) = +∞∑ k=0 (˛(k) − ˛(x + k)); (x) = −∞∑ k=−1 (˛(x + k) − ˛(k));

ïćńïîâáï àěèěŋĺïňĺ ãàăćŋěŋĺï. Ąăľàăłâăàőćĺç [1981ă]

114 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

6.4. f(α(x)) = F (f(x))

6.4.1. Ťãŋłæĺï f { çěâŋă, ěáńĺ ć őąńăáâĺ ěě őŕàěďěńěŋĺï f(−x) = f(x). Ůěâŋăï äãŋłæĺï ŕàěďáâăćĺňă ć ćĺďě f(x) = ’(x) + ’(^−x) 2 : 6.4.2. Ťãŋłæĺï f { ŋěçěâŋă, ěáńĺ ć őąńăáâĺ ěě őŕàěďěńěŋĺï f(−x) = −f(x). Ŋěçěâŋăï äãŋłæĺï ŕàěďáâăćĺňă ć ćĺďě f(x) = ’(x)^− ’(^−x) 2 : 6.4.3. f(a − x) = f(x); f : IR → IR.

Őąéěě àěèěŋĺě ĺňěěâ ćĺď f(x) = ’ ( x − a2 ) ; čďě ’ { ŕàőĺğćőńìŋăï çěâŋăï äãŋłæĺï.

6.4.4. f(x^2) = f(x).

Őąéěě àěèěŋĺě {

f(x) =

A ŕàĺ x = 0; !_1 ( ln | ln |x|| ln 2 ) ŕàĺ 0 < |x| < 1;

B ŕàĺ |x| = 1; !_2

( ln ln |x| ln 2 ) ŕàĺ 0 < |x|;

čďě !_i { çěâŋëě ŕěàĺőďĺçěáłĺě äãŋłæĺĺ ŕěàĺőďă ěďĺŋĺæă.

6.4.5. f(x^2) = (f(x))^2, x > 1.

Őąéěě àěèěŋĺě { f(x) = exp ( ln x · !

( ln ln x

ln 2 )) : 6.4.6. f(2x^2 − 1) = 2f(x).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

6.4. f(α(x)) = F (f(x)) 115

f(x) =

Arch |x| · !

( ln Arch |x| ln 2 ) ŕàĺ x < −1;

0 ŕàĺ − 1 ≤ x ≤ 1; Arch x · !

( ln Arch x ln 2 ) ŕàĺ x > 1:

Ŕěńîå, Ÿăàłőćáłĺľ [Ň15]

6.4.7. f(1/x) = f(x), x > 0.

Őąéěě àěèěŋĺě { f(x) = ’(x; 1=x);

čďě ’ { ŕàőĺğćőńìŋăï áĺňňěâàĺçěáłăï äãŋłæĺï. Ąěąąĺďę [1815]

6.4.8. f ( x ax − 1 ) = f(x).

Őąéěě àěèěŋĺě { f(x) = ’ ( x; xax_− 1 ) ; čďě ’ { ŕàőĺğćőńìŋăï áĺňňěâàĺçěáłăï äãŋłæĺï. Ąěąąĺďę [1815]

6.4.9. f(α(x)) = α(f(x)),

čďě ¸(x) = ˛^{−1}(1 + ˛(x)), ˛ { ąĺěłæĺï. Őąéěě àěèěŋĺě { f(x) = ˛^{−1}(˛(x) + !(˛(x))):

6.4.10. f(ax) = f(x), 0 < a ≠ 1.

Őąéěě àěèěŋĺě {

f(x) =

!_1 ( ln |x| ln a ) ŕàĺ x < 0;

A ŕàĺ x = 0; !_2

( ln x

ln a ) ŕàĺ x > 0:

6.4.11. f(ax) = −f(x); 0 < a ≠ 1.

Őąéěě àěèěŋĺě {

116 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f(x) =

(−1) [_{ln |x|} ln a ] !_1 ( ln |x|) ln a ) ŕàĺ x < 0;

A ŕàĺ x = 0;

(−1)[^{ln xln a} ]!_2

( ln x)

ln a ) ŕàĺ x ≥ 0:

6.4.12. f(x^a) = −f(x); a > 0; 0 < x < 1.

Ŕőďáâăŋőćłőľ f(x) = g(ln x) ãàăćŋěŋĺě áćőďĺâáï ł łőŋěçŋő{àăğŋőáâŋőňã. Őąéěě àěèěŋĺě {

f(x) = !

(ln ln(1=x) ln a ) : 6.4.13. f(α(x)) = f(x).

Őąéěě àěèěŋĺě ĺáåőďŋőčő ãàăćŋěŋĺï őŕàěďěńïěâáï àăćěŋáâćőň f(x) = ’(f_0(x); f_0(¸(x)));

čďě ’ { áĺňňěâàĺçěáłăï äãŋłæĺï. Ąěąąĺďę [1815]

6.4.14. f(α(x)) = bf(x),

¸ : [0; a) → [0; a), 0 < a ≤ +∞ f : [0; a) → IR. Ěáńĺ ćëŕőńŋïîâáï ãáńőćĺï

¸ − ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă [0; a); ¸(0) = 0 ĺ 0 < ¸(x) < x ďńï x ∈ (0; a); ¸(x) x^− ňőŋőâőŋŋăï äãŋłæĺï ć (0; ă); limx→+0

¸(x) x = b; 0 < b < 1;

âő áãéěáâćãěâ ŕàěďěń őâŋőèěŋĺľ Ł-ěŋĺčă

f(x) = lim_{n→∞} ¸^n(x) b^n

; x ∈ [0; a);

ïćńïîéĺľáï àěèěŋĺěň ãàăćŋěŋĺï. Śěŋěâă [1969] Ć ŕàĺćěďěŋŋëå ãáńőćĺïå, ąěğ ŕàěďŕőńőęěŋĺï ő ňőŋőâőŋŋőáâĺ äãŋłæĺĺ¸ (x) x ĺ ćëŕőńŋěŋĺĺ ŋěàăćěŋáâćă 0 < b < 1, àěèěŋĺě áãéěáâćãěâ, ŕàĺçěň f (x) x ňőŋőâőŋŋă ć (0; a) ĺ

6.4. f(α(x)) = F (f(x)) 117

f(x) = C lim_{n→∞} f^n(x)f_n(d);

čďě C { ŕàőĺğćőńìŋăï łőŋáâăŋâă, d ∈ (0; a). Łãçňă [1964]

6.4.15. f(α(x)) = β(f(x)),

¸, ˛ { ãąëćăîéĺě äãŋłæĺĺ ŋă [a; b], ¸([a; b]) ⊂ [a; b], ˛ { ĺŋćőńîæĺï, â.ě. ˛(˛(x)) = x ŋă [a; b].

Ŕãáâì ¸(c) = c ďńï ŋěłőâőàőčő c ∈ (a; b). Šőčďă őąéěě ňőŋőâőŋŋőě àěèěŋĺě ěáâì

f(x) = { ȷ(x) ďńï x ∈ [a; c]; ˛ (ȷ(¸(x))) ďńï x ∈ [c; b];

čďě ȷ : [a; b] → [a; b] { ŕàőĺğćőńìŋăï ňőŋőâőŋŋăï äãŋłæĺï, âăłăï, çâő

ȷ(c) = ˛(ȷ(c)); ȷ(¸(¸(x))) = ȷ(x) ďńï x ∈ [a; c]:

Ěáńĺ ŕàĺ íâőň ȷ { ĺŋêěłæĺï, âő àěèěŋĺě f áâàőčő ňőŋőâőŋŋő. Śňăľďőà [1974]

6.4.16. f(3x) = 3f(x) − 4f^3(x); x ∈ IR.

Łàőňě łőŋáâăŋâ 0, 1=^√2, −1=^√2 ěďĺŋáâćěŋŋëň ăŋăńĺâĺçěáłĺň àěèěŋĺěň ïćńïěâáï áěňěľáâćő äãŋłæĺľ f(x) = sin Ax, čďě A { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï. İàåăàâ [1967]

6.4.17. f(α(x)) = f(x),

Q ⊂ IR, ¸ : Q → Q { ąĺěłæĺï, f : Q → B.

Ŕàĺćőďĺňőě ďăńěě àěèěŋĺě őáŋőćëćăěâáï ŋă âőň, çâő äãŋłæĺï f ŕàĺŋĺňăěâ ŕőáâőïŋŋëě ğŋăçěŋĺï ŋă łăęďőľ őàąĺâě äãŋłæĺĺ ¸, ă áőćőłãŕŋőáâì ćáěå őàąĺâ őąàăğãěâ àăğąĺěŋĺě ňŋőęěáâćă Q.

Ŕãáâì C { ŋěłőâőàőě áěçěŋĺě ňŋőęěáâćă őàąĺâ. Őąőğŋăçĺň ďńï łăęďőčő x ∈ A:

[x] = {¸^m(x) : m = 0; ±1; ±2; : : :} − őàąĺâă, áőďěàęăéăï x; {x}_C = [x] ∩ C] − ŕàěďáâăćĺâěńì ć C őàąĺâë, áőďěàęăéěľ x:

Őąéěě àěèěŋĺě ãàăćŋěŋĺï ĺňěěâ ćĺď f(x) = ({x}_C).

6.4.18. f(nx) = (f(x))^n; x > 0.

Őąéěě àěèěŋĺě {

118 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f(x) = exp ( x! ( ln x

ln n )) : Śĺŋæőć [1903]

6.4.19. f(ax) = b(f(x))^p; a; b; p > 0; p ≠ 1; x > 0.

Őąéěě ŋěőâàĺæăâěńìŋőě àěèěŋĺě ĺňěěâ ćĺď

f(x) = exp

( ln b 1 − p

+ x^{ln p}ln a !

(ln x ln a )) : Ŕěńîå, Ÿăàłőćáłĺľ [M15]

6.4.20. f(nx) = T_n(f(x));

T_n { ŕőńĺŋőňë Ůěąëèěćă ŕěàćőčő àőďă, n ≥ 2, x ∈ IR, f : IR → IR, f(0) = 1.

Ŕőďáâăŋőćłőľ f(x) = g(ln x) ãàăćŋěŋĺě áćőďĺâáï ł łőŋěçŋő{àăğŋőáâŋőňã. Ěďĺŋáâćěŋŋőě àěèěŋĺě, ĺňěîéěě ć őłàěáâŋőáâĺ ŋãńï ăáĺňŕâőâĺçěáłőě àăğńőęěŋĺě f(x) = 1 + sx^2=2 + o(x^2) ŕàĺ x → 0, čďě s ∈ IR, ěáâì

f(x) = cos x^√−s ŕàĺ s ≤ 0 ĺ f(x) = ch x^√s ŕàĺ s > 0:

Ďìïł [1982]

6.5. F (x, f(x), f(φ(x))) = 0

6.5.1. f ( 1 x ) = −xf(x); x ≠ 0.

Őąéěě àěèěŋĺě { f(x) = x^− 1x ’ ( x; 1x ) : Ąěąąĺďę [1815]

6.5.2. f(x^2) = 11 +_xf(x).

Ůăáâŋőě àěèěŋĺě { f(x) = 1=(1 − x).

6.5.3. f(α(x)) = f(x); ¸^2(x) = x.

Őąéěě àěèěŋĺě { f(x) = ȷ(x) + ȷ(¸(x)).

6.5.4. f(x) = −1 2 + 1 2 √ x + √xf ( 1 x ) ; x > 1.

Ěďĺŋáâćěŋŋőě àěèěŋĺě {

6.5. F ( x, f(x), f(φ(x)) ) = 0 119

f(x) = ∞∑ n=1 e^{−n2πx}: Şĺââěłěà, Ćăâáőŋ

6.5.5. f(x) + f(x^a) = x; a > 1; 0 < x < 1; f : (0; 1) → IR.

Ďćă çăáâŋëå àěèěŋĺï:

f_1(x) = x − x^a + x^{a2} − x^{a3} + · · · ;

f_2(x) = ∞∑ n=0 (−1)^n n! (1 + a^n) ( ln 1 x )n ; f_i(1 − 0) = 12:

Řăğŋőáâì h(x) = f_1(x) − f_2(x) ãďőćńěâćőàïěâ őďŋőàőďŋőňã ãàăćŋěŋĺî h(x) + h(x^a) = 0 (áň. ŕ. 6.4.12), â.ě. őąéěě àěèěŋĺě àăááňăâàĺćăěňőčő ãàăćŋěŋĺï ňőęěâ ąëâì ğăŕĺáăŋő ć ćĺďě

f(x) = f_i(x) + !

( ln ln(1=x)

ln a ) : Ţăàďĺ [1949]

6.5.6. f ( x x − 1 ) = 1 − 2^x

1 − x^2 ·^f(^x); x > 1.

Őąéěě àěèěŋĺě {

f(x) = (1 + x)’

( x^2 x − 1 ) : Ąěąąĺďę [1815]

6.5.7. f ( 2z 1 + z^2 ) = (1 + z^2)f(z); |z| < 1.

Ůăáâŋőě àěèěŋĺě {

f(z) = 12z ln 1 + z1_− z = 1 + z^23 + z^45 + z^67 + · · · : Ŕőńĺă, Śěčě [1925]

6.5.8. f ( 2√x 1 + x ) = (1 + x)f(x); x ≥ 0.

Ůăáâŋőě àěèěŋĺě {

f(z) = 1 + (1 2 )2 x^2 + (1 · 3 2 · 4 )2 x^4 +

( 1 · 3 · 5 2 · 4 · 6 )2 x^6 + · · · :

Čăãáá [1809]

6.5.9. f(x) − af(bx) = a cos(bπx); 0 < a < 1; ab > 1.

Ůăáâŋőě àěèěŋĺě {

120 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f(x) = W(x) = ∞∑ n=1 a^n cos(b^nıx)

{ äãŋłæĺï Ćěľěàèâàăááă (ŋě ďĺääěàěŋæĺàãěňăï ŋĺ ć őďŋőľ âőçłě).

Ţăàďĺ [1916]

6.5.10. f(α(x)) + f(x) = β(x); ¸^2(x) ≡ x; ˛(¸(x)) ≡ ˛(x).

Őąéěě àěèěŋĺě { f(x) = ’(x) − ’(¸(x)) + ˛(x)2 :

6.5.11. f(α(x)) − f(x) = β(x); ¸^2(x) ≡ x, ˛(¸(x)) ≡ −˛(x).

Őąéěě àěèěŋĺě { f(x) = ’(x) + ’(¸(x)) − ˛(x)2 :

6.5.12. f(x) − f(sin x) = β(x).

Ŋěŕàěàëćŋőě àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă äãŋłæĺï ˛ ŋěŕàěàëćŋă, ˛(0) = 0 ĺ áåőďĺâáï àïď ∞∑ m=0 ˛(sin^m x):

Ŕàĺ íâőň f(x) = f(0) + ∞∑ m=0 ˛(sin^m x):

6.5.13. f(1 − x) − f(x) = π ctg πx; x > 0.

Ůăáâŋőě àěèěŋĺě { ŕáĺ{äãŋłæĺï f(x) = (x) = `^′(x)`(x) :

6.5.14. f(2x) = b cos x · f(x); b; x > 0.

Őąéěě àěèěŋĺě { f(x) = x^{ln b}ln 2^{−1} sin x · !

(ln x ln 2 ) : Ŕěńîå, Ÿăàłőćáłĺľ [Ň15]

6.5.15. f(z) = (1 − qz)f(qz); 0 < |q| < 1.

Ůăáâŋőě àěèěŋĺě {

6.5. F ( x, f(x), f(φ(x)) ) = 0 121

f(z) = ∞∏ m=1 (1 − q^mz) = 1 + ∞∑ m=1 q^{m(m+1)/2} (1 − q)(q^2 − 1) · · · (q^n − 1) z^m; 1 f(z)

= 1 + ∞∑ m=1 (qz)^m (1 − q)(1 − q^2) · · · (1 − q^m) : Ŕőńĺă, Śěčě [1925] Őąéěě àěèěŋĺě {

f(z) = 12z ln 1 + z1_− z · !

ln ln 1 + z 1 − z ln C :

6.5.16. f(z) = f(qz) − 1 +

1_∏ m=1 (1 − q^mz).

Ůăáâŋőě àěèěŋĺě {

f(z) = ∞∑ m=1 q^m 1 − q^m

(1 − z)(1 − qz) · · · (1 − q^{m−1}z) = ∞∑ m=1 q^m 1 − q^{m −} ∞∑ m=1 q^{m(m+1)/2}z^m (q − 1)(q^2 − 1) · · ·(q^{m−1} − 1);

f(q^{−n}) = −n; n = 0; 1; 2; : : : : Ŕőńĺă, Śěčě [1925]

6.5.17. f(ax) = be^{qt}f(x); a ≠ 1; b; q; x > 0).

Őąéěě àěèěŋĺě {

f(x) = x^{exp}(^{ln x ln bln a + qa−1 x}) · !

( ln x

ln a ) : Ŕěńîå, Ÿăàłőćáłĺľ [Ň15]

6.5.18. f(ax) = bf(x) +^{n∑}_{i=0} d_ix^i; a ≠ 1; a; b; x > 0.

Ůăáâŋëě àěèěŋĺï:

ěáńĺ b ≠ a^i, 0 ≤ i ≤ n, âő

f(x) = n∑ i=0 d_i a^i − b x^i;

ěáńĺ b = a^m, 0 ≤ m ≤ n, âő

122 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

f(x) = n∑ 0=i≠m d_i a^i − bx^i + d_m b ln ax^m ln x:

Őąéěě àěèěŋĺě {

f(x) = g(x) + exp ( ln x ln b ln a ) ! (ln x

ln a ) : Ŕěńîå, Ÿăàłőćáłĺľ [Ň15]

6.5.19. f(α(x)) + f(x) = γ(x); a ≤ x ≤ b; ¸(a) = a; ¸(b) = b;

¸(x) > x ĺ ¸ { ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă (a; b); ‚ : [a; b] → IR; lim_{x↑b} ‚(x) = ‚(b).

Řěèěŋĺě ŕàěďáâăćĺňő àïďőň

f(x) = 12‚(b) + ∞∑ i=0 (−1)^i ( ‚(¸^i(x)) − ‚(b)^) :

Ć áńãçăě àăáåőďĺňőáâĺ àïďă ćőğňőęŋő ĺáŕőńìğőćăŋĺě ŋěłőâőàőčő àěčãńïàŋőčő ňěâőďă áãňňĺàőćăŋĺï. Ňăńěŋĺæă [1980]

6.5.20. f(α(x)) − f(x) = γ(x); ¸ : I → I ĺ ‚ : I → IR { äãŋłæĺĺ,

ğăďăŋŋëě ŋă ćěéěáâćěŋŋőň ĺŋâěàćăńě I; x ∈ I.

Ěďĺŋáâćěŋŋëň àěèěŋĺěň, ãďőćńěâćőàïîéĺň lim_{n→∞} f(¸^n(x)) = 0, ïćńïěâáï f(x) = − ∞∑ i=0 ‚(¸^i(x)):

Śåőďĺňőáâì ďăŋŋőčő àïďă ŋěőąåőďĺňă ĺ ďőáâăâőçŋă ďńï áãéěáâćőćăŋĺï àěèěŋĺï. Łãçňă [1987]

6.5.21. f(α(x)) − qf(x) = γ(x); q ≠ 0; x ∈ I = (a; b]; a < ¸(x) < x

ŋă I; äãŋłæĺï ¸ { ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ŋă I; äãŋłæĺï ‚ ĺňěěâ őčàăŋĺçěŋŋãî ćăàĺăæĺî ŋă I.

Ěáńĺ |q| > 1, âő áãéěáâćãěâ ěďĺŋáâćěŋŋőě àěèěŋĺě

f(x) = − ∞∑ i=0 q^{−i−1}‚[¸^i(x)]:

Ěáńĺ 0 < |q| < 1, âő ďńï ńîąőčő x_0 ∈ I ĺ ńîąőľ äãŋłæĺĺ f_0, ĺňěîéěľ őčàăŋĺçěŋŋãî ćăàĺăæĺî ŋă [¸(x_0); x_0], ãďőćńěâćőàïîéĺå ãáńőćĺî

6.5. F ( x, f(x), f(φ(x)) ) = 0 123

f_0(¸(x_0)) = qf_0(x_0) + ‚(x_0);

áãéěáâćãěâ őďŋă äãŋłæĺï f őčàăŋĺçěŋŋőľ ćăàĺăæĺĺ ŋă I, ãďőćńěâćőàïîéăï ãàăćŋěŋĺî, ĺ ěě őčàăŋĺçěŋĺě ŋă [¸(x_0); x_0] áőćŕăďăěâ á f_0.

Ěáńĺ q = 1, lim_{x→a+0} ‚(x) = 0 ĺ áãéěáâćãěâ âőçłă x_0 ∈ I âăłăï, çâő àïď ∞∑ n=0 ‚(¸^n(x_0)) áåőďĺâáï, âő ãàăćŋěŋĺě ĺňěěâ őďŋőŕăàăňěâàĺçěáłőě áěňěľáâćő àěèěŋĺľ f(x) = C − ∞∑ n=0 ‚[¸^n(x)];

ďńï łőâőàëå áãéěáâćãěâ łőŋěçŋëľ ŕàěďěń lim_{x→a+0} f(x). Ňăâłőćáłĺľ, Ęďãŋ [1974]

6.5.22. f(α(x)) + β(x)f(x) = γ(x); x ∈ I = (a; b].

Ěáńĺ ‚(x) ≥ 0, ˛(x) > 0 ŋă I, ’(I) ⊂ I ĺ áãéěáâćãěâ

lim_{i→∞} ‚

(¸^i(x)) i∏ j=1 ˛(¸^i(x)) ďńï łăęďőčő x ∈ I;

âő áãéěáâćãěâ ŕő łàăľŋěľ ňěàě őďŋő àěèěŋĺě ãàăćŋěŋĺï, ĺňěîéěě ŕőáâőïŋŋëľ ğŋăł ć I:

f(x) = ∞∑ i=0 (−1)^i ‚

(¸^i(x)) i∏ j=0 ˛(¸^i(x)) : Ąãàěł [1968]

6.5.23. f[α(x)] = β(x)f(x) + γ(x).

Ŕãáâì ¸ ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ć ŕàőňěęãâłě I = (a; b], a < ¸(x) < x ŕàĺ x ∈ I (áńãçăľ a = −∞ ŋě ĺáłńîçăěâáï); ˛, ‚ { äãŋłæĺĺ őčàăŋĺçěŋŋőľ ćăàĺăæĺĺ ŋă I, ňőŋőâőŋŋëě ć őłàěáâŋőáâĺ âőçłĺ a, ˛(a + 0) = 1, ‚(a + 0) = 0.

Ŕãáâì, łàőňě âőčő,

G_0(x) = 1; G_n(x) = n−1∏ i=0 ˛(¸^i(x));

G(x) = lim_{n→∞} G_n(x) =^{∞∏}_{i=0} ˛(¸^i(x)) ≠ 0; x ∈ I;

ĺ àïď

124 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

H(x) = ∞∑ n=0 ‚(¸^n(x)) G_{n+1}(x) áåőďĺâáï ŋă I. Šőčďă őąéěě àěèěŋĺě őčàăŋĺçěŋŋőľ ćăàĺăæĺĺ àăćŋő

f(x) = AG(x) − H(x): Ęďãŋ [1985ă] Ŕãáâì x ∈ I = [0; a], a > 0; äãŋłæĺï ¸ : I → IR ŋěŕàěàëćŋă ĺ áâàőčő ćőğàăáâăěâ ć I, 0 < ¸(x) < x ć (0; a); ¸(x) = x − x^{k−1}u(x), k > 0, čďě u : I → IR { ŋěŕàěàëćŋăï ŋă I äãŋłæĺï, u_0 = u(0) > 0; äãŋłæĺĺ ˛; ‚ : I → IR ŋěŕàěàëćŋë ŋă I, ˛(x) ≠ 0 ŋă I. Ěáńĺ áãéěáâćãîâ çĺáńă r, s, p, ȷ, ‹ > 0 âăłĺě, çâő

˛(x) = 1 + rx^{k+p}u(x) + O(x^{k+p+ρ}); x → +0; ‚(x) = sx^{k+p}u(x) + O(x^{k+p+δ}); x → +0;

âő ãàăćŋěŋĺě ďńï t ∈ IR ĺňěěâ őďŋőŕăàăňěâàĺçěáłőě áěňěľáâćő àěèěŋĺľ:

f_t(x) = t (_∞ ∏ i=0 ˛(¸^i(x))

)_−1 − ∞∑ i=0 ‚(¸^i(x)) ( i ∏ i=0 ˛(¸^i(x))

)_−1

; x ∈ I:

Ţőçěćáłĺľ [1976]

6.5.24. f(x) = γ(x) + β(x)f(α(x)).

Ŕãáâì x ∈ [a; b], ¸ : [a; b] → [a; b] áâàőčő ćőğàăáâăěâ, ¸(a) = a, äãŋłæĺĺ ˛, ‚ ĺňěîâ őčàăŋĺçěŋŋãî ćăàĺăæĺî ŋă [a; b], ||˛||= sup_{x∈[a,b]}|˛(x)|+Var_{[a,b]} ˛ <1.

Ěďĺŋáâćěŋŋőě àěèěŋĺě f őčàăŋĺçěŋŋőľ ćăàĺăæĺĺ ŋă [a; b] ŕàěďáâăćńïěâáï àïďőň

f(x) = ∞∑ k=1 k−1∏ i=0 ˛(¸^i(x))‚(¸^k(x)) + ‚(x);

áåőďïéĺňáï ŕő ŋőàňě || · ||. Ďìïł [1986]

6.5.25. f(x^2) = (1 + x)f(x) − x.

Ůăáâŋëě àěèěŋĺï: f(x) = x, f(x) = 1.

6.5.26. f(x^2) =

( 1 + x 1 − x )2 (f(x))^2.

Ůăáâŋőě àěèěŋĺě { f(x) = (1 − x)^2. Ŕőńĺă, Śěčě [1925]

6.6. F ( f(x), f(α(x)), . . . , f(γ(x)) ) = 0 125 6.6. F (f(x), f(α(x)), . . . , f(γ(x))) = 0 6.6.1. (f(sin x))^2 + (f(cos x))^2 = 1; f : [−1; 1] → IR.

Őąéěě àěèěŋĺě ěáâì

f(x) = ’(x)ȷ(x):

Ğďěáì ’ : [−1; 1] → [0; 1] ĺ

’(x) =

’_0(x) ŕàĺ 0 ≤ x < 1=^√2; 1=^√2 ŕàĺ x = 1=^√2; √ 1 − ( ’_0(^√1 − x^2)^{)2} ŕàĺ 1=^√2 < x ≤ 1;

’(−x) ŕàĺ − 1 ≤ x < 0; ă ’_0 : [0; 1=^√2) → [0; 1]; ȷ : [−1; 1] → {−1; 1}

{ ŕàőĺğćőńìŋëě äãŋłæĺĺ.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě őŕàěďěńïěâáï ăŋăńőčĺçŋő ŕàĺ ďőŕőńŋĺâěńìŋëå ŕàěďŕőńőęěŋĺïå, çâő ŋěŕàěàëćŋăï äãŋłæĺï ’_0 ãďőćńěâćőàïěâ àăćěŋáâćã ’_0(1=^√2 − 0) = 1=^√2;

ă äãŋłæĺï ȷ ŕőáâőïŋŋă ŋă łăęďőň ĺğ őâłàëâëå ĺŋâěàćăńőć, áőáâăćńïîéĺå ňŋőęěáâćő {t : t ∈ [−1; 1]; ’(t) > 0}.

Łăęďőě ŕőńĺŋőňĺăńìŋőě àěèěŋĺě ĺńĺ ïćńïěâáï őďŋőľ ĺğ łőŋáâăŋâ f_1(x) ≡ 1=^√2, f_2(x) ≡ −1=^√2, ĺńĺ áőďěàęĺâ âőńìłő ŋěçěâŋëě áâěŕěŋĺ ăàčãňěŋâă

f(x) = m∑ k=0 (−1)^k2^{2k}

2m + 1 2k + 1 ( n + k 2k ) x^{2k+1}:

Ąàăãŋ, Ţěćĺââ [1978]

6.6.2. (f(ch x))^2 − (f(sh x))^2 = 1.

Őąéěě àěèěŋĺě { f(x) = ’(x) ȷ(x):

Ğďěáì

’(x) =

’_0(x) ŕàĺ 0 ≤ x < 1; √ 1 + ( ’_0(^√x^2 − 1)^{)2} ŕàĺ^√n ≤ x <^√n + 1; n ≥ 1;

’(−x) ŕàĺ x < 0;

126 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

Ťãŋłæĺĺ ’_0 : [0; 1) → [0; ∞) ĺ ȷ : IR → {−1; 1} ŕàőĺğćőńìŋë.

Ŕőńĺŋőňĺăńìŋëě àěèěŋĺï f(x) = x ĺ f(x) = −x. Ąàăãŋ, Ţěćĺââ [1978]

6.6.3. f(x) + f(x + 1) = 2f(2x) − ln 2; x > 0.

Ůăáâŋőě àěèěŋĺě { f(x) = 12 `^′(x=2) `(x=2) :

6.6.4. f(x) = f(ax) + f(bx + a); a; b > 0; a + b = 1.

Ăąáőńîâŋő ŋěŕàěàëćŋőě àěèěŋĺě ãàăćŋěŋĺï ńĺŋěľŋő:

f(x) = C · (x − a):

Śãéěáâćãîâ ŋěŕàěàëćŋëě ŋěńĺŋěľŋëě àěèěŋĺï. Ŋăŕàĺňěà, ć áńãçăě a = b = 12 âăłĺň àěèěŋĺěň ïćńïěâáï

f(x) = ∞∑ n=1 2^{−n} sin(2^nıx): Ÿâěľŋňěæ [1982]

6.6.5. f (z 2 ) f ( 1 − z 2 ) = f(z); z ∈ C.

Őąéěě àěèěŋĺě { f(z) = 1. Ţăàãłĺ [1985]

6.6.6. f(x + α(x)) = f(x) + f(α(x)),

x ≥ 0, ¸ : [0; ∞] → IR { ŋěŕàěàëćŋăï áâàőčő ćőğàăáâăîéăï äãŋłæĺï, ¸(0) = 0.

Őąéěě ďĺääěàěŋæĺàãěňőě áŕàăćă ć ŋãńě àěèěŋĺě {

f(x) = C · x:

Ęďãŋ [1971, 1972]

6.6.7. f(x) = f(x + 1) + f(x(x + 1)); x > 0.

Ěáńĺ f(x) ãďőćńěâćőàïěâ őďŋőňã ĺğ áńěďãîéĺå ãáńőćĺľ: 1) äãŋłæĺï xf(x) ňőŋőâőŋŋă ŋă ňŋőęěáâćě S = (a; ∞), a > 0; 2) äãŋłæĺï x^2f(x) ćëŕãłńă (ćőčŋãâă) ŋă S;

3) äãŋłæĺï f(x) áőåàăŋïěâ ğŋăł ĺ 1=f(x) ćëŕãłńă (ćőčŋãâă) ŋă S; 4) äãŋłæĺï f(1=x) ćëŕãłńă (ćőčŋãâă) ŋă (0; a), âő àěèěŋĺě ĺňěěâ ćĺď

6.7. Şàăćŋěŋĺï á àěłãàáĺïňĺ 127

f(x) = f(1)x^{−1}: §àçĺł [1991] 6.6.8. f(x) = af(ax) + (1 − a)f(1 − (1 − a)x); a > 0.

Ěáńĺ f(x) ĺŋâěčàĺàãěňă ŕő Řĺňăŋã, âő f(x) ≡ A. Łőňĺŋěł [1986]

6.6.9. f(x) = 1_k^k

�1_∑ i=0 f ( x + i k ) ; k = 2; 3; : : :; x ∈ (0; 1).

Ńîąőě ŋěŕàěàëćŋőě àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ ĺňěěâ ćĺď f(x) = a ctg ıx + b: Ěčěà [1986]

6.6.10. f(x) = x · exp^(

1_∑ m=1 f(x^m)/m^). Ěďĺŋáâćěŋŋőě ăŋăńĺâĺçěáłőě ć ŋãńě àěèěŋĺě { f(x) = ∞∑ m=1 T_mx^m:

Ŕàőĺğćőďïéăï äãŋłæĺï ďńï łőíääĺæĺěŋâőć { f(x) = x ∞∏ p=1 (1 − x^p)^{−Tp}:

Řěłãààěŋâŋăï äőàňãńă ďńï łőíääĺæĺěŋâőć { T_{p+1} = p^{−1} p∑ k=1 (∑ d/k d · T_d ) T_{p−k+1}:

Łíńńĺ [1889], Ŕőľă [1937]

6.7. Şàăćŋěŋĺï á àěłãàáĺïňĺ

6.7.1. f(f(x)) = 0.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) =

’_1(x) ŕàĺ x ≤ a; 0 ŕàĺ a ≤ x ≤ b; ’_2(x) ŕàĺ b ≤ x;

čďě 0 ∈ [a; b], a ’_1 ĺ ’_2 { ŕàőĺğćőńìŋëě ŋěŕàěàëćŋëě äãŋłæĺĺ, ãďőćńěâćőàïîéĺě ãáńőćĺïň

128 Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï

’_1(a) = 0; a ≤ ’_1(x) ≤ b ŕàĺ x ≤ a; ’_2(b) = 0; a ≤ ’_2(x) ≤ b ŕàĺ b ≤ x:

Ŕěńîå, Ÿăàłőćáłĺľ [1974] Őąéěě àěèěŋĺě {

f(x) = { 0 ŕàĺ x ∈ S; ’(x) ŕàĺ x =∈ S;

čďě S { ŕàőĺğćőńìŋőě ňŋőęěáâćő ćěéěáâćěŋŋëå çĺáěń, áőďěàęăéěě ŋãńì, 0 ∈ A, a ’ { ŕàőĺğćőńìŋăï äãŋłæĺï IR \ S → S.

6.7.2. f(f(x)) = f(x).

Ťãŋłæĺï f ïćńïěâáï àěèěŋĺěň âőčďă ĺ âőńìłő âőčďă, łőčďă f(IR) = S ĺ f(x) = x ďńï ćáěå x ∈ S. Ňŋőęěáâćő S ŕàőĺğćőńìŋő. Ğŋăçěŋĺï äãŋłæĺĺ f ŋă ňŋőęěáâćě IR \ S ŕàőĺğćőńìŋë.

Ŋěŕàěàëćŋăï äãŋłæĺï f ïćńïěâáï àěèěŋĺěň âőčďă ĺ âőńìłő âőčďă, łőčďă f(x) = x ďńï ćáěå x, ãďőćńěâćőàïîéĺå inf_{IR} f ≤ x ≤ sup_{IR} f. Ğŋăçěŋĺï f(x) ŕàĺ ďàãčĺå ğŋăçěŋĺïå x ŕàőĺğćőńìŋë.

6.7.3. Şàăćŋěŋĺě Ťěľčěŋąăãňă:

f(f(ax)) = −af(x); 0 < a = −f(1) < 1.

Şàăćŋěŋĺě ŋě ĺňěěâ ňěàőňőàäŋőčő àěèěŋĺï f, ãďőćńěâćőàïîéěčő ãáńőćĺî f(0) = 1.

Łàĺáâěŋáěŋ, Ťĺèěà [1994].

6.7.4. f(f(x)) =^{af}(^x)_f(_x) −_a.

Ůăáâŋőě àěèěŋĺě { f(x) = axx_− a:

6.7.5. f(x^2 − 2f(x)) = (f(x))^2.

Ůăáâŋëě àěèěŋĺï:

f(x) ≡ 0; f(x) ≡ 1; f(x) = x^2; f(x) = x^2=4:

Řăââĺ, Ńĺŋ [1990] Ŕěńîå, Ÿăàłőćáłĺľ [Ň15]

6.7.6. f(x) + f�^1(x) = 2x; f : [a; b] → [a; b].

Ěáńĺ f { čőňěőňőàäĺğň, âő ďăŋŋőě ãàăćŋěŋĺě íłćĺćăńěŋâŋő ãàăćŋěŋĺî 6.7.7 (ŕőďáâăŋőćłă x = f(y)).

6.7. Şàăćŋěŋĺï á àěłãàáĺïňĺ 129

Řăââĺ, Ńĺŋ [1990]

6.7.7. f(f(x)) − 2f(x) + x = 0.

Ěáńĺ f : [a; b] → [a; b] { ąĺěłæĺï, âő f(x) = x. Řăââĺ, Ńĺŋ [1990]

6.7.8. T (x, f^k(x)) = f^{k+1}(x);

k { ŋăâãàăńìŋőě çĺáńő, T { áâàőčăï t-ŋőàňă, x ∈ [0; 1], f : [0; 1] → [0; 1] { ŋěŕàěàëćŋăï ąĺěłæĺï.

Őąéěě àěèěŋĺě {

f(x) = t^{−1}

(1 + c_k

c_k^· t(x) ) ; čďě c_k { ěďĺŋáâćěŋŋőě ŕőńőęĺâěńìŋőě àěèěŋĺě ãàăćŋěŋĺï

c_k =

( 1 + c_k

c_k )k : Ăńáĺŋă [1989]

6.7.9.^{n∑}_{k=0} c_kf^k(x) = 0; c_k ∈ IR;^{n∑}_{k=0} c_k = 0, f : [0; 1] → [0; 1] { ąĺěłæĺï.

Ŋěŕàěàëćŋëě àěèěŋĺï: ńĺąő f(x) = x, ńĺąő f^2(x) = x. Ňãłěàìï, Řăââĺ [1983]

Čńăćă 7

Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå 7.1. F (x, y, f(x), f(α(x, y))) = 0 7.1.1. β(x)f(y) = β(y)f(x).

Őąéěě àěèěŋĺě { f(x) = A˛(x). 7.1.2. (x − y)f(x)f(y) = xf(x) − yf(y). Őąéěě àěèěŋĺě {

f(x) ≡ 0; f(x) ≡ 1; f(x) = Ax + A:

7.1.3. f(x + y) = f(x) + ax + by.

Őąéěě àěèěŋĺě { f(x) = bx + ay + C. Ăæěńì [1956]

7.1.4. f(x + y) = (f(x))^y.

Şàăćŋěŋĺě ŋě ĺňěěâ àěèěŋĺľ, őâńĺçŋëå őâ f(x) ≡ 1 ĺ f(x) ≡ 1. Ăæěńì [1956]

7.1.5. f(x + y) = f(x)e^y.

Őąéěě ŋěŕàěàëćŋőě, áâàőčő ňőŋőâőŋŋőě àěèěŋĺě { f(x) = A · e^y. Ăæěńì [1956]

7.1.6. f(xy) = (f(x))^y.

Őąéěě àěèěŋĺě { f(x) = e^{σx}. Ăæěńì [1956]

7.1.7. f(x + y) = G(f(x), y).

Őąéěě àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă G åőâï ąë ŕàĺ őďŋőň ğŋăçěŋĺĺ a ãďőćńěâćőàïěâ ãáńőćĺî

G(a; x + y) = G(G(a; x); y):

Őąéěě àěèěŋĺě ĺňěěâ ćĺď f(x) = G(a; x − C).

Ěáńĺ, łàőňě âőčő, G áâàőčő ňőŋőâőŋŋă ŕő őąěĺň ŕěàěňěŋŋëň, âő őąéěě àěèěŋĺě ŋěŕàěàëćŋő ĺ áâàőčő ňőŋőâőŋŋő. Ăæěńì [1956]

7.2. F ( f(x), f(y), f(α(x, y)) ) = 0 131 7.2. F (f(x), f(y), f(α(x, y))) = 0 7.2.1. f(x + y) =^f(^x) +^f(^y) 1 + a^2f(x)f(y); a̸= 0.

Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě {

f(x) = 1a th qx;

čďě q { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï. Ąěľłěà [1954]

7.2.2. f(x + y) =^f(^x) +^f(^y) 1 − f(x)f(y). Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě {

f(x) = tg qx;

čďě q { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï. Łăççőŕőńĺ [1928], Śăá [1952, 1953]

7.2.3. f(α(x, y)) = F (f(x), f(y)).

Ŋěŕàěàëćŋőě, áâàőčő ňőŋőâőŋŋőě àěèěŋĺě áãéěáâćãěâ âőńìłő âőčďă, łőčďă ŋěŕàěàëćŋëě, áâàőčő ňőŋőâőŋŋëě äãŋłæĺĺ ¸, F ąĺáĺňňěâàĺçŋë.

Ć çăáâŋőáâĺ, ěáńĺ őďŋă ĺğ äãŋłæĺľ ¸ ĺńĺ F ăááőæĺăâĺćŋă, âő àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă ĺ ďàãčăï ăááőæĺăâĺćŋă. Ăæěńì [1956]

7.2.4. f^(xy −^√(1 − x^2)(1 − y^2)^) = f(x) + f(y); |x|; |y| ≤ 1.

Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě {

f(x) = A · arccos x: Ăæěńì [1956]

7.2.5. f^(xy +^√(x^2 − 1)(x^2 − 1)^) = f(x) + f(y); |x|; |y| ≥ 1.

Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě {

f(x) = A · Arch x: Ăæěńì [1956]

7.2.6. f((a + x)(b + y)c) = (p + f(x))(q + f(y))r.

Şàăćŋěŋĺě ĺňěěâ ěďĺŋáâćěŋŋőě ŋěâàĺćĺăńìŋőě àěèěŋĺě f(x) = A · x âőčďă ĺ âőńìłő âőčďă, łőčďă

132 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

a; b; r ≠ 0; A = pa = qb = cr ≠ 0: Ńőáőŋęĺ [1970]

7.2.7. f(ax + by + c) = af(x) + bf(y) + c.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) =

Ax + B ŕàĺ a + b = 1; c = 0; x + B ŕàĺ a + b = 1; c ≠ 0; Ax + Ac^− c

a + b − 1 ŕàĺ a + b̸= 1: Ăæěńì [1956]

7.2.8. f(ax + by + c) = G(f(x), f(y)).

Ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă G { ŋěŕàěàëćŋăï, áâàőčő ňőŋőâőŋŋăï äãŋłæĺï, ãďőćńěâćőàïîéăï ãàăćŋěŋĺî ąĺáĺňňěâàĺĺ G(G(x; y); G(u; v)) = G(G(x; u); G(y; v)):

Ěáńĺ f { őďŋő ĺğ çăáâŋëå àěèěŋĺľ, âő ćáě ďàãčĺě àěèěŋĺï ĺňěîâ őďĺŋ ĺğ áńěďãîéĺå ćĺďőć:

f(Ax + B); ěáńĺ a + b = 1; c = 0; f(x + B); ěáńĺ a + b = 1; c ≠ 0; f ( Ax + Ac^− c

a + b − 1 ) ; ěáńĺ a + b ≠ 1: Ăæěńì [1956]

7.2.9. f(x + y) = f(x)^{ln f(y)}; f : IR → (0; +∞).

Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě { f(x) = e^{qx} ;

čďě ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï q > 0. Ăæěńì [1956]

7.2.10. f(x + y) = G(f(x), f(y)).

Ŋěŕàěàëćŋőě, áâàőčő ňőŋőâőŋŋőě àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă G { ŋěŕàěàëćŋăï, áâàőčő ćőğàăáâăîéăï ŕő łăęďőňã ăàčãňěŋâã äãŋłæĺï, ãďőćńěâćőàïîéăï ãàăćŋěŋĺî ăááőæĺăâĺćŋőáâĺ

7.2. F ( f(x), f(y), f(α(x, y)) ) = 0 133

G(G(x; y); u) = G(x; G(y; u)); x; y; u ∈ IR:

Şáńőćĺï, ŋăńőęěŋŋëě ŋă G, íłćĺćăńěŋâŋë áãéěáâćőćăŋĺî ŋěŕàěàëćŋőľ áâàőčő ćőğàăáâăîéěľ äãŋłæĺĺ g : IR → IR âăłőľ, çâő

G(x; y) = g_{−1}(g(x) + g(y)):

Őąéěě ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě ĺňěěâ ćĺď

f(x) = ’(cx);

čďě ’ { ńîąőě çăáâŋőě ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě, a c { ŕàőĺğćőńìŋăï ŕőáâőïŋŋăï. Łăçőŕőńńĺ [1928], Ăæěńì [1949,1956]

7.2.11. Ŕěàćőě ãàăćŋěŋĺě Łőèĺ:

f(x + y) = f(x) + f(y).

Ťãŋłæĺï, ãďőćńěâćőàïîéăï íâőňã ãàăćŋěŋĺî, ŋăğëćăěâáï ăďďĺâĺć-

ŋőľ.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x) = A · x. Ńěęăŋďà [1791], Čăãáá [1809], Łőèĺ [1821] Šő ęě ŋă łăęďőň łńăááě äãŋłæĺľ:

{ ŋěŕàěàëćŋëå ć őďŋőľ âőçłě, { ňőŋőâőŋŋëå ć őďŋőľ âőçłě, { őčàăŋĺçěŋŋëå ŋă ŋěłőâőàőň áłőńì ãčőďŋő ňăńőň ĺŋâěàćăńě, Ďăàąã [1880] { ĺğňěàĺňëå ŋă ňŋőęěáâćě ŕőńőęĺâěńìŋőľ ňěàë, Śěàŕĺŋáłĺľ [1920] { ňăęőàĺàãěňëå ĺğňěàĺňőľ äãŋłæĺěľ,

Śěàŕĺŋáłĺľ [1924], Őáâàőćáłĺľ [1929], Łěáâěńìňăŋ [1947]

Ŕő ŕőćőďã àăğàëćŋëå ăďďĺâĺćŋëå äãŋłæĺľ áň. ŕ. 5.2.

7.2.12. Ćâőàőě ãàăćŋěŋĺě Łőèĺ: f(x + y) = f(x)f(y). Ťãŋłæĺï, ãďőćńěâćőàïîéăï íâőňã ãàăćŋěŋĺî, ŋăğëćăěâáï íłáŕőŋěŋ-

æĺăńìŋőľ. Őąéěě àěèěŋĺě, őâńĺçŋőě őâ âàĺćĺăńìŋőčő f(x) ≡ 0, ĺňěěâ ćĺď f(x) = exp A(x);

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x) = exp(C · x). Łőèĺ [1821]

134 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

7.2.13. f(x + y) = af(x)f(y); a ≠ 0.

Ŕőďáâăŋőćłőľ f(x) = g(x)=a ãàăćŋěŋĺě ŕàĺćőďĺâáï łő ćâőàőňã ãàăćŋěŋĺî Łőèĺ (áň. ŕ. 7.2.12).

Ćáě ŋěŕàěàëćŋëě àěèěŋĺï, őâńĺçŋëě őâ âàĺćĺăńìŋőčő f(x) ≡ 0, ĺňěîâ ćĺď f(x) = 1ae^{σx}:

7.2.14. f(x + y) = f(x) + f(y) + f(x)f(y).

Ŕőďáâăŋőćłă f(x) = g(x) − 1 ŕàĺćőďĺâ łő ćâőàőňã ãàăćŋěŋĺî Łőèĺ (áň. ŕ 7.2.12). Ćáě àěèěŋĺï, őâńĺçŋëě őâ łőŋáâăŋâë f(x) ≡ −1, ĺňěîâ ćĺď f(x) = e^{A(x)} − 1:

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.12).

7.2.15. f(x − y) = f(x)f(y).

Ěďĺŋáâćěŋŋëě ŋěŕàěàëćŋëě àěèěŋĺï { f(x) ≡ 0, f(x) ≡ 1.

7.2.16. Şàăćŋěŋĺě Ľěŋáěŋă: f (x + y 2 ) =^f(^x) +^f(^y) 2 . Őąéěě àěèěŋĺě { f(x) = A(x)+B, čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11). Ľěŋáěŋ [1906]

7.2.17. f ( x + y 2 ) =^√f(x)f(y).

Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ňőŋőâőŋŋőě àěèěŋĺě {

f(x) = A · q^x;

čďě A; q ≥ 0 ŕàőĺğćőńìŋë. Ăæěńì [1956]

7.2.18. Őąőąéěŋŋőě ãàăćŋěŋĺě Ľěŋáěŋă: f (x + y 2 ) = G(f(x), f(y)). Ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě áãéěáâćãěâ âőčďă ĺ âőńìłő âőčďă, łőčďă G { ŋěŕàěàëćŋăï, áâàőčő ćőğàăáâăîéăï ŕő łăęďőňã ăàčãňěŋâã äãŋłæĺï, ãďőćńěâćőàïîéăï őďŋőňã ĺğ áńěďãîéĺå ďćãå íłćĺćăńěŋâŋëå ãáńőćĺľ:

7.2. F ( f(x), f(y), f(α(x, y)) ) = 0 135

1) ãàăćŋěŋĺî łőáőľ ăćâőďĺáâàĺąãâĺćŋőáâĺ

G(G(x; y); u) = G(G(x; u); G(u; y));

2) ãàăćŋěŋĺïň àěäńěłáĺćŋőáâĺ G(x; x) = x, áĺňňěâàĺçŋőáâĺ G(x; y) = G(y; x) ĺ ąĺáĺňňěâàĺçŋőáâĺ

G(G(x; y); G(u; v)) = G(G(x; u); G(y; v)): Łŋăáâěà [1949]

Ďàãčĺň ŋěőąåőďĺňëň ĺ ďőáâăâőçŋëň ãáńőćĺěň áãéěáâćőćăŋĺï ŋěŕàěàëćŋőčő áâàőčő ćőğàăáâăîéěčő àěèěŋĺï ïćńïěâáï áãéěáâćőćăŋĺě ŋěŕàěàëćŋőľ áâàőčő ňőŋőâőŋŋőľ äãŋłæĺĺ g âăłőľ, çâő

G(x; y) = g^{−1}

( g(x) + g(y) 2 ) : Řëńì{Ŋăàďğěćáłĺľ [1949] Őąéěě ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě ĺňěěâ ćĺď

f(x) = ’(Ax + B);

čďě ’ { ńîąőě ŋěŕàěàëćŋőě áâàőčő ňőŋőâőŋŋőě àěèěŋĺě. Ăæěńì [1956]

7.2.19. Šàěâìě ãàăćŋěŋĺě Łőèĺ:

f(xy) = f(x) + f(y); x; y > 0.

Ťãŋłæĺï, ãďőćńěâćőàïîéăï íâőňã ãàăćŋěŋĺî, ŋăğëćăěâáï ńőčăàĺä-

ňĺçěáłőľ. Őąéěě àěèěŋĺě {

f(x) = A(ln x);

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x) = C · ln x. Łőèĺ [1821]

7.2.20. Ůěâćěàâőě ãàăćŋěŋĺě Łőèĺ:

f(xy) = f(x)f(y); x; y > 0.

Ťãŋłæĺï, ãďőćńěâćőàïîéăï íâőňã ãàăćŋěŋĺî, ŋăğëćăěâáï ňãńìâĺ-

ŕńĺłăâĺćŋőľ. Őąéěě àěèěŋĺě {

f(x) = exp(A(ln x));

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x) = x^C. Łőèĺ [1821]

7.2.21. f(xy) = af(x)f(y) + f(x) + f(y); x; y > 0; a ≠ 0.

Őąéĺě ŋěŕàěàëćŋëě àěèěŋĺï {

136 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

f(x) ≡ 0; f(x) = a^{−1}(x^p − 1):

Łőŋáâăŋâă p ŕàőĺğćőńìŋă.

7.2.22. f(x) + f(y) = f ( x + y 1 − xy ) ; xy < 1.

Łăęďőě àěèěŋĺě f, ãďőćńěâćőàïîéěě őďŋőňã ĺğ ãáńőćĺľ:

1) ďĺääěàěŋæĺàãěňă ć ŋěłőâőàőľ âőçłě, 2) ŋěŕàěàëćŋă ć ŋěłőâőàőľ âőçłě, 3) őčàăŋĺçěŋă ŋă ĺŋâěàćăńě ŕőńőęĺâěńìŋőľ ďńĺŋë, 4) ňőŋőâőŋŋă ŋă ĺŋâěàćăńě ŕőńőęĺâěńìŋőľ ďńĺŋë, 5) ĺğňěàĺňă ŋă ĺŋâěàćăńě ŕőńőęĺâěńìŋőľ ďńĺŋë,

ĺňěěâ łőŋěçŋãî ŕàőĺğćőďŋãî ć âőçłě x = 0 ĺ

f(x) = f^′(0) arctgx:

Łàáâĺçĺ, Ňãâïŋ, Ćőàŋĺçěáłã [1983ă], [1983ą]

7.2.23. f(x) + f(y) = f(β(x, y));

čďě ˛(x; y) = a^1xy

+ a_2(x + y) + a_3 b_1xy + b_2(x + y) + b_3 ;^|a^{1|}+^|a^{2|} > 0;^|b^{1|}+^|b^{2|} > 0.

Řěèěŋĺě { f(x) ≡ 0: Ťěŋìě [1987]

7.2.24. f(x) + f(y) = f(β(x, y));

čďě ˛(x; y)=xy

(bc − a)+(x + y)ab(1 − c)+ab(ac − b) xy(c − 1)+(x + y)(b + ac)+(a^2c − b^2) ; c(b^−a)̸= 0.

Řěèěŋĺě {

f(x) = A · log | | | | c(x − a) (x − b) | | | | : Ťěŋìě [1987]

7.2.25. f(x) + f(y) = f(β(x, y));

čďě ˛(x; y) = (ac + 1)xy^− a^2c(x + y) + a^2(ac^− 1) cxy − (ac − 1)(x + y) + a(ac − 2) . Řěèěŋĺě { f(x) = A · ( 1 a − x^− c ) : Ťěŋìě [1987]

7.3. F ( f(x), f(y), f(α(x, y)), f(β(x, y)) ) = 0 137 7.3. F (f(x), f(y), f(α(x, y)), f(β(x, y))) = 0 7.3.1. f(x + y) + f(x − y) = af(x).

Őąéĺě àěèěŋĺï { f(x) ≡ 0 ŕàĺ a ≠ 2 ĺ f(x) = A(x) + B ŕàĺ a = 2. Ğďěáì A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

7.3.2. f(x + y) + f(x − y) = af(y).

Őąéĺě àěèěŋĺï { f(x) ≡ 0 ŕàĺ a ≠ 2 ĺ f(x) ≡ A ŕàĺ a = 2.

7.3.3. f(x + y) + f(x − y) = 2f(x) + 2f(y).

Ńîąőě ŋěŕàěàëćŋőě àěèěŋĺě (őŋő çěâŋő) ĺňěěâ ćĺď

f(x) = Ax^2:

7.3.4. f(x + y − xy) + f(xy) = f(x) + f(y).

Řěèěŋĺě ĺňěěâ ćĺď f(x) = Ax + B;

ěáńĺ őŋő ãďőćńěâćőàïěâ őďŋőňã ĺğ áńěďãîéĺå ãáńőćĺľ:

1) ŋěŕàěàëćŋő ć âőçłě x = 0, 2) ŋěŕàěàëćŋő ć âőçłě x = 1, 3) ďńï ŋěłőâőàőčő a ŋěŕàěàëćŋő ć âőçłăå x = a ĺ x = (a + 1)=(a − 1), 4) ĺŋâěčàĺàãěňő ć (0; "), " > 0. Śćïâőł [1968] Őąéěě àěèěŋĺě {

f(x) = ’(x − 1) + f(1);

čďě ’ { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11). Ďăàőçĺ [1971]

7.3.5. f(x + y) + f(x − y) = f(x)f(y).

Ŕőďáâăŋőćłőľ g(x) = f(x)=2 ŕàĺćőďĺâáï ł ãàăćŋěŋĺî Ďăńăňąěàă (ŕ. 7.3.6).

7.3.6. Şàăćŋěŋĺě Ďăńăňąěàă: f(x + y) + f(x − y) = 2f(x)f(y). Ůăáâŋëě àěèěŋĺï { łőŋáâăŋâë 0 ĺ 1. Ćáě ďàãčĺě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď

f(x) = cos Ax ĺńĺ f(x) = ch Ax:

Ďăńăňąěà [1778], Ŕãăááőŋ [1811], Łőèĺ [1821] 7.3.7. (x − y)f(x)f(y) = xf(x) − yf(y). Őąéěě àěèěŋĺě {

138 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

f(x) ≡ 0; f(x) ≡ 1; f(x) = Ax + A:

7.3.8. f(x + y) + f(x − y) = 2ax(1 − cos by) + 2f(x) cos by.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = A sin bx + ax: Ĺőčăŋáěŋ [1966]

7.3.9. f(x + y) + f(x − y) = 2f(y) + 2f(x) cos by.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = A(2 − cos bx): Ĺőčăŋáěŋ [1966]

7.3.10. f(x + y) + f(x − y) = 2f(y) + 2f(x) ch by.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = A(2 − ch bx): Ĺőčăŋáěŋ [1966]

7.3.11. f(x + y) + f(x − y) = 2f(x) − 2a(1 − cos by) sin bx.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = Ax + a sin bx: Ĺőčăŋáěŋ [1966]

7.3.12. f(x + y + 2a) + f(x − y + 2a) = 2f(x)f(y); a ≠ 0.

Ĺğňěàĺňëě àěèěŋĺï { f(x) ≡ 0 ĺ f(x) = g(x − 2A), čďě g { ŕàőĺğćőńìŋőě àěèěŋĺě ŕěàĺőďă 4a ãàăćŋěŋĺï Ďăńăňąěàă (áň. ŕ. 7.3.6). Łăŋăŕŕăŋ [1968]

7.3.13. f(x + y + a)f(x − y + a) = [f(x)]^2 + [f(y)]^2 − 1; a ≠ 0.

Ěďĺŋáâćěŋŋëě ĺğňěàĺňëě àěèěŋĺï {

f(x) = ± cos nıx a ; n = 1; 2; : : : : İâĺčáőŋ [1974]

7.3.14. f(x + y + a)f(x − y + a) = f^2(x) − f^2(y); a ≠ 0.

Őąéěě àěèěŋĺě { f(x) = g(x − a);

čďě g { ŕàőĺğćőńìŋőě àěèěŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï

7.4. Şàăćŋěŋĺï á àěłãàáĺïňĺ 139

g(x + y)g(x − y) = g^2(x) − g^2(y): Ĺğňěàĺňëě àěèěŋĺï ĺňěîâ ćĺď

f(x) ≡ 0; f(x) = A sin 2ıx a ; f(x) = −A sin (2k + 1)ıx a ; čďě k = 0; 1; 2; : : :. Łăŋăŕŕăŋ [1969]

7.4. Şàăćŋěŋĺï á àěłãàáĺïňĺ

7.4.1. f(x + f(y)) = f(x) + f(−f(x) + x + y).

Ćáě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď

f(x) = 1B ln(1 + e^{Bx}); f(x) ≡ 0; f(x) = x; f(x) = 1 2 (x + |x|); f(x) = 1 2 (x − |x|);

čďě B ≠ 0.

Ăæěńì, Ąěŋæ [1975], Ďăàőçĺ [1980]

7.4.2. f^(x + y^√f(x)^) + f^(x − y^√f(x)^) = 2f(x)f(y).

Ŋěŕàěàëćŋëě ć őłàěáâŋőáâĺ ŋãńï ŋěőâàĺæăâěńìŋëě àěèěŋĺï f(x) ≡ 0; f(x) = 1 + Ax^2;

čďě A ≥ 0. Łăńĺč, Ňăâłőćáłĺľ [1994]

7.4.3. f(x + yf(x)) + f(x − yf(x)) = 2f(x)f(y).

Őâńĺçŋëě őâłőŋáâăŋâë,ŋěŕàěàëćŋëě ć őłàěáâŋőáâĺ ŋãńï àěèěŋĺï { f(x) = Ax^2 + 1;

čďě A ≥ 0. Łăńĺč, Ňăâłőćáłĺľ [1994]

7.5. Ďàãčĺě ãàăćŋěŋĺï á ŋěáłőńìłĺňĺ ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ

7.5.1. f(xy) = f(x)β(y) + f(y)β(x); x; y > 0; ˛; f : (0; ∞) → IR.

Şàăćŋěŋĺě ĺňěěâ ěďĺŋáâćěŋŋőě ŋěŋãńěćőě àěèěŋĺě f, ěáńĺ ˛ { ŕőńőęĺâěńìŋăï ňãńìâĺŕńĺłăâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.20). Ŕàĺ íâőň

140 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

f(x) = ˛(x)L(x);

čďě L { ŋěŋãńěćăï ńőčăàĺäňĺçěáłăï äãŋłæĺï (áň. ŕ. 7.2.19). Łăŋĺææő [1984]

7.5.2. f(x + y) + f(y − x) = 2f(x) cos y.

Őąéěě àěèěŋĺě { f(x) = A cos x + B sin x: Łăçňăę [1924]

7.5.3. f(x)(1 + f(2y)) = f(y)(f(x + y) + f(x − y)); x ≤ y.

Ćáě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ őďĺŋ ĺğ áńěďãîéĺå ćĺďőć:

1) f(x) ≡ 0, 2) f(x) = 1 + Ax, 3) f(x) = cos Bx + A sin Bx, 4) f(x) = ch Bx + a sh Bx. Ńăľłő [1995]

7.5.4. f(x + ay) − f(x + a) − f(ay + 1) =

f(y + ax) − f(y + a) − f(ax + 1); a; x; y > 0.

Őąéěě àěèěŋĺě {

f(x) = ffi(x^2) + (x) + A;

Ğďěáì ffi, { ăďďĺâĺćŋëě äãŋłæĺĺ (áň. ŕ. 7.2.11), A { ďěľáâćĺâěńìŋăï łőŋáâăŋâă. Ňăłáă [1987]

7.5.5. f(xy) + f(x(1 − y)) = f(x) (f(y) + f(1 − y)); x; y ∈ [0; 1].

Ěáńĺ f : [0; 1] → IR ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï, âő ńĺąő f ňãńìâĺŕńĺłăâĺćŋă ŋă [0; 1] (áň. ŕ. 7.2.20), ńĺąő f { áãęěŋĺě ŋă [0; 1] ăďďĺâĺćŋőľ äãŋłæĺĺ (áň. ŕ. 7.2.11). Ňăłáă [1987]

7.5.6. Şàăćŋěŋĺě Ćăľğőćĺçă: 2f (x 2 ) = f ( xy 1 + y ) + f ( x 1 + y ) − f ( y 1 + y ) − f ( 1 1 + y ) , x; y > 0; f : (0; ∞) → IR.

Őąéěě ĺğňěàĺňőě àěèěŋĺě {

f(x) = A · ln 2x + B ( x − 12 ) : Ńăľłő [1972]

7.6. Ŋěĺğćěáâŋëě äãŋłæĺĺ ŋěáłőńìłĺå ŕěàěňěŋŋëå 141

7.5.7.^{n∑}_{i=1}^{m∑}_{j=1} f(x_iy_j) =^{n∑}_{i=1} f(x_i) +^{m∑}_{j=1} f(y_j);

x_1; : : :; x_n ∈ `_n; y_1; : : :; y_m ∈ `_m; n ≥ 2; m ≥ 3, `_n = { (x_1; : : :; x_n) ∈ IR^n : x_i ≥ 0;^n ∑ i1 x_i = 1^}.

Őąéěě, őčàăŋĺçěŋŋőě ŋă ĺğňěàĺňőň ňŋőęěáâćě ŕőńőęĺâěńìŋőľ ňěàë àěèěŋĺě f : [0; 1] → IR {

f(x) = { Ax + B + Cx log x ŕàĺ x ∈ (0; 1]; B ŕàĺ x = 0:

(7:1) Ňăłáă [1981]

7.5.8.^{m∑}_{i=} 1 n∑ j=1 f(x_iy_j ) =^{m∑}_{i=} 1 xai n∑ j=1 f(y_j ) +^{n∑}_{j=} 1 ybj m∑ i=1 f(x_i);

m ≥ 3; n ≥ 2; a; b ∈ IR; a; b ≠ 1; x_i; y_j ∈ [0; 1];^{m∑}_{i=1} x_i =^{n∑}_{j=1} y_j = 1. Őąéěě àěèěŋĺě f : [0; 1] → IR ěáâì

f(x) = { ’(x) + A(x^a − x^b) ŕàĺ a ≠ b; ’(x) + x^aL(x) ŕàĺ a = b;

čďě ’ { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï, ’(1) = 0 (áň. ŕ. 7.2.11); L : [0; 1] → IR { ńőčăàĺäňĺçěáłăï ŋă (0; 1] äãŋłæĺï, L(0) = 0 (áň. ŕ. 7.2.19). Ńőáőŋęĺ, Ňăłáă [1981]

7.6. Ŋěĺğćěáâŋëě äãŋłæĺĺ ŋěáłőńìłĺå ŕěàěňěŋŋëå

7.6.1. f(x, y) = f(y, x).

Ťãŋłæĺï, ãďőćńěâćőàïîéăï ďăŋŋőňã ãàăćŋěŋĺî, ŋăğëćăěâáï áĺňňě-

âàĺçěáłőľ (łőňňãâăâĺćŋőľ). Šăłĺě äãŋłæĺĺ ŕàěďáâăćĺňë ć ćĺďě

f(x; y) = ’(x; y) + ’(y; x) 2 : 7.6.2. f(x, y) = −f(y, x). Ťãŋłæĺï, ãďőćńěâćőàïîéăï ďăŋŋőňã ãàăćŋěŋĺî, ŋăğëćăěâáï ăŋ-

âĺáĺňňěâàĺçěáłőľ (ăŋâĺłőňňãâăâĺćŋőľ, łőáőáĺňňěâàĺçěáłőľ). Šăłĺě

äãŋłæĺĺ ŕàěďáâăćĺňë ć ćĺďě

142 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

f(x; y) = ’(x; y)^− ’(y; x) 2 : 7.6.3. Şàăćŋěŋĺě Ńőąăçěćáłőčő:

(f(x))^2 = f(x + y)f(x − y).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x) = B · e^{σx}. Ńőąăçěćáłĺľ [1840] Őąéěě àěèěŋĺě { f(x) = Be^{A(x)}, čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

7.6.4. f(x + y, z)f(x, y) = f(x, y + z); x; y; z ≥ 0; x + y + z ≤ 1;

f : {(x; y) : x; y ≥ 0; x + y ≤ 1} → [0; 1].

Őąéěě àěèěŋĺě ĺňěěâ ćĺď

f(x; y) = g(x) g(x + y) ŕàĺ x; x + y^∈ I^s; s^∈ `;

0 ć ďàãčĺå áńãçăïå:

Ğďěáì (I_s : s ∈ `) { ŕàőĺğćőńìŋőě ŋěŕěàěáěłăîéěěáï áěňěľáâćő ĺŋâěàćăńőć ĺğ [0; 1], ă g : ∪_{s∈`} I_s → IR { ŕàőĺğćőńìŋăï äãŋłæĺï, ŋě őąàăéăîéăïáï ć ŋãńì. Ăæěńì, Ťőàâě, Ŋč [1974]

7.6.5. Ŕěàćőě ãàăćŋěŋĺě Łăŋâőàă: f(x, y) + f(y, z) = f(x, z). Őąéěě àěèěŋĺě f(x; y) = ȷ(x) − ȷ(y);

čďě äãŋłæĺï ȷ ŕàőĺğćőńìŋă. Śĺŋæőć [1903]

7.6.6. Ćâőàőě ãàăćŋěŋĺě Łăŋâőàă: f(x, y)f(y, z) = f(x, z). Ěáńĺ f(x; x) = 0 ŕàĺ ćáěå x, âő ãàăćŋěŋĺě ĺňěěâ âőńìłő âàĺćĺăńìŋőě àěèěŋĺě.

Ěáńĺ áãéěáâćãěâ a âăłőě, çâő f(a; a) ≠ 0, âő őąéěě àěèěŋĺě ãàăćŋěŋĺï ĺňěěâ ćĺď

f(x; y) = ȷ(x)ȷ(y);

čďě ȷ { ŕàőĺğćőńìŋăï äãŋłæĺï, ŋě őąàăéăîéăïáï ć ŋãńì. Śĺŋæőć [1903] 7.6.7. f(x, y)f(u, v) − f(x, u)f(y, v) + f(x, v)f(y, u) = 0. Őąéěě àěèěŋĺě ãàăćŋěŋĺï ĺňěěâ ćĺď

7.6. Ŋěĺğćěáâŋëě äãŋłæĺĺ ŋěáłőńìłĺå ŕěàěňěŋŋëå 143

f(x; y) = ’(x) (y) − ’(y) (x): Śĺŋæőć [1903] 7.6.8. f(xy, z) + f(yz, x) + f(zx, y) = 0. Řěèěŋĺï, ŋěŕàěàëćŋëě ć IR^2, ĺáłńîçăï âőçłã (0; 0), ĺňěîâ ćĺď f(x; y) = ’(xy) ln xy_2 ŕàĺ x > 0; y > 0; f(x; y) = (xy) ln^−xy_2 ŕàĺ x < 0; y > 0; f(x; y) = ’(xy) ln^−x y^2 ŕàĺ x < 0; y < 0;

f(x; y) = (xy) ln xy_2 ŕàĺ x > 0; y < 0; f(x; y) = −2A − B ln |x| ŕàĺ x ≠ 0; y = 0; f(x; y) = A + B ln |y| ŕàĺ x = 0; y ≠ 0: Ďőłőćĺç [1961 ]

7.6.9. f(x + y, z) + f(y + z, x) + f(z + x, y) = 0.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x; y) = (x − 2y)’(x + y);

čďě ’ { ŕàőĺğćőńìŋăï ŋěŕàěàëćŋăï äãŋłæĺï. Ďőłőćĺç [1961 ]

7.6.10. f(β�^1(β(x) + β(y)), z) + f(β�^1(β(y) + β(z)), x)+

f(β�1_{(β(z) + β(x)), y) = 0,}

čďě ˛ { ŋěŕàěàëćŋăï, áâàőčő ňőŋőâőŋŋăï äãŋłæĺï. Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě { f(x; y) = (˛(x) − 2˛(y))’(˛(x) + ˛(y));

čďě ’ { ŕàőĺğćőńìŋăï ŋěŕàěàëćŋăï äãŋłæĺï. Ďőłőćĺç [1961] 7.6.11. f(x + y, z) + f(x − y, z) − 2f(y, z) = f(x, y + z) + f(x, y − z) − 2f(x, y). Őąéěě ďćăęďë ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňőě àěèěŋĺě { f(x; y) = ’(x + y) + ’(x − y) − 2’(x) − 2’(y);

čďě ’ { ŕàőĺğćőńìŋăï ďćăęďë ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňăï äãŋłæĺï. İąăŋłá [1989]

144 Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå

7.6.12. f(x, u) + (1 − x)^p(1 − u)^qf ( y 1 − x^, v 1 − u ) = f(y, v) + (1 − y)^p(1 − v)^qf ( x 1 − y^, u 1 − v ) ; (x; y); (u; v) ∈ {(x; y) : x; y ∈ [0; 1); x + y ≤ 1}; p ≠ 0, q ≠ 0, p ≠ 1 ĺńĺ q ≠ 1.

Őąéěě àěèěŋĺě {

f(x; u) = ax^pu^q − b(1 − x)^p(1 − u)^q + b; x; u ∈ [0; 1]: Ăæěńì [1981]

7.6.13. Şàăćŋěŋĺě łőáőľ ăćâőďĺáâàĺąãâĺćŋőáâĺ: f(f(x, y), z) = f(f(x, z), f(y, z)). Őąéěě ŋěŕàěàëćŋőě ĺ áâàőčő ćőğàăáâăîéěě ŕő łăęďőňã ăàčãňěŋâã àěèěŋĺě ěáâì f(x; y) = ˛^{−1}(˛(x) + ˛(y));

čďě ˛ { ŕàőĺğćőńìŋăï ŋěŕàěàëćŋăï ĺ áâàőčő ćőğàăáâăîéăï äãŋłæĺï. Řëńì{Ŋăàďğěćáłĺľ [1949], Łŋăáâěà [1949] 7.6.14. f(x, y, z) = f(f(x, y, t), t, z). Ŕãáâì äãŋłæĺĺ g : IR_+ × IR_+ → IR ĺ h : IR × IR_+ → IR_+ = [0; ∞) âăłőćë, çâő G(x; y) = z ⇐⇒ x = H(z; y): (7:2) Šőčďă f(x; y; z) = H(G(x; y); z) ïćńïěâáï àěèěŋĺěň ãàăćŋěŋĺï. Ńĺáěĺ [1988]

Čńăćă 8

Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

8.1. Ďćě ŋěĺğćěáâŋëě äãŋłæĺĺ

8.1.1. f(x + y, z) = g(y + z, x) + g(z + x, y).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x; y) = 2y^− x3 ’(x + y) + (x + y);

g(x; y) = 2 (x + y) − 2y^− x3 ’(x + y);

čďě ’, { ŕàőĺğćőńìŋëě ŋěŕàěàëćŋëě äãŋłæĺĺ. Śćïâőł [1965ą]

8.1.2. f(x + y)g(x + y) = (f(x)g(y) + g(x)f(y))^2.

Ćáě ŋěâàĺćĺăńìŋëě àěèěŋĺï ĺňěîâ ćĺď

f(x) = A · "(x)e^{φ(x)}; g(x) = 14A · "(x)e^{φ(x)};

čďě a > 0, |"(x)| = 1 ĺ ’ { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11). Śćïâőł [1965ą]

8.1.3. [f(x + y)]^2 = [f(x)g(y) + f(y)g(x)]^2.

Ćáě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď:

1) f(x) = Ce^{σx}, g(x) = 1 2e^{σx} ; 2) f(x) = Cxe^{σx}, g(x) = e^{σx};

3) f(x) = Ce^{σx} sin fix, g(x) = e^{σx} cos fix; 4) f(x) = Ce^{σx} sh fix; g(x) = e^{σx} ch fix. Śćïâőł [1965ă]

8.1.4.^f(^x) −^f(^y) x − y = g (x + y 2 ) ; x; y ∈ I; x ≠ y; f; g : I → IR, I { ćěéěáâćěŋŋëľ ĺŋâěàćăń ŕőńőęĺâěńìŋőľ ďńĺŋë.

Őąéěě àěèěŋĺě {

146 Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

f(x) = Ax^2 + Bx + C; g(x) = 2Ax + B: Ăæěńì, Łãçňă [1989]

8.1.5.^{xf}(^x) −^{yf}(^y) x − y = g (x + y 2 ) ; x; y ∈ I; x ≠ y; f; g : I → IR, I { ćěéěáâćěŋŋëľ ĺŋâěàćăń ŕőńőęĺâěńìŋőľ ďńĺŋë.

Őąéěě àěèěŋĺě { f(x) = Ax + B; g(x) = B: Ăæěńì, Łãçňă [1989]

8.1.6.^f(^x) −^f(^y) x − y = g (√xy ); x; y ∈ I; x ≠ y; f; g : I → IR, I { ĺŋâěàćăń ŕőńőęĺâěńìŋőľ ďńĺŋë ĺğ (0; +∞) ĺńĺ (−∞; 0).

Őąéěě àěèěŋĺě ĺňěěâ ćĺď

f(x) = Ax + B + Cx; g(x) = C − Ax_2 : Ăæěńì, Łãçňă [1989, 1991]

8.1.7.^{xf}(^x) −^{yf}(^y) x − y = g (√xy ); x; y ∈ I; x ≠ y; f; g : I → IR, I { ĺŋâěàćăń ŕőńőęĺâěńìŋőľ ďńĺŋë ĺğ (0; +∞) ĺńĺ (−∞; 0).

Őąéěě àěèěŋĺě ĺňěěâ ćĺď

f(x) = Ax^2 + Bx + C; g(x) = C − x^2: Ăæěńì, Łãçňă [1989, 1991]

8.1.8. f(x)g(y − x) = f (y 2 ) g (y 2 ) − f ( x − y 2 ) g ( x − y 2 ) . Ćáě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď: 1) f(x) = A cos fix + B sin fix, g(x) = C sin fix; 2) f(x) = A ch fix + B sh fix, g(x) = C sh fix; 3) f(x) = Ax + B, g(x) = Cx; 4) f(x) ≡ 0, g { ŕàőĺğćőńìŋă;

5) g(x) ≡ 0, f { ŕàőĺğćőńìŋă. Łàáâĺçĺ [1976]

8.1.9. f(x + y) = f(x)g(y) + f(y)g(x).

Ćáě àěèěŋĺï ĺňěîâ ćĺď:

1) f(x) ≡ 0, g(x) { ŕàőĺğćőńìŋăï äãŋłæĺï; 2) f(x) = Ae^{σx}, g(x) =^1_2 e^{σx}; 3) f(x) = Ae^{σx} sh fix, g(x) = e^{σx} ch fix; 4) f(x) = Ae^{σx} sin fix, g(x) = e^{σx} cos fix;

5) f(x) = Axe^{σx}, g(x) = e^{σx}. Čĺàłőïęã [1963]

8.2. Šàĺ ĺ ąőńěě ŋěĺğćěáâŋëå äãŋłæĺľ 147

8.2. Šàĺ ĺ ąőńěě ŋěĺğćěáâŋëå äãŋłæĺľ

8.2.1. f(x + y) = g(x) + h(y).

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = A · x + B + C; g(x) = A · x + B; h(x) = A · x + C: Ŕěłáĺďěà [1903] Őąéěě àěèěŋĺě {

f(x) = A(x) + B + C; g(x) = A(x) + B; h(x) = A(x) + C;

čďě A { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11).

8.2.2. f(x + y) = g(x)h(y).

Ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď: 1) f(x) ≡ 0, g(x) ≡ 0, h { ŕàőĺğćőńìŋă; 2) f(x) ≡ 0, h(x) ≡ 0, g { ŕàőĺğćőńìŋă;

3) f(x) = AB · e^{σx}, g(x) = A · e^{σx}, h(x) = B · e^{σx}. Ŕěłáĺďěà [1903] Őąéěě àěèěŋĺě:

1) f(x) ≡ 0, g(x) ≡ 0, h { ŕàőĺğćőńìŋă; 2) f(x) ≡ 0, h(x) ≡ 0, g { ŕàőĺğćőńìŋă;

3) f(x) = AB · D(x), g(x) = A · D(x), h(x) = B · D(x), čďě D { ŕàőĺğćőńìŋăï íłáŕőŋěŋæĺăńìŋăï (áň. ŕ. 7.2.12).

8.2.3. f(xy) = g(x) + h(y); x; y > 0.

Őąéěě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x) = Ś · ln x + A + B; g(x) = Ś · ln x + A; h(x) = Ś · ln x + B: Ŕěłáĺďěà [1903] Őąéěě àěèěŋĺě {

f(x) = L(x) + A + B; g(x) = L(x) + A; h(x) = L(x) + B;

čďě L { ŕàőĺğćőńìŋăï ńőčăàĺäňĺçěáłăï äãŋłæĺï (áň. ŕ. 7.2.19).

8.2.4. f(xy) = g(x)h(y); x; y > 0.

Ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď: 1) f(x) ≡ 0, g(x) ≡ 0, h { ŕàőĺğćőńìŋă; 2) f(x) ≡ 0, h(x) ≡ 0, g { ŕàőĺğćőńìŋă; 3) f(x) = AB · x^σ, g(x) = A · x^σ, h(x) = B · x^σ. Ŕěłáĺďěà [1903]

148 Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

Őąéěě àěèěŋĺě:

1) f(x) ≡ 0, g(x) ≡ 0, h { ŕàőĺğćőńìŋă; 2) f(x) ≡ 0, h(x) ≡ 0, g { ŕàőĺğćőńìŋă;

3) f(x) = AB · M(x), g(x) = A · M(x), h(x) = B · M(x), čďě M { ŕàőĺğćőńìŋăï ňãńìâĺŕńĺłăâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.20).

8.2.5. f(x + y) + g(xy) = h(x) + h(y), x; y > 0.

Ěáńĺ f, g, h ïćńïîâáï àěèěŋĺěň ãàăćŋěŋĺï, âő áãéěáâćãîâ ăďďĺâĺćŋëě äãŋłæĺĺ ’, (áň. ŕ. 7.2.11) ĺ ńőčăàĺäňĺçěáłăï äãŋłæĺï ffl (áň. ŕ. 7.2.19) âăłĺě, çâő

f(x) = ’(x^2) + (x) + A; g(x) = ffl(x) − 2’(x) + B; h(x) = ’(x^2) + (x) + ffl(x) + (A + B)=2: Ňăłáă [1978]

8.2.6. Şàăćŋěŋĺě Ąěàâőńĺŋő: f(x, y + z) = g(y)h(z) + f(x, y). Ćáě ŋěŕàěàëćŋëě àěèěŋĺï ĺňěîâ ćĺď:

1) f(x; y) = ’(x) + ABy, g(x) ≡ A, h(x) = Bx;

2) f(x; y) = ’(x) + A^2B(1 − e^{σy}), g(x) = Ae^{σx}, h(x) = AB(1 − e^σx); 3) f(x; y) = ’(x), g(x) ≡ 0, h(x) = (x); 4) f(x; y) = ’(x), g(x) = (x), h(x) ≡ 0.

8.2.7. f(ax + by + c) = g(x) + h(y).

Őąéěě àěèěŋĺě {

f(x) = Cx − Cc + A + B; g(x) = Cax + A; h(x) = Cbx + B: Śâăňăâě [1964]

8.2.8. f(ax + by + c) = g(x)h(y).

Őąéěě àěèěŋĺě {

f(x) = ABe^{σ(x−c)}; g(x) = Ae^{σax}; h(x) = Be^{σbx}: 8.2.9. f(ax + by + c) = p^{xy}g(x)h(y).

Łàőňě âàĺćĺăńìŋëå ĺňěěâáï áńěďãîéěě àěèěŋĺě:

f(x) = ABp^{(x−c)2}2ab e^{τ(x−c)}; g(x) = Ap^{ax2}2b e^{aτx}; h(x) = Bp^{bx2}2a e^{bτx}: Śâăňăâě [1964]

8.2.10. Şàăćŋěŋĺě âĺŕă Ŕĺäăčőàă:

(exp(f(x, y)))^2 = (g(x, y))^2 + (h(x, y))^2.

Ďěľáâćĺâěńìŋëě čăàňőŋĺçěáłĺě ć IR2 àěèěŋĺï ĺňěîâ ćĺď

8.2. Šàĺ ĺ ąőńěě ŋěĺğćěáâŋëå äãŋłæĺľ 149

f(x; y) = ln |’(z)|; g(x; y) = Re ’(z); h(x; y) = Im ’(z); čďě ’ { ŕàőĺğćőńìŋăï æěńăï äãŋłæĺï, z = x + iy. Ţăàãłĺ [1990]

8.2.11. f[(x^c + y^c)^{1/c}] = h(x)g(y); x > 0; c ≠ 0.

Ěáńĺ f(x) őąńăďăěâ ĺğňěàĺňőľ ňăęőàăŋâőľ ŋă ŋěłőâőàőň ňŋőęěáâćě ŕőńőęĺâěńìŋőľ ňěàë, âő àěèěŋĺï ĺňěîâ ćĺď:

1) h(x) = A exp(ffx^c), g(x) = B exp(ffx^c), f(x) = AB exp(ffx^c); 2) f(x) ≡= 0, h(x) = 0, g(x) { ŕàőĺğćőńìŋő; 3) f(x) ≡= 0, g(x) = 0, f(x) { ŕàőĺğćőńìŋő. §ŋăàďăŋ [1978]

8.2.12. f ( n∑ i=1 xi ) = q^{n∏}_{i=1} f_i(b_ix_i) + a; n ≥ 1, q; a; b_1; : : :; b_n ≠ 0 { ćěéěáâćěŋŋëě łőŋáâăŋâë.

Őąéěě àěèěŋĺě {

f(x) = q exp(ffx + n∑ i=1 ff_i) + a;

f_i(x) = exp ( ff · xb_i + ff_i ) ; i = 1; : : :; n: Ňăàâĺç [1978]

8.2.13.^{n∏}_{i=1} f_i(b_ix_i) = f ( n∑ i=1 |x_i| + a ) ; n ≥ 1, a; b_1; : : :; b_n ≠ 0 { ćěéěáâćěŋŋëě łőŋáâăŋâë.

Őąéěě àěèěŋĺě {

f(x) = ( n∏ i=1 ff_i ) e^{c|x−a|}; f_i(x) = ff_i exp ( ff^| xb_i^| ) ; i = 1; : : :; n: Ňăàâĺç [1978]

8.2.14. f(^{n∏}_{i=} 1 xi) =^{n∑}_{i=1} f_i(b_ix_i) + a; n ≥ 2, a ≠ 0; b_1; : : :; b_n > 0; x_1; : : :; x_n > 0; f; f_1; : : :; f_n : (0; ∞) → IR.

Őąéěě àěèěŋĺě {

150 Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

f(x) = C ln x + n∑ i=1 C_i − an_− 1;

f_i(x) = C ln xb_i + C_i − an_− 1; i = 1; : : :; n: Ňăàâĺç [1978]

8.2.15. f ( n∑ i=1 xi ) =^{n∑}_{i=1} f_i(x_i) exp ( n∑ j=1,j6=i xi ) ; n ≥ 2;

x_1; : : :; x_n > 0; f; f_1; : : :; f_n : (0; ∞) → IR. Őąéěě àěèěŋĺě {

f(x) = (Cx + n∑ i=1 C_i)e^x; f_i(x) = (Cx + C_i)e^x; i = 1; : : :; n: Ňăàâĺç [1978]

8.2.16. f n∑ i=1 x2i + a =^{n∑}_{i=1} f_i(x_i); n ≥ 1;

a ≥ 0; x_1; : : :; x_n > 0; f; f_1; : : :; f_n : (0; ∞) → IR. Őąéěě àěèěŋĺě {

f(x) = C(x^2 − a) + n∑ i=1 C_i; f_i(x) = Cx^2 + C_i; i = 1; : : :; n: Ňăàâĺç [1978]

8.2.17. f(x)g(y) = f_1(x + y)g_1(x/y), x; y > 0.

Ŋĺčďě ŋě őąàăéăîéĺěáï ć ŋãńì àěèěŋĺï f, g, f_1, g_1 ĺňěîâ ćĺď f(x) = A exp(’(x) + L_1(x)); g(x) = B exp(’(x) + L_2(x)); f_1(x) = C exp(’(x) + L_1(x) + L_2(x)); g_1(x) = D exp ( L_1 ( x 1 + x ) + L_2 ( 1 1 + x )) : Ğďěáì AB = CD ≠ 0, ’ { ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11), ă L_1, L_2 { ńőčăàĺäňĺçěáłĺě äãŋłæĺĺ (áň. ŕ. 7.2.19). Ąěľłěà [1976ă]

8.2.18. f(ξx, ηy) + g(ξy, ηx) = (x + y)f_1(ξ, η) + (ξ + η)g_1(x, y), ; ”; x; y ∈ I = (0; 1]; f; g; f_1; g_1 : I^2 → IR.

Őąéěě àěèěŋĺě {

8.2. Šàĺ ĺ ąőńěě ŋěĺğćěáâŋëå äãŋłæĺľ 151

f(; ”) = l(; ”) + (C − B)( − ”) + (”); g(; ”) = l(; ”) − (C + B)( − ”) − (”); f_1(; ”) = l(; ”) − (B + A) + (B − A)”; g_1(; ”) = l(; ”) + (A + C) + (A − C)”;

čďě l(; ”) = (L_1(”)−L_2())+”(L_1()−L_2(”)), { ŕàőĺğćőńìŋăï äãŋłæĺï ŋă I; L_1, L_2 { ńőčăàĺäňĺçěáłĺě äãŋłæĺĺ ŋă I (áň. ŕ. 7.2.19). Łăŋŋăŕăŋ, Śăåã, Ęőŋ [1993]

8.2.19. f(x)g(y) = f_1(ax + by)g_1(cx + dy).

Ěďĺŋáâćěŋŋëň àěèěŋĺěň ïćńïěâáï f(x) = Ae^{αx2+βx}; g(x) = Be^{γx2+δx}; f_1(x) = Ce^{μx2+νx} g_1(x) = De^{ρx2+σx}; čďě AB = CD ≠ 0; ¸^2— + c^2ȷ = ¸; ab— + cdȷ = 0; a + cff = ˛; b^2— + d^2ȷ = ‚; b + dff = ‹: Ąěľłěà [1974]

8.2.20. f(x + y) + g(xy) = f_1(x) + g_1(y).

Őąéěě àěèěŋĺě {

f = ’(x^2) + (x) + A; g = −2’(x) + B + C; f_1 = ’(x^2) + (x) + C; g_1 = ’(x^2) + (x) + A + B:

čďě ’ ĺ { ŕàőĺğćőńìŋëě ăďďĺâĺćŋëě äãŋłæĺĺ (áň. ŕ. 7.2.11). Łăŋăààăŋ, Śăåã [1993]

8.2.21. f(x + y + qxy) + g(xy) = f_1(x) + g_1(y); q ≠ 0.

Őąéěě àěèěŋĺě {

f = ’(qx) + A; g = ’(−q^2x) + B + C; f_1 = ’(qx) + C; g_1 = ’(qx) + A + B;

čďě ’ { ŕàőĺğćőńìŋăï ăďďĺâĺćŋăï äãŋłæĺï (áň. ŕ. 7.2.11). Łăŋăààăŋ, Śăåã [1993]

8.2.22. f(x)g(y) =^{n∏}_{i=1} h_i(a_ix + b_iy).

Řěèěŋĺě {

152 Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

f(x) = e^{P (x)}; g(x) = e^{Q(x)}; h_i = e^{Ri(x)};

čďě P(x), Q(x), R(x) { ňŋőčőçńěŋë áâěŕěŋĺ ŋě ćëèě n. Ąěľłěà [1974]

8.3. Śĺáâěňë ãàăćŋěŋĺľ

8.3.1. f(x) = f(−x) = f(1/x); x ≠ 0.

Ůăáâŋőě àěèěŋĺě {

f(x) = ’

( 1 − ax^2 + x^4 1 + ax^2 + x^4 ) : Ąěąąĺďę [1815]

8.3.2. f(x) = f(−x) = f ( x √ x2 − 1 ) ; |x| > 1.

Ůăáâŋőě àěèěŋĺě {

f(x) = ’ ( x^2 x^2 − 1 ) : Ąěąąĺďę [1815]

8.3.3. f(x) = f(α(x)) = f(β(x)) = . . . = f(ν(x).

Ěáńĺ f_0; : : :; f_n { àěèěŋĺě áĺáâěňë ãàăćŋěŋĺľ

f_0(x) = f_0(¸(x)) f_1 ∘ f_0(x) = f_1 ∘ f_0(¸(x)) : : :

f_n ∘ : : : ∘ f_0(x) = f_n ∘ : : : ∘ f_0((x));

âő f(x) = ’(f_n ∘ : : : ∘ f_0(x)) { àěèěŋĺě ĺáåőďŋőľ áĺáâěňë. Ąěąąĺďę [1815]

8.3.4. f(x^2) = (f(x))^2, f(x + 1) = f(x) + 1.

Őąéěě àěèěŋĺě { f(x) = x. Ćőńłňăŋ [1983]

8.3.5. f(x + 1) = f(x) + 1, f(α(x)) = α(f(x)).

Ŕàěďŕőńăčăěâáï, çâő ĺâěàăæĺĺ ğăďăŋŋőľ äãŋłæĺĺ ¸ : IR → IR ãďőćńěâćőàïîâ ãáńőćĺî

8.3. Śĺáâěňë ãàăćŋěŋĺľ 153

lim_{n→∞} |¸_n(x) − ¸_n(y)| = ∞;

ďńï ćáěå x; y > a, x ≠ y.

Őąéěě őčàăŋĺçěŋŋőě ŋă ŋěłőâőàőň őâàěğłě [b; b + 1] àěèěŋĺě ěáâì f(x) = x. Ćőńłňăŋ Ń. ĺ Ŕ. [1985]

8.3.6. f(f(x)) = x, f(x + 1) =^f(^x)_f(_x) + 1.

Ěďĺŋáâćěŋŋőě àěèěŋĺě { f(x) = 1=x. Ćőńłňăŋ [1988]

8.3.7. f(x + y) = f(x)g(y) + f(y)g(x), g(x + y) = g(x)g(y) − f(x)f(y). Ŕàĺ ďőŕőńŋĺâěńìŋëå ãáńőćĺïå:

1) f ĺ g ŋěŕàěàëćŋë, 2) f ĺ g ŕőńőęĺâěńìŋë ŋă ( 0; ı 2 ) , 3) f (ı 2 ) = 1, g (ı 2 ) = 0 ěďĺŋáâćěŋŋëňĺ àěèěŋĺïňĺ ïćńïîâáï äãŋłæĺĺ

f(x) = sin x; g(x) = cos x: Ďăćĺďěŋłő [1985] 8.3.8. f(x + s, y + t) = f(x, y)f(s, t) − g(x, y)g(s, t), g(x + s, y + t) = f(x, y)g(s, t) + f(s, t)g(x, y). Ěďĺŋáâćěŋŋőě ŋěŕàěàëćŋőě àěèěŋĺě {

f(x; y) = e^{σx} cos ffy; g(x; y) = e^{σx} sin ffy: 8.3.9. f(x, x) = x, f(x, y) + f(y, x), f(f(x, y), f(u, v)) = f(f(x, u), f(y, v)). Ćáě ŋěŕàěàëćŋëě áâàőčő ćőğàăáâăîéĺě ŕő łăęďőľ ŕěàěňěŋŋőľ àěèěŋĺï ĺňěîâ ćĺď f(x; y) = g^{−1}

(g(x) + g(y) 2 ) ; čďě g { ŋěŕàěàëćŋăï áâàőčő ćőğàăáâăîéăï äãŋłæĺï. Łŋăáâěà [1949]

8.3.10. f_1(g_1(x)) + f_2(g_2(x)) + f_3(g_3(x)) = β(x).

Ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ ãàăćŋěŋĺě ĺňěěâ ăąáőńîâŋő ŋěŕàěàëćŋëě àěèěŋĺï f_i, g_i, i = 1; 2; 3. Ąăàĺ [1930]

154 Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ

8.3.11. f(g(x) + h(y)) = β(x, y); |x|; |y| ≤ 1.

Śãéěáâćãîâ ŋěŕàěàëćŋëě äãŋłæĺĺ ˛ âăłĺě, çâő ãàăćŋěŋĺě ŋě ĺňěěâ ŋěŕàěàëćŋëå àěèěŋĺľ f, g, h.

Ŕàĺňěàë: ˛(x; y) = min(x; y); ˛(x; y) = xy. Ăàŋőńìď [1957ă]

8.3.12.^{5∑}_{i=1} f_i(g_i(x) + h_i(y)) = β(x, y) x; y ∈ [0; 1].

Ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ ãàăćŋěŋĺě ĺňěěâ ŋěŕàěàëćŋëě àěèěŋĺï f_i, g_i, h_i, i = 1; : : :; 5.

Śãéěáâćãîâ ŋěŕàěàëćŋëě, ňőŋőâőŋŋëě ĺ áâăŋďăàâŋëě (ŋě ğăćĺáïéĺě őâ ˛) äãŋłæĺĺ g_i, h_i âăłĺě, çâő ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ˛ ãàăćŋěŋĺě ĺňěěâ ŋěŕàěàëćŋëě àěèěŋĺï f_i, i = 1; : : :; 5. Łőńňőčőàőć [1957]

8.3.13.^{n∑}_{i=1} γ_i(x, y)f_i(α_i(x, y)) = β(x, y).

Ŕàĺ ńîąëå ŋěŕàěàëćŋëå äãŋłæĺïå ¸_1, : : :, ¸_n ĺ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺïå ‚_1; : : :; ‚_n cãéěáâćãěâ ăŋăńĺâĺçěáłăï äãŋłæĺï˛ âăłăï, çâő ãàăćŋěŋĺě ŋě ĺňěěâ ŋěŕàěàëćŋëå àěèěŋĺľ f_1; : : :; f_n. Ćĺâãèłĺŋ [1964ă, 1964ą]

8.3.14.^{3∑}_{i=1} f_i(α_i(x, y)) = β(x, y); x; y ∈ [0; 1].

Ďńï ńîąëå ŋěŕàěàëćŋëå äãŋłæĺïå ¸_1, ¸_2, ¸_3 áãéěáâćãěâ ŋěŕàěàëćŋăï äãŋłæĺï ˛ âăłăï, çâő ãàăćŋěŋĺě ŋě ĺňěěâ ŋěŕàěàëćŋëå àěèěŋĺľ f_1, f_2, f_3.

Ąăááăńëčő [1966]

8.3.15.^{5∑}_{i=1} f_i ( g ( x +^j − 16 ) + h ( y +^j − 16 )) = β(x, y). Ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ áãéěáâćãîâ ŋěŕàěàëćŋëě àěèěŋĺï f_1; : : :; f_5, g, h ãàăćŋěŋĺï âăłĺě, çâő g, h áâàőčő ňőŋőâőŋŋë ĺ ãďőćńěâćőàïîâ ãáńőćĺî Čñńìďěàă á ńîąëň ŕőłăğăâěńěň 0 < ‚ < 1:

|g(y) − g(x)| ≤ c(‚)|y − x|^γ

. Ćĺâãèłĺŋ, Ţěŋłĺŋ [1967]

8.3. Śĺáâěňë ãàăćŋěŋĺľ 155

8.3.16.^{4∑}_{i=1} f_i(g_i(x), h_i(y)) = β(x, y); x; y ∈ [0; 1].

Śãéěáâćãîâ ŋěŕàěàëćŋëě äãŋłæĺĺ ˛ âăłĺě, ďńï łőâőàëå ãàăćŋěŋĺě ŋě ĺňěěâ ŋěŕàěàëćŋëå àěèěŋĺľ f_i, g_i, h_i, i = 1; : : :; 4. Ďőáá [1963]

8.3.17.^{9∑}_{i=1} f_i(g_i(x, y), z) = β(x, y, z); x; y; z ∈ [0; 1].

Ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ ãàăćŋěŋĺě ĺňěěâ ŋěŕàěàëćŋëě àěèěŋĺï f_i, g_i, i = 1; : : :; 9. Ăàŋőńìď [1957ą, 1962]

8.3.18.^{n∑}_{i=1} f_i(g_i(x_1, . . . , x_n�_1), h_i(x_1, . . . , x_n�_1), x_n) =

β(x_1, . . . , x_n); n ≥ 4; x_1; : : :; x_n ∈ [0; 1].

Ŕàĺ ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ ãàăćŋěŋĺě ĺňěěâ ŋěŕàěàëćŋëě àěèěŋĺï f_i, g_i, h_i, i = 1; : : :; n. Łőńňőčőàőć [1956]

8.3.19.^{2n+1∑}_{i=1} f_i ( n∑ j=1 αij(x_j ) ) = β(x_1, . . . , x_n); x_1; : : :; x_n ∈ [0; 1].

Śãéěáâćãîâ ŋěŕàěàëćŋëě äãŋłæĺĺ ¸_{ij} âăłĺě, çâő ďńï ńîąőľ ŋěŕàěàëćŋőľ äãŋłæĺĺ ˛ àěèěŋĺï f_1; : : :; f_{2n+1} ãàăćŋěŋĺï áãéěáâćãîâ.

Šăłĺě äãŋłæĺĺ ¸_{ij} ŋăľďãâáï áàěďĺ äãŋłæĺľ, ãďőćńěâćőàïîéĺå ãáńőćĺî Ńĺŕèĺæă.

Ŕàĺ n = 1 áňőâàĺ âăłęě ŕ. 8.3.10. Ăàŋőńìď [1957ą], Łőńňőčőàőć [1956, 1957]

Ŕàĺńőęěŋĺï

Ŕàĺńőęěŋĺě Ă

Ŋěłőâőàëě łőŋáâăŋâë ĺ äãŋłæĺĺ

Ğďěáì ŕàĺćěďěŋë łőŋáâăŋâë ĺ äãŋłæĺĺ, ŋěőďŋőłàăâŋő ćáâàěçăîéĺěáï ć őáŋőćŋőň âěłáâě.

• Łőŋáâăŋâă İľńěàă (İľńěàă{Ňăáłěàőŋĺ). C = ∞∑ k=1 [ 1 k^− ln ( 1 + 1 k )] = 0:57721 56649 01532 5 : : : :

Ďàãčőě őąőğŋăçěŋĺě { ‚.

• Ůĺáńă İľńěàă. Ŕàőĺğćőďïéăï äãŋłæĺï { 1 ch x = 2e^z e^{2z} + 1 = ∞∑ n=0 E_n x^nn! ; |z| < ı2 :

Ůăáâŋëě ğŋăçěŋĺï:

E_{2n+1} = 0; n = 0; 1; : : :;

E_0 = 1; E_2 = −1; E_4 = 5; E_6 = −61; : : : : Řěłãààěŋâŋăï äőàňãńă { n∑ m=0 ( 2n 2m ) E_{2m} = 0:

• Ůĺáńă Ąěàŋãńńĺ. Ŕàőĺğćőďïéăï äãŋłæĺï { z e^z − 1 = ∞∑ n=0 B_n z^nn! ; |z| < 2ı:

Ůăáâŋëě ğŋăçěŋĺï:

B_0 = 1; B_1 = − 12; B_2 = 16; B_3 = 0; B_4 = − 130:

Ŕàĺńőęěŋĺě Ă. Ŋěłőâőàëě łőŋáâăŋâë ĺ äãŋłæĺĺ 157

§ćŋăï äőàňãńă {

B_{2n} = 2(−1)^{n+1}(2n)! ∞∑ m=1 (2ım)^{−2n}; n = 1; 2; : : :;

B_{2n+1} = 0; n = 1; 2; : : : : Řěłãààěŋâŋăï äőàňãńă { B_n = − 1n + 1 n−1∑ m=0 ( n + 1 m ) B_m:

• Şąëćăîéăï äăłâőàĺăńìŋăï äãŋłæĺï (äăłâőàĺăńìŋëľ ňŋőčőçńěŋ).

(x)_m = x(x − 1) : : :(x − m + 1); m ≥ 1; (x)_0 = 1: Śćőľáâćă:

(x)_m = ( x m ) m!; (x)_{p+q} = (x)_p(x − p)_q;

(x)_m = `(x + 1)=`(x − m + 1); x ≠ m − 1; m − 2; : : : : Ŕàĺ æěńőçĺáńěŋŋőň ăàčãňěŋâě (n)_m = n ! (n − m)!

ŕàĺ 0 ≤ m ≤ n;

(n)_n = n!; (n)_m = 0 ŕàĺ m > n: Ąĺŋőňĺăńìŋăï âěőàěňă Ćăŋďěàňőŋďă { (x + y)_n = n∑ m=0 ( n m ) (x)_m(y)_{n−m}:

Ďàãčĺě őąőğŋăçěŋĺï (x)_m: x^{[m]} ĺ x^{(m)}. • Ąĺŋőňĺăńìŋëě łőíääĺæĺěŋâë ( x m ) . Ŕàőĺğćőďïéăï äãŋłæĺï {

(1 + t)^x = ∞∑ m=0 ( x m ) t^m

(ąĺŋőňĺăńìŋëľ àïď). Śćőľáâćă: ( x m ) + ( x m + 1 ) = ( x + 1 m + 1 ) ; ( x m ) = (x)_m m! :

Űěńőçĺáńěŋŋëě ăàčãňěŋâë:

158 Ŕàĺńőęěŋĺě Ă. Ŋěłőâőàëě łőŋáâăŋâë ĺ äãŋłæĺĺ ( n m ) = n ! m!(n − m)!; (1 + t)^n = n∑ m=0 ( n m ) t^m

(ąĺŋőň Ŋìîâőŋă).

Ďàãčĺě őąőğŋăçěŋĺï: ďńï ( n m ) { C^m_n ; ďńï ( x m ) { C(x; m).

• Ňŋőčőçńěŋë İľńěàă. Řěłãààěŋâŋőě áőőâŋőèěŋĺě {

E_n(x) + n∑ k=0 ( n k ) E_k(x) = 2x^n:

Ŕàőĺğćőďïéăï äãŋłæĺï { 2e^{xt} e^t + 1 = ∞∑ n=0 E_n(x)

n! t^n:

Ůăáâŋëě ğŋăçěŋĺï:

E_0(x) = 1; E_1(x) = x − 1 2 ; E_2(x) = x(x − 1); E_3(x) = x^3 − 32x^2 + 14:

Ŋěłőâőàëě áőőâŋőèěŋĺï:

E_n(x + 1) + E_n(x) = 2x^n; E_n(1 − x) = (−1)^n E_n(x):

• Čăňňă{äãŋłæĺï İľńěàă. Őŕàěďěńěŋĺě:

`(z) = ∫_∞ 0 e^{−t}t^{z−1}dt; Re z > 0;

`(z) { ăŋăńĺâĺçěáłăï äãŋłæĺï, ĺňěîéăï őáőąěŋŋőáâĺ ć âőçłăå z = 0; −1; −2; : : : (ŕőńîáë ŕěàćőčő ŕőàïďłă); 1=`(z) { æěńăï äãŋłæĺï ŕěàćőčő ŕőàïďłă.

Čăňňă{äãŋłæĺï ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň:

`(z + 1) = z`(z); z ≠ 0; −1; −2; : : :;

`(z)`(−z) = − ız sin ız; z̸

= 0; ±1; ±2; : : :;

`(z)`(1 − z) = ı sin ız; z̸

= 0; ±1; ±2; : : :; `( 1 2 + z)`( 1 2^− z

) = ı

cos ız;

2z ≠ ±1; ±3; ±5; : : :;

`(2z) = 2^{2z−1}

ı^{1/2}

`(z)` ( z + 1 2 ) ; 2z ≠ 0; −1; −2; : : : :

Ŕàĺ æěńőçĺáńěŋŋőň ăàčãňěŋâě `(n + 1) = n!, n = 0; 1; : : :.

Ŕàĺńőęěŋĺě Ă. Ŋěłőâőàëě łőŋáâăŋâë ĺ äãŋłæĺĺ 159

• Ňŋőčőçńěŋë Ąěàŋãńńĺ. Ŕàőĺğćőďïéăï äãŋłæĺï { ze^{xz} e^z − 1 = ∞∑ n=0 B_n(x)z^nn! ; |z| < 2ı:

Ůăáâŋëě ğŋăçěŋĺï:

B_0(x) = 1; B_1(x) = x − 1 2 ; B_2(x) = x^2 − x + 16; B_3(x) = x^3 − 32x^2 + 12x:

§ćŋőě ćëàăęěŋĺě { B_n(x) = n∑ m=0 ( n 1 ) B_mx^{n−m}:

Řěłãààěŋâŋăï äőàňãńă {

B_n(x) = x^n − 1n + 1 n−1∑ m=0 ( n + 1 m ) B_m(x):

Ňŋőčőçńěŋë Ąěàŋãńńĺ ãďőćńěâćőàïîâ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň:

B_n(1 − x) = (−1)^nB_n(x);

B_n(1 − x) = B^n(x) + nx^{n−1}; n = 1; 2; : : :;

B_n(mx) = m^{n−1 m−1∑} k=0 B^n ( x + k m ) ; m; n = 1; 2; : : : :

• Ŕáĺ{äãŋłæĺï Čăãááă.

Őŕàěďěńěŋĺě:

(z) = d ln `(z)dz = `^′(z)`(z) ;

(z) { ňěàăňőàäŋăï äãŋłæĺï, ĺňěîéăï őáőąěŋŋőáâĺ ć âőçłăå z = 0; −1; −2; : : : (ŕőńîáë ŕěàćőčő ŕőàïďłă).

Ŕáĺ{äãŋãæĺï ãďőćńěâćőàïěâ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň: (z) = (1 + z) − 1z ;

(z) − (−z) = −ı ctg(ız) − z^{−1}; (1 + z) − (1 − z) = z^{−1} − ı ctg(ız); (z) − (1 − z) = −ı ctg(ız):

Ŕàĺ æěńőçĺáńěŋŋőň ăàčãňěŋâě (n + 1) = 1 + 12 + : : : + 1n − C;

čďě C { łőŋáâăŋâă İľńěàă.

Ŕàĺńőęěŋĺě Ą

Ăńčěąàă Łőèĺ äőàňăńìŋëå áâěŕěŋŋëå àïďőć

• Ŕőáńěďőćăâěńìŋőáâĺ. Ŕãáâì K { łőńìæő ćěéěáâćěŋŋëå ĺńĺ łőňŕńěłáŋëå çĺáěń. Řăááňőâàĺň łőňňãâăâĺćŋőě łőńìæő K ąěáłőŋěçŋëå ŕőáńěďőćăâěńìŋőáâěľ çĺáěń ĺğ K. Řăćěŋáâćő ŕőáńěďőćăâěńìŋőáâěľ a = (a_0; a_1; : : :) ĺ b = (b_0; b_1; : : :) őğŋăçăěâ, çâő a_m = b_m ŕàĺ ćáěå m = 0; 1; : : : . Śãňňă a + b ĺ ŕàőĺğćěďěŋĺě (áćěàâłă) a · b ŕőáńěďőćăâěńìŋőáâěľ őŕàěďěńïîâáï áńěďãîéĺň őąàăğőň:

c = a + b íłćĺćăńěŋâŋő c_m = a_m + b_m; m = 0; 1; : : :;

c = a · b íłćĺćăńěŋâŋő c_m = m∑ k=0 a_kb_{m−k}; m = 0; 1; : : ::

Ŋãńěň ĺ ěďĺŋĺæěľ łőńìæă K ïćńïîâáï ŕőáńěďőćăâěńìŋőáâĺ

o = (0; 0; 0; : : :); e = (1; 0; 0; : : :):

İńěňěŋâ −a łőńìæă K, čďě

−a = (−a_0; −a_1; : : :);

ïćńïěâáï őąàăâŋëň ŕő áńőęěŋĺî ł íńěňěŋâã a.

Łőńìæő K ïćńïěâáï őąńăáâìî æěńőáâŋőáâĺ, â. ě. őŋő ŋě ĺňěěâ ďěńĺâěńěľ ŋãńï: ěáńĺ a ≠ 0 ĺ b ≠ 0, âő a · b ≠ 0.

Őŕàěďěńĺň őŕěàăæĺĺ áńőęěŋĺï ĺ ãňŋőęěŋĺï íńěňěŋâőć a łőńìæă K ĺ çĺáěń – ĺğ K àăćěŋáâćăňĺ

– + a = (– + a_0; a_1; a_2; : : :);

–a = (–a_0; –a_1; : : :):

Łőńìæő K ňőęŋő áçĺâăâì ćńőęěŋŋëň ć łőńìæő K, ěáńĺ őâőęďěáâćĺâì çĺáńő – ĺ ŕőáńěďőćăâěńìŋőáâì (–; 0; 0; : : :). Ďăńěě ćňěáâő o ĺ e ŕĺèěň 0 ĺ 1.

İńěňěŋâ a^{−1} = (c_0; c_1; : : :) ĺğ K ïćńïěâáï őąàăâŋëň ŕő ãňŋőęěŋĺî ł íńěňěŋâã a âőčďă ĺ âőńìłő âőčďă, łőčďă a_0 ≠ 0 ĺ

c_n = a^{−1}_0^∑ 1·i_1+...+n·in=n (i_1 + : : : + i_n)!

i_1! : : :i_n! n∏ j=1 ( − a_j a_0 )i_j : (Ą:1)

• Ťőàňăńìŋëň àïďőň, áőőâćěâáâćãîéĺň ŕőáńěďőćăâěńìŋőáâĺ a, ąãďěň ŋăğëćăâì ćëàăęěŋĺě

Ŕàĺńőęěŋĺě Ą. Ăńčěąàă Łőèĺ äőàňăńìŋëå áâěŕěŋŋëå àïďőć 161

A(x) = ∞∑ m=0 a_mx^m; (Ą:2)

čďě x { äőàňăńìŋăï ŕěàěňěŋŋăï, łőâőàãî ňőęŋő ĺŋâěàŕàěâĺàőćăâì ć K, őŕàěďěńĺć x = (0; 1; 0; : : :). Šőčďă x^k = (0; : : :; 0; 1; 0; : : :), k = 1; 2; : : :. Ć ŕőáńěďőćăâěńìŋőáâĺ x^k ěďĺŋĺæă áâőĺâ ŋă (k + 1)-ň ňěáâě. Ŕőńăčăï x^0 = (1; 0; : : :), ŕőńãçĺň (Ą.2).

Ŕãáâì B(x) = ∑_∞ m=0 b_mx^m { ďàãčőľ äőàňăńìŋëľ àïď. Ŕő őŕàěďěńěŋĺî:

A(x) = B(x) íłćĺćăńěŋâŋő a_m = b_m; m = 0; 1; : : :;

A(x) + B(x) = ∞∑ m=0 (a_m + b_m)x^m;

A(x) · B(x) = ∞∑ m=0 ( m ∑ k=0 a_kb_{m−k} ) x^m:

Ňŋőęěáâćő K[x] äőàňăńìŋëå áâěŕěŋŋëå àïďőć őąàăğãěâ łőňňãâăâĺćŋőě łőńìæő á ŋãńěň 0 ĺ ěďĺŋĺæěľ 1. İâő łőńìæő ĺğőňőàäŋő łőńìæã ŕőáńěďőćăâěńìŋőáâěľ K.

• Śâěŕěŋì äőàňăńìŋőčő àïďă. Ěáńĺ A(x) = ∑_∞ m=0 a_mx^m, âő

(A(x))^p = ∞∑ m=0 a_{pn}x^n; čďě a_{pn} = p∧n∑ k=1 ( p k ) a^{p−k}_0^∑ {^{k1+...+kn=k} 1·k1+...+n·kn=n} k! k_1! : : :k_n!

a^{k1}_1 : : :a^{kn}_n :

Ğďěáì p ∧ n = min(p; k). Ŕěàćëě ĺğ íâĺå łőíääĺæĺěŋâőć áńěďãîéĺě:

a_{p0} = a^p_0; a_{p1} = pa^{p−1}_0 a_1; a_{p2} = pa^{p−1}_0 a_2 + ( p 2 ) a^{p−2}_0 2a^2_1;

a_{p3} = pa^{p−1}_0 a_3 + ( p 2 ) a^{p−2}_0 2a_1a_2 + ( p 3 ) a^{p−3}_0 a^3_1;

a_{p4} = pa^{p−1}_0 a_4 + ( p 2 ) a^{p−2}_0 (2a_1a_3 + a^2) + ( p 3 ) a^{p−3}_0 3a^2_1a_2 + ( p 4 ) a^{p−4}_0 a^4_1:

Ůăáâŋëľ áńãçăľ (äőàňãńă ąĺŋőňă Ŋìîâőŋă) {

(1 + –x)^p = p∑ k=0 ( p k ) –^kx^k:

162 Ŕàĺńőęěŋĺě Ą. Ăńčěąàă Łőèĺ äőàňăńìŋëå áâěŕěŋŋëå àïďőć

• Ďěńěŋĺě äőàňăńìŋëå áâěŕěŋŋëå àïďőć. İńěňěŋâ

(A(x))^{−1} = ∞∑ m=0 c_mx^m;

ïćńïěâáï őąàăâŋëň ŕő ãňŋőęěŋĺî ł íńěňěŋâã A(x) âőčďă ĺ âőńìłő âőčďă, łőčďă a_0 ≠ 0, ă ěčő łőíääĺæĺěŋâë c_n őŕàěďěńïîâáï ŕő (Ą.1). • Ŕőďáâăŋőćłă àïďă ć àïď. Ŕãáâì

B(x) = ∞∑ n=0 b_nx^n; A(x) = ∞∑ n=0 a_nx^n:

Šőčďă B(A(x)) = ∞∑ n=0 c_nx^n; čďě c_n = n∑ k=0 b_k^∑ {^{k1+...+kn=k} 1·k1 +...+n·kn =n} k! k_1! : : :k_n!

a^{k1}_1 : : :a^{kn}_n :

• Ďĺääěàěŋæĺàőćăŋĺě äőàňăńìŋëå áâěŕěŋŋëå àïďőć. Ďńï

A(x) = ∞∑ n=0 a_nx^n;

ŕő őŕàěďěńěŋĺî,

DA(x) = ∞∑ n=0 (n + 1)a_{n+1}x^n; D^nA(x) = D(D^{n−1}A(x)):

Ćëŕőńŋïîâáï áćőľáâćă:

D(A(x) + B(x)) = DA(x) + DB(x); D(A(x) · B(x)) = A(x) · DB(x) + B(x) · DA(x); D((A(x))^n) = n(A(x))^{n−1} · DA(x); D((A(x))^{−n}) = −n(A(x))^{−n−1} · DA(x):

• Ěáńĺ ć (Ą.2) x { ŕěàěňěŋŋăï, ŕàĺŋĺňăîéăï łőňŕńěłáŋëě ğŋăçěŋĺï, ĺ àïď ĺňěěâ ŋěŋãńěćőľ àăďĺãá áåőďĺňőáâĺ, âő äãŋłæĺï A(x) ŋăğëćăěâáï ŕàőĺğćőďïéěľ äãŋłæĺěľ ŕőáńěďőćăâěńìŋőáâĺ (a_0; a_1; : : :).

Ěáńĺ łăłőě ńĺąő áőőâŋőèěŋĺě ćëŕőńŋïěâáï ďńï áåőďïéĺåáï çĺáńőćëå àïďőć, âő őŋő ćëŕőńŋïěâáï ĺ ďńï äőàňăńìŋëå.

Ŕőďàőąŋő ćőŕàőáë âěőàĺĺ ĺ ŕàĺňěŋěŋĺľ åăàăłâěàĺáâĺçěáłĺå äãŋłæĺľ ĺ äőàňăńìŋëå áâěŕěŋŋëå àïďőć ĺğńőęěŋë, ŋăŕàĺňěà, ć ňőŋőčàăäĺïå Řĺőàďăŋă [1963], Ěčőàëçěćă [1977], Śăçłőćă [1982].

Ŕàĺńőęěŋĺě Ć

Őą őďŋőň ŕőďåőďě ł łńăááĺäĺłăæĺĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ

• S-äőàňãńőľ (ĺńĺ S-ćëàăęěŋĺěň) ąãďěň ŋăğëćăâì ćëàăęěŋĺě, őąàăğőćăŋŋőě áãŕěàŕőğĺæĺěľ ĺğćěáâŋëå ĺ ŋěĺğćěáâŋëå äãŋłæĺľ. Ďăńěě ąãďěň čőćőàĺâì ŕàőáâő ő äőàňãńăå, ĺňěï ć ćĺďã S-äőàňãńë. Šăłĺň őąàăğőň:

1) ŕàőĺğćőńìŋăï ŕěàěňěŋŋăï ïćńïěâáï äőàňãńőľ;

2) ěáńĺ ’ { m-ăàŋăï äãŋłæĺï, ă A_1; : : :; A_2 { äőàňãńë, âő ’(A_1; : : :, A_2) { äőàňãńă.

Łăęďőľ äőàňãńě ŕőáâăćĺň ć áőőâćěâáâćĺě âĺŕ ěě áâàãłâãàë. • Ćŋăçăńě ŕő äőàňãńě áâàőĺâáï ŕőňěçěŋŋőě ďěàěćő { ěě áâàãłâãà-

ŋëľ čàăä (S-čàăä), ŋăğëćăěňëľ ć ĺŋäőàňăâĺłě ďěàěćőň Łăŋâőàőćĺçă.

Ćĺáïçĺě ćěàèĺŋë áőőâćěâáâćãîâ ŕěàěňěŋŋëň, ćåőďïéĺň ć äőàňãńã. Łăęďőľ ŕěàěňěŋŋőľ áőőâćěâáâćãěâ áâőńìłő ćĺáïçĺå ćěàèĺŋ, áłőńìłő àăğ ŕěàěňěŋŋăï ćáâàěçăěâáï ć äőàňãńě. Ćŋãâàěŋŋĺě ćěàèĺŋë ďěàěćă, ć âőň çĺáńě łőàŋěćăï, áőőâćěâáâćãîâ äãŋłæĺïň, ćáâàěçăîéĺňáï ć ğăŕĺáĺ äőàňãńë. Łăęďőňã ćåőęďěŋĺî äãŋłæĺĺ ć äőàňãńã áőőâćěâáâćãěâ áćőï ćěàèĺŋă.

Łăęďăï ŕěàěňěŋŋăï ĺńĺ äãŋłæĺï, ćåőďïéăï ć äőàňãńã, ŕőďáâăćńěŋă ć ăàčãňěŋâ ŋěłőâőàőľ ďàãčőľ äãŋłæĺĺ (ĺáłńîçěŋĺě { ćŋěèŋïï äãŋłæĺï äőàňãńë, łőâőàőľ áőőâćěâáâćãěâ łőàŋěćăï ćěàèĺŋă). İâã áćïğì ąãďěň őâàăęăâì ć S-čàăäě ďãčőľ. Ćåőďŋëě ďãčĺ łăęďőľ ćěàèĺŋë ãŕőàïďőçěŋë âăł ęě, łăł ăàčãňěŋâë äãŋłæĺĺ, łőâőàőľ őŋă áőőâćěâáâćãěâ. Őçěćĺďŋő, çâő łăęďăï äőàňãńă ĺňěěâ ěďĺŋáâćěŋŋëľ áâàãłâãàŋëľ čàăä.

Ŕãáâì äőàňãńă A ŕőáâàőěŋă ĺğ ŕěàěňěŋŋëå x_1; : : :; x_m ĺ äãŋłæĺľ ’_1; : : :; ’_n ĺ ŕãáâì _i { ăàŋőáâì äãŋłæĺĺ ’_i. S-čàăä äőàňãńë A ąãďěň őąőğŋăçăâì çěàěğ `(x_1; : : :; x_m; ’_1; : : :; ’_n).

• Ŕěàěĺňěŋőćăŋĺě (ŕőďáâăŋőćłã) łőŋěçŋőčő çĺáńă ĺňěŋ ąãďěň ŋăğëćăâì ŕàăćĺńìŋëň, ěáńĺ őŋő ąĺěłâĺćŋő.

Ďćă S-čàăäă: `^′_A(x_1; : : :; x_m; ’_1; : : :; ’_n) ĺ `^{′′}_B(y_1; : : :; y_m; _1; : : :; _n) { ąãďěň ŋăğëćăâì ĺğőňőàäŋëňĺ, ěáńĺ áãéěáâćãîâ ŕàăćĺńìŋëě ŕěàěĺňěŋőćăŋĺï ĺňěŋ ŕěàěňěŋŋëå y_i → x_j ĺ ĺňěŋ äãŋłæĺľ _i → ’_j, ă âăłęě âăłĺě ŕěàěáâăŋőćłĺ ăàčãňěŋâőć äãŋłæĺľ (â.ě. ŕěàěãŕőàïďőçěŋĺï ćåőďŋëå ďãč ćěàèĺŋ), çâő čàăä `^{′′}_B(y_1; : : :; y_m; _1; : : :; _n) ŕàěőąàăğãěâáï ć čàăä `^′_A(x_1; : : :; x_m; ’_1; : : :; n).

• Łńăáá čàăäőć, ĺğőňőàäŋëå S-čàăäã ` äőàňãńë A, ąãďěň ŋăğëćăâì

âĺŕőň áâàãłâãàë äőàňãńë A. Šĺŕ áâàãłâãàë äőàňãń ňőęŋő ŕőńő-

ęĺâì ć őáŋőćã łńăááĺäĺłăæĺĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ.

Ŕàĺńőęěŋĺě Č

Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

Řăğńĺçŋëě ćăàĺăŋâë ăłáĺőňăâĺğăæĺĺ őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï ąëńĺ ďăŋë Śńăćĺłőćáłĺň [1956], Ąěńńěàâőň [1957] ĺ Ąĺââŋěàőň [1961].

Ŋĺęě ŕàĺćőďĺâáï ăłáĺőňăâĺłă őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï ŕàĺňěŋĺâěńìŋő ł őŕěàăâőàã ãňŋőęěŋĺï ŋă äĺłáĺàőćăŋŋëľ ŋěďěńĺâěńì ŋãńï. Řăááňőâàěŋă őŕěàăæĺï áćěàâłĺ, őąőąéăîéăï ŋă ŋěŕàěàëćŋãî ŕěàěňěŋŋãî áćěàâłã Ąěàčă [1961] (áň. ŕ. 4.2.4), őŕàěďěńěŋŋãî ĺň ďńï ďĺáłàěâŋőľ ŕěàěňěŋŋőľ. Ŕőáâàőěŋő őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ ŋă łńăááě ŕàőĺğćőńìŋëå äãŋłæĺľ, łőŋěçŋëå ŋă [0; ∞).

Ğďěáì őčàăŋĺçĺňáï àăááňőâàěŋĺěň âőńìłő ăńčěąàë őŕěàăâőàőć, ă ćőŕàőáőć ăŋăńĺğă (ŕàěďěńőć, ŋěŕàěàëćŋőáâĺ, àïďőć ĺ ŕà.) łăáăâìáï ŋě ąãďěň.

Č.1. Ůĺáńă ĺ äãŋłæĺĺ

Ŕãáâì A { ăááőæĺăâĺćŋő{łőňňãâăâĺćŋăï ăńčěąàă ŋăď ŕőńěň łőňŕńěłáŋëå çĺáěń C, â.ě. ŋă ňŋőęěáâćě A őŕàěďěńěŋë őŕěàăæĺĺ áńőęěŋĺï ĺ ãňŋőęěŋĺï íńěňěŋâőć ĺ őŕěàăæĺï ãňŋőęěŋĺï íńěňěŋâőć ŋă łőňŕńěłáŋëě çĺáńă âăłĺň őąàăğőň, çâő ďńï ŕàőĺğćőńìŋëå x; y; z ∈ A ĺ ¸; ˛ ∈ C ćëŕőńŋïîâáï áńěďãîéĺě ăłáĺőňë:

(A1) (x + y) + z = x + (y + z), (x · y) · z = x · (y · z);

(A2) áãéěáâćãîâ íńěňěŋâ o, ŋăğëćăěňëľ ŋãńěň, ĺ íńěňěŋâ e, ŋăğëćă-

ěňëľ ěďĺŋĺæěľ, âăłĺě, çâő x + o = x, x · e = x;

(A3) x + y = y + x, x · y = y · x;

(A4) ďńï ńîąőčő íńěňěŋâă x áãéěáâćãěâ íńěňěŋâ −x, ŋăğëćăěňëľ

ŕàőâĺćőŕőńőęŋëň, âăłőľ, çâő x + (−x) = o.

(A5) x · (y + z) = x · y + x · z;

(A6) (¸ + ˛)x = ¸x + ˛x, ¸(x + y) = ¸x + ¸y; (A7) ¸(˛x) = (¸˛)x, ¸(x · y) = (¸x) · y; (A8) 1e = e.

Ăńčěąàă C ĺğőňőàäŋő ćłńăďëćăěâáï ć ăńčěąàã A, ěáńĺ őâőęďěáâćĺâì çĺáńő ¸ ĺ íńěňěŋâ ¸e (ć çăáâŋőáâĺ, çĺáńő 0 ĺ íńěňěŋâ o, çĺáńő 1 ĺ íńěňěŋâ e) ĺ őŕàěďěńĺâì őŕěàăæĺî áńőęěŋĺï çĺáńă ĺ íńěňěŋâă âőęďěáâćőň ¸ + x = ¸e + x. Ŕàĺ íâőň ňőęŋő ĺáŕőńìğőćăâì ěďĺŋëľ áĺňćőń "·" (ĺńĺ őŕãáłăâì ěčő) ďńï őŕěàăæĺľ ãňŋőęěŋĺï ĺ ěďĺŋëľ áĺňćőń "+"

Č.2. Őŕěàăâőàë s ĺ d 165

ďńï őŕěàăæĺľ áńőęěŋĺï (çĺáńă á çĺáńőň, çĺáńă á íńěňěŋâőň ĺ íńěňěŋâă á íńěňěŋâőň).

Ďăńěě íńěňěŋâë ăńčěąàë A ąãďěň ŋăğëćăâì äãŋłæĺïňĺ, ă íńěňěŋâë ćĺďă ¸e { łőŋáâăŋâăňĺ ĺńĺ çĺáńăňĺ.

Č.2. Őŕěàăâőàë s ĺ d

• Şňŋőęěŋĺě ŋă ŋěłőâőàãî äãŋłæĺî s ∈ A ŕàőĺğćőńìŋőľ äãŋłæĺĺ x ∈ A ňőęŋő àăááňăâàĺćăâì łăł ďěľáâćĺě őŕěàăâőàă s : A → A (ŋăğëćăěňőčő őąëçŋő őŕěàăâőàőň ãňŋőęěŋĺï), őâőąàăęăîéěčő x ć sx, â. ě. s(x) = s · x.

Ąãďěň ŕàěďŕőńăčăâì, çâő ć ăńčěąàě A ćëŕőńŋïîâáï áńěďãîéĺě ďőŕőńŋĺâěńìŋëě ăłáĺőňë:

(Ă9) áãéěáâćãěâ íńěňěŋâ s âăłőľ, çâő ãàăćŋěŋĺě x − ¸sx = 1 àăğàě-

èĺňő őâŋőáĺâěńìŋő x ∈ A ŕàĺ łăęďőň ¸ ∈ C;

(Ă10) őŕěàăâőà ãňŋőęěŋĺï s ĺňěěâ ńěćëľ őąàăâŋëľ d : A → A, â.ě.

d(sx) = x ŕàĺ ćáěå x;

(Ă11) d(x + y) = d(x) + d(y), d(¸x) = ¸ dx ŕàĺ ćáěå x; y ∈ A; (Ă12) d(1) = 0;

(Ă13) ěáńĺ d(x) = 0 ĺ d(y) = 0, âő d(xy) = 0.

Ć ďăńìŋěľèĺå ŕãŋłâăå áâàőĺâáï őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě ďńï s, d ĺ ŋěłőâőàëå ďàãčĺå, áćïğŋëå á ŋĺňĺ, őŕěàăâőàőć. Ĺŋâěàŕàěâăæĺï: s { őŕěàăâőà ĺŋâěčàĺàőćăŋĺï ĺńĺ áãňňĺàőćăŋĺï, d { őŕěàăâőà ďĺääěàěŋæĺàőćăŋĺï ĺńĺ àăğŋőáâŋëľ őŕěàăâőà.

Ŕàĺćěďěň ŋěłőâőàëě áćőľáâćă ććěďěŋŋëå őŕěàăâőàőć.

• d(0) = 0, d(s) = 1;

Ďőłăğăâěńìáâćő ŋěŕőáàěďáâćěŋŋő áńěďãěâ ĺğ Ă11 ĺ Ă10.

• Ťãŋłæĺĺ s ĺ (1 − ¸s) { ŋěďěńĺâěńĺ ŋãńï.

Ďőłăğăâěńìáâćő. Ŕãáâì s { ďěńĺâěńì ŋãńï. Šőčďă sx_0 = 0 ŕàĺ ŋěłőâő-

àőň x_0 ≠ 0. Ŋő x_0 = d(sx_0) = d(0) = 0. Ŕàőâĺćőàěçĺě.

Ěáńĺ (1 − ¸s) { ďěńĺâěńì ŋãńï, âő (1 − ¸s)x_0 = 0 ŕàĺ ŋěłőâőàőň x_0 ≠ 0. Ćőğìňěň ńîąőě àěèěŋĺě ãàăćŋěŋĺï (1 − ¸s)x = 1. Šőčďă 0 = (1 − ¸s)xx_0 = x_0, â. ě. x_0 = 0. Ŕàőâĺćőàěçĺě.

• Řěèěŋĺě e_α ãàăćŋěŋĺï x − ¸sx = 1 ěďĺŋáâćěŋŋő.

Ďőłăğăâěńìáâćő. Ěáńĺ y { ďàãčőě àěèěŋĺě, âő (1 − ¸s)(y − e_α) = 0,

çâő ćńěçěâ y = e_α.

166 Ŕàĺńőęěŋĺě Č. Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

• Ťãŋłæĺï e_α { ŋěďěńĺâěńì ŋãńï.

Ďőłăğăâěńìáâćő. Ěáńĺ e_α { ďěńĺâěńì ŋãńï, âő e_αx_0 = 0 ŕàĺ ŋěłőâőàőň x_0 ≠ 0. Ĺğ őŕàěďěńěŋĺï e_α áńěďãěâ e_αx_0 − ¸se_αx_0 = x_0 â. ě. x_0 = 0. Ŕàőâĺćőàěçĺě.

• d(xy) = xd(y) + yd(x) − sd(x)d(y).

Ďőłăğăâěńìáâćő. Šăł łăł d(x−sd(x)) = d(x)−d(x) = 0 ĺ, ăŋăńőčĺçŋő, d(y − sd(x)) = 0, âő 0 = d((x − sd(x))(y − sd(y))) = d(xy) − xd(y) − yd(x)+ +sd(x)d(y).

• Őŕàěďěńěŋĺě. Őąőğŋăçĺň çěàěğ A_d ňŋőęěáâćő

A_d = {x : d(x) = 0; x ∈ A}:

A_d { ŕőďăńčěąàă ăńčěąàë A.

Ćëŕőńŋïěâáï âőęďěáâćő

d(bx) = bd(x) ďńï ćáěå b ∈ A_d; x ∈ A:

Č.3. Řăæĺőŋăńìŋëě őŕěàăâőàë

• Őŕàěďěńěŋĺě. Őąőğŋăçĺň çěàěğ C_s ňŋőęěáâćő ćáěå ňŋőčőçńěŋőć őâ-

ŋőáĺâěńìŋő s:

C_s = { n ∑ i=o ¸_is^i : n ≥ 0; ¸_i ∈ C; ¸_n = 1 } ; s ∈ A:

Ňŋőęěáâćő C_s ŋě áőďěàęĺâ ďěńĺâěńěľ ŋãńï. Ć çăáâŋőáâĺ, őŕěàăâőàë 1; s; s^2; : : : ńĺŋěľŋő ŋěğăćĺáĺňë ĺ ŋě ïćńïîâáï ďěńĺâěńïňĺ ŋãńï.

Ďőłăğăâěńìáâćő. Ďőáâăâőçŋő àăğńőęĺâì ŕàőĺğćőńìŋëľ ňŋőčőçńěŋ n-ľ áâěŕěŋĺ ŋă íńěňěŋâăàŋëě ňŋőęĺâěńĺ: n∑ i=o ¸_is^i =^∏_j (s − ˛_j)^{kj} ;^∑_j k_j = n;

ă łăęďëľ ĺğ ŋĺå ïćńïěâáï ŋěďěńĺâěńěň ŋãńï.

Ňŋőęěáâćő C_s { ŕőďăńčěąàă ăńčěąàë A. Ăńčěąàă C ĺğőňőàäŋő ćńőęěŋă ć C_s.

• Őŕàěďěńěŋĺě. Őąőğŋăçĺň çěàěğ A|C_s ăńčěąàã çăáâŋëå ăńčěąàë A

őâŋőáĺâěńìŋő ŕőďăńčěąàë C_s ⊂ A.

Č.3. Řăæĺőŋăńìŋëě őŕěàăâőàë 167

Ăńčěąàă çăáâŋëå áâàőĺâáï őąëçŋëň őąàăğőň. A|C-ŕăàőľ ŋăğëćăěâáï ćëàăęěŋĺě (x; a), čďě x ∈ A, a ∈ C_s, a ≠ 0. Ŕăàë (x; a) ĺ (y; b), ŕő őŕàěďěńěŋĺî, íłćĺćăńěŋâŋë, ěáńĺ xb = ya.

A|C_s-ďàőąìî ĺńĺ ŕàőáâő ďàőąìî ŋăğëćăěâáï łńăáá íłćĺćăńěŋâŋőáâěľ A|C_s-ŕăà: x a =^{(y; b) : xb = ya^}:

Řăćěŋáâćő ďàőąěľ xa = yb őğŋăçăěâ xb = ya.

Őŕěàăæĺĺ ć A|C_s őŕàěďěńïîâáï àăćěŋáâćăňĺ x a + y b = xb + ay ab ;¸ x a = ¸x a ; x a^· y b = xy ab :

Řěğãńìâăâ őŕěàăæĺľ ŋě ğăćĺáĺâ őâ ćëąőàă łőŋłàěâŋëå ŕàěďáâăćĺâěńěľ łńăááőć.

Ăńčěąàă A|C_s { ăááőæĺăâĺćŋő{łőňňãâăâĺćŋăï ăńčěąàă ŋăď ŕőńěň C. Ŋãńì ć ŋěľ { ďàőąì 0 1 , àăćŋăï 0 a, ă ěďĺŋĺæă { ďàőąì 1 1 , àăćŋăï a, ŕàĺ ńîąőľ ŋě àăćŋőľ ŋãńî äãŋłæĺĺ a ∈ C_s.

Ăńčěąàă A ćłńăďëćăěâáï ć ăńčěąàã A|C_s, ěáńĺ őâőęďěáâćĺâì íńěňěŋâ x ∈ A á íńěňěŋâőň x1 ∈ A|C_s.

• Őŕàěďěńěŋĺě. Őąőğŋăçĺň çěàěğ C_s|C_s ăńčěąàã ďàőąěľ ćĺďă ba, čďě

a; b ∈ C_s. Ďàőąĺ xa ∈ A|C_s ąãďěň ŋăğëćăâì àăæĺőŋăńìŋëňĺ őŕěàăâőàăňĺ,

ă ďàőąĺ ba ∈ C_s|C_s { s-őŕěàăâőàăňĺ.

Ĺňěîâáï áńěďãîéĺě ćńőęěŋĺï ăńčěąà:

C ⊂ C_s ⊂ C_s|C_s ⊂ A|C_s; C_s ⊂ A ⊂ A|C_s:

Ăńčěąàă C_s|C_s { ŕőńě. Łăęďëľ ěě őâńĺçŋëľ őâ ŋãńï íńěňěŋâ ba

őąàăâĺň: ( b a )_−1 = a b . Ŕőńě C ćńőęěŋő ć ŕőńě C_s|C_s.

• Őŕàěďěńěŋĺě. Ő àăæĺőŋăńìŋőň őŕěàăâőàě r ąãďěň čőćőàĺâì, çâő őŋ ŕàĺćőďĺň ł

? s-őŕěàăâőàã, ěáńĺ r ∈ C_s|C_s;

? őŕěàăâőàã{äãŋłæĺĺ ĺńĺ ŕàőáâő äãŋłæĺĺ, ěáńĺ r ∈ A; ? çĺáńã, ěáńĺ r ∈ C.

• Łăęďëľ s-őŕěàăâőà ňőęěâ ąëâì ŕàĺćěďěŋ ł łăŋőŋĺçěáłőňã ćĺďã { ńĺŋěľŋőľ łőňąĺŋăæĺĺ íńěňěŋâăàŋëå s-őŕěàăâőàőć:

168 Ŕàĺńőęěŋĺě Č. Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

1; s^m; 1 s^m ; 1 (s − ¸)^m ; m^≥ 1: Őŕěàăâőàë 1, s^m ĺ 1 (s − ¸)^m

= e^m_α { äãŋłæĺĺ.

Őŕěàăâőàë 1 s^m ŋě ŕàĺćőďĺňë ł äãŋłæĺĺ.

Ďőłăğăâěńìáâćő. Ěáńĺ 1s_m = a ĺ a ∈ A, âő s^ma = 1, s^{m−1}a = d(s^ma) = d(1) = 0. Őâáîďă áńěďãěâ s^{m−1}a = 0, çâő ŕàőâĺćőàěçĺâ s^ma = 1.

Č.4. Őŕěàăâőàë p ĺ k

• Łăł ãęě őâňěçăńőáì, őŕěàăâőà s ŋěőąàăâĺň ć A, ĺ őŕěàăâőà d ïćńïěâáï ńĺèì ńěćëň őąàăâŋëň ł s, â. ě. ćëàăęěŋĺě d(sx)−sd(x), àăćŋőě x−sd(x), âőęďěáâćěŋŋő ŋě àăćŋő ŋãńî.

• Őŕàěďěńěŋĺě. Őŕěàăâőà k : A → A, őŕàěďěńïěňëľ àăćěŋáâćőň k(x) = x − sd(x) ąãďěň ŋăğëćăâì čàăŋĺçŋëň.

• Ďńï ćáěå x; y ∈ A, ¸ ∈ C ćëŕőńŋïîâáï áőőâŋőèěŋĺï

k(x + y) = k(x) + k(y); k(¸x) = ¸k(x) k(xy) = k(x)k(y); k(1) = 1; k(e_α) = 1; k(sx) = 0; d(k(x)) = 0:

Ďőłăğăâěńìáâćő áńěďãěâ ĺğ áćőľáâć őŕěàăâőàőć s ĺ d, ć çăáâŋőáâĺ, k(xy) = xy − sd(xy) = (x − sd(x))(y − sd(x)) = k(x)k(y):

• Őŕàěďěńěŋĺě. Ůěàěğ p őąőğŋăçĺň s-őŕěàăâőà, őąàăâŋëľ ć ăńčěąàě

C_s|C_s őŕěàăâőàã s, â. ě. p = 1 s. • Ćëŕőńŋïěâáï âőęďěáâćő

d^n(x) = p^nx − p^nk(x) − p^{n−1}k(d(x)) − · · · − pk(d^{n−1}(x)); n ≥ 1: Ďőłăğăâěńìáâćő. Ĺğ őŕàěďěńěŋĺï őŕěàăâőàă k áńěďãěâ d(x) = px − pk(x);

â. ě. âőęďěáâćő ćěàŋő ŕàĺ n = 1. Ŕő ĺŋďãłæĺĺ ŋăľďěň d^{n+1}(x) = d(d^nx) = pd^nx − pk(d^nx) =

= p^{n+1}x−p^{n+1}k(x)−p^nk(d(x)) −· · ·− p^2k ( d^{n−1}(x)^)−pk(d^n(x)):

Šăłĺň őąàăğőň, ďőłăğëćăěňőě âőęďěáâćő ćěàŋő ŕàĺ ćáěå n ≥ 1.

Č.5. Řěèěŋĺě ŋěłőâőàëå ãàăćŋěŋĺľ 169

Č.5. Řěèěŋĺě ŋěłőâőàëå ãàăćŋěŋĺľ

• Şàăćŋěŋĺě sx = 1 ŋě àăğàěèĺňő ć ăńčěąàě A.

Ďőłăğăâěńìáâćő. Ěáńĺ ãàăćŋěŋĺě àăğàěèĺňő, âő x = d(sx) = d(1) = 0.

İâő ŕàőâĺćőàěçĺâ sx = 1.

• Şàăćŋěŋĺě sx = r ŕàĺ r ∈ A|C_s ĺňěěâ ěďĺŋáâćěŋŋőě őŕěàăâőàŋőě àěèěŋĺě x = rs , łőâőàőě ŕàĺćőďĺňő ł

? s-őŕěàăâőàã, ěáńĺ r = bca , čďě a; b ∈ C_s; ? äãŋłæĺĺ, ěáńĺ r = bs, čďě b ∈ A; ? çĺáńã, ěáńĺ r = ¸s, čďě ¸ ∈ C.

• Şàăćŋěŋĺě x − ¸sx = 1 ĺňěěâ ěďĺŋáâćěŋŋőě s-őŕěàăâőàŋőě àěèěŋĺě x = 11_− ¸s, łőâőàőě ŕàĺćőďĺňő ł äãŋłæĺĺ x = e_α.

Ťőàňãńë áńőęěŋĺï ĺ ãňŋőęěŋĺï ďńï äãŋłæĺĺ e_α:

e_{α+β} = e^αe^β e_α + e_β − e_αe_β ; e^{αβ} = se_αe_β se_αe_β − (e_α − 1)(e_β − 1):

• Şàăćŋěŋĺě x − ¸sx = r ŕàĺ ¸ ∈ C, r ∈ A|C_s, ćáěčďă ĺňěěâ ěďĺŋáâćěŋŋőě őŕěàăâőàŋőě àěèěŋĺě x = r 1 − ¸s

= e_αr, łőâőàőě ŕàĺćőďĺňő ł

? s-őŕěàăâőàã, ěáńĺ r ∈ C_s|C_s; ? äãŋłæĺĺ, ěáńĺ r ∈ A;

? çĺáńã, ěáńĺ r = ę_α , čďě ˛ ∈ C.

• Şàăćŋěŋĺě ax = r ŕàĺ a ∈ C_s, r ∈ A|C_s, ćáěčďă ĺňěěâ ěďĺŋáâćěŋŋőě őŕěàăâőàŋőě àěèěŋĺě x = ra ∈ A|C_s, łőâőàőě ŕàĺćőďĺňő ł

? s-őŕěàăâőàã, ěáńĺ r ∈ C_s|C_s; ? äãŋłæĺĺ, ěáńĺ r = ab, čďě b ∈ A; ? çĺáńã, ěáńĺ r = ¸a, čďě ¸ ∈ C.

• Őąéěě àěèěŋĺě ãàăćŋěŋĺï d(x) = a ŕàĺ a ∈ A ĺňěěâ ćĺď x = b + sa, čďě b ∈ A_d ŕàőĺğćőńìŋő.

Ďőłăğăâěńìáâćő. Ĺéěň àěèěŋĺě ć ćĺďě x = y + sa. Šőčďă d(y) = 0,

çâő íłćĺćăńěŋâŋő y ∈ A_d.

• Śĺáâěňă ãàăćŋěŋĺľ d(x) = u, x − sd(x) = v àăğàěèĺňă őâŋőáĺâěńìŋő x ∈ A âőčďă ĺ âőńìłő âőčďă, łőčďă d(v) = 0. Ŕàĺ íâőň x = v + su.

170 Ŕàĺńőęěŋĺě Č. Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

Ďőłăğăâěńìáâćő. Ŋěőąåőďĺňőáâì ãáńőćĺï d(v) = 0 áńěďãěâ ĺğ ćâőàőčő

ãàăćŋěŋĺï: d(v) = d(x − sd(x)) = 0. Ŕőíâőňã, x = v + sd(x) = v + su. Ŕàőćěàłă àěèěŋĺï: d(x) = d(v) + u = u, x − sd(x) = v + su − su = v.

• Őąéěě àěèěŋĺě ãàăćŋěŋĺï x − sd(x) = 0 ěáâì x = su, čďě u ∈ A ŕàőĺğćőńìŋő.

Ďőłăğăâěńìáâćő. Ŕãáâì x { àěèěŋĺě ĺ d(x) = u. Ĺğ x − sd(x) = 0 = v

ĺ ĺğ ŕ. 1.5.7 áńěďãěâ x = 0 + su = su. Ŕàőćěàłă àěèěŋĺï: x − sd(x) = su − sd(su) = su − su = 0.

• Őąéěě àěèěŋĺě x ∈ A ãàăćŋěŋĺï d(x) − ¸x = 0 ĺňěěâ ćĺď x = e_αv, čďě v ∈ A_d ŕàőĺğćőńìŋő.

Ďőłăğăâěńìáâćő. Ŕãáâì x { àěèěŋĺě. Őąőğŋăçĺň u = d(x), ĺ ŕãáâì v = x − sd(x) = x − ¸sx. Šőčďă d(v) = d(x) − ¸x = 0 ĺ, áńěďőćăâěńìŋő, v ∈ A_d. Śőčńăáŋő ŕ. 1.5.7 x = v + su. Ŕőďáâăćńïï ć ĺáåőďŋőě ãàăćŋěŋĺě, ŕőńãçĺň 0 = d(v + su) − ¸(v + su) = u − ¸su − ¸v:

Őâáîďă ĺ ĺğ ŕ. 1.5.4 áńěďãěâ u = ¸e_αv. Ğŋăçĺâ,

x = v + ¸se_αv = v(1 + ¸se_α) = ve_α:

• Şàăćŋěŋĺě d^2f = a ŕàĺ čàăŋĺçŋëå ãáńőćĺïå k(f) = !_0, k(df) = !_1 ŕàĺćőďĺâáï ł p^2f − p^2kf − pk df = a:

Řěèěŋĺě { f = a + p^2!^0 + p!^1

p^2

= s^2a + !_0 + s!_1:

• Şàăćŋěŋĺě d^2f − f = a ŕàĺ čàăŋĺçŋëå ãáńőćĺïå k(f) = !_0, k(df) = !_1 ŕàĺćőďĺâáï ł p^2f − p^2kf − pk df − f = a:

Řěèěŋĺě {

f = a + p^2!^0 + p!^1 p^2 − 1 = e_1 − e_1 2 a + e^1

+ e_1 2 !^0

+ e^{1 −} e^1 2 !^1 = = 1 2 e_1(a + !_0 + !_1) − 1 2 e_{−1}(a − !_0 + !_1):

Č.6. Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ 171

Č.6. Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ

• Ăńčěąàă äãŋłæĺľ. Ć łăçěáâćě ăńčěąàë A ćőğìňěň ňŋőęěáâćő ćáěå łő-

ŋěçŋëå ćěéěáâćěŋŋëå ĺńĺ łőňŕńěłáŋőğŋăçŋëå äãŋłæĺľ ćěéěáâćěŋŋőľ ŕěàěňěŋŋőľ ŋă ŕőńãőáĺ [0; ∞). Őŕěàăæĺî áńőęěŋĺï ďćãå äãŋłæĺľ, őŕěàăæĺĺ ãňŋőęěŋĺï äãŋłæĺĺ ŋă çĺáńő ĺ áńőęěŋĺï äãŋłæĺĺ á çĺáńőň őŕàěďěńĺň őąëçŋëň őąàăğőň.

Őŕěàăæĺî ãňŋőęěŋĺï (áćěàâłĺ) ďćãå äãŋłæĺľ őŕàěďěńĺň àăćěŋáâćőň

(fg)(t) = ∑ i+j=[t] f({t} + i)g({t} + j) −^∑ i+j=[t]−1 f({t} + i)g({t} + j):

Ğďěáì ĺ ďăńěě [ ] ĺ { } { áĺňćőńë æěńőľ ĺ ďàőąŋőľ çăáâěľ. Śãňňă ŕàěďŕőńăčăěâáï àăćŋőľ ŋãńî, ěáńĺ ňŋőęěáâćő ğŋăçěŋĺľ ĺŋďěłáőć, ŕő łőâőàëň ŕàőćőďĺâáï áãňňĺàőćăŋĺě, ŕãáâő. Ďńï ãŕàőéěŋĺï ğăŕĺáěľ ćáě ĺŋďěłáë áãňňĺàőćăŋĺï ŕàěďŕőńăčăîâáï ŕő ãňőńçăŋĺî ŋěőâàĺæăâěńìŋëňĺ. Ć çăáâŋőáâĺ, ĺğ ŕőáńěďŋěčő àăćěŋáâćă áńěďãěâ, çâő

(fg)(t) = f(t)g(t) ŕàĺ 0 ≤ t < 1;

(fg)(t) = [t]∑ j=0 f(t − j)g({t} + j) − [t]−1∑ j=0 f(t − 1 − j)g({t} + j) ŕàĺ [t] ≥ 1:

Ćëŕőńŋěŋĺě ăłáĺőň Ă1{Ă8 (áň. ŕ. Č.1) ńěčłő ŕàőćěàïěâáï. Ŋãńěň ĺ ěďĺŋĺæěľ ć ăńčěąàě A ïćńïîâáï äãŋłæĺĺ, âőęďěáâćěŋŋő àăćŋëě, áőőâćěâáâćěŋŋő, ŋãńî ĺ ěďĺŋĺæě ŋă ňŋőęěáâćě [0 + ∞).

Ťãŋłæĺî ąãďěň őąőğŋăçăâì ĺńĺ ěě ĺňěŋěň, ŋăŕàĺňěà f, ĺńĺ ćëàăęěŋĺěň, őŕàěďěńïîéĺň ěě ğŋăçěŋĺï f(t), ďńï çěčő ğăäĺłáĺàãěň áâăŋďăàâŋőě őąőğŋăçěŋĺě ăàčãňěŋâă t ĺ ąãďěň ŕĺáăâì f = ⟨f(t)⟩.

Ć ăńčěąàě A ĺňěîâáï ďěńĺâěńĺ ŋãńï, â. ě. ćőğňőęŋő fg = 0 ŕàĺ f ≠ 0 ĺ g ≠ 0, ŋăŕàĺňěà,

f(t) = 1 − g(t) = { 0; t { àăæĺőŋăńìŋő; 1; t { ĺààăæĺőŋăńìŋő:

• Őŕěàăâőà áãňňĺàőćăŋĺï. Ŕãáâì s = ⟨[t]⟩, âőčďă

(sf)(t) = [t]∑ j=1 f(t − j):

Ć çăáâŋőáâĺ, (sf)(t) = 0 ŕàĺ 0 ≤ t < 1.

Ć áćïğĺ á íâĺň őŕěàăâőà ãňŋőęěŋĺï ŋă s ąãďěň ŋăğëćăâì őŕěàăâőàőň áãňňĺàőćăŋĺï. Ŋăàïďã á őŕěàăâőàőň s ąãďěň âăłęě àăááňăâàĺćăâì ĺ őŕěàăâőà

172 Ŕàĺńőęěŋĺě Č. Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï

p = 1s:

Ŕő őŕàěďěńěŋĺî, s^0 = 1, s^1 = s. Ŋěŕőáàěďáâćěŋŋő ŕàőćěàïěâáï ćëŕőńŋěŋĺě àăćěŋáâćă (s^nf)(t) = ∑ n≤j≤[t] ( j − 1 n − 1 ) f(t − j) ŕàĺ n ≥ 1:

Şàăćŋěŋĺě f − ¸sf = 1 őâŋőáĺâěńìŋő äãŋłæĺĺ f àăğàěèĺňő, â.ě. ćëŕőńŋïěâáï ăłáĺőňă Ă9. Ďăŋŋőě łőŋěçŋő-àăğŋőáâŋőě ãàăćŋěŋĺě

f(t) −¸ [t]∑ j=1 f(t − j) = 1

őďŋőğŋăçŋő àăğàěèĺňő ŕàĺ ŕàőĺğćőńìŋőň čàăŋĺçŋőň ãáńőćĺĺ f(t) = !(t), 0 ≤ t < 1.

• Őŕěàăâőà łőŋěçŋőľ àăğŋőáâĺ

(´f)(t) = f(t + 1) − f(t) ïćńïěâáï ńěćëň őąàăâŋëň ł őŕěàăâőàã s:

´sf(t) =´ [t]∑ j=1 f(t − j) = [t]+1∑ j=1 f(t + 1 − j) − [t]∑ j=1 f(t − j) = f(t);

â. ě. ćëŕőńŋïěâáï ăłáĺőňă Ă10 ĺ, łăł ńěčłő ćĺďěâì, ăłáĺőňë Ă11{Ă13.

Ďăńěě ćňěáâő áĺňćőńă d (ć áőőâćěâáâćĺĺ á ŕàĺń. Č.2) ąãďěâ ĺáŕőńìğőćăâìáï áĺňćőń ´.

• Čàăŋĺçŋëľ őŕěàăâőà. Ŕőńăčăěň

k(f) = f − s´; áńěďőćăâěńìŋő,

k(f)(t) = f(t) − [t]∑ j=1 (f(t − j + 1) − f(t − j)) = f({t}):

• Ŋěłőâőàëě äőàňãńë őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï. Ćëçĺáńěŋĺï ŕőłăğë-

ćăîâ, çâő 1 p^{n ⟨}t^⟩ = ⟨ [t]_{(n)} n! ⟩ ; e_α =^⟨(1 + ¸)^{[t]⟩} :

Ŕőńőęĺň

Č.6. Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ 173

e_{α+iβ} = c_{α,β} + is_{α,β}: Šőčďă

c_{α,β} = ⟨( (1 + ¸)^2 + ˛^2 )[t]/2 cos ’[t] ⟩ ; s_{α,β} = ⟨( (1 + ¸)^2 + ˛^2 )[t]/2 sin ’[t] ⟩ ; čďě cos ’ =

1 +¸ √ (1 + ¸)^2 + ˛^2

; sin ’ =˛ √ (1 + ¸)^2 + ˛^2 : Ĺňěîâ ňěáâő áńěďãîéĺě áőőâŋőèěŋĺï: 1 p − ¸ = e_α − 1 ¸ ; 1 (p − ¸)^2 = (e_α − 1)^2 ¸^2 ; p (p − ¸)(p − ˛)

= e^{β −} e^α

˛ − ¸ ; 1 (p − ¸)(p − ˛) = 1 ¸˛ +

¸e_β − ˛e_α ¸˛(˛ − ¸); p (p − ¸)^2 + ˛^2

= s^{α,β}˛ ; 1 (p − ¸)^2 + ˛^2 = (1 − c_{α,β})˛ + ¸s_{α,β} ˛(¸^2 + ˛^2) :

Ŕàĺńőęěŋĺě Ď

Šěàňĺŋőńőčĺï âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň

Ĺğńőęěŋĺě ğďěáì őáŋőćŋëå ŕőŋïâĺľ âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň áńěďãěâ àăąőâě: Ď.Ĺ. Ăŋőáőć, Ś.Ţ. Ąàőŋèâěľŋ, Ć.Ğ.Čàĺŋěá "Čńăďłĺě ďĺŋăňĺçěáłĺě áĺáâěňë". Ů. II. "Śőćàěňěŋŋëě ŕàőąńěňë ňăâěňăâĺłĺ. Ťãŋďăňěŋâăńìŋëě ŋăŕàăćńěŋĺï". Š. 1 (Ĺâőčĺ ŋăãłĺ ĺ âěåŋĺłĺ. ĆĹŊĹŠĹ ĂŊ ŚŚŚŘ), Ňőáłćă, 1985. { Ś. 151{242.

Ď.1. Łăáłăďë ĺ ŕőâőłĺ

• Ć âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň (ŠĎŚ) ďĺŋăňĺçěáłăï áĺáâěňă (ĎŚ) { őďŋőŕăàăňěâàĺçěáłăï čàãŕŕă (ĺńĺ ŕőńãčàãŕŕă) ŕàěőąàăğőćăŋĺľ ŋěłőâőàőčő ňŋőęěáâćă M. Łăęďőňã t ∈ T áőŕőáâăćńěŋő őâőąàăęěŋĺě f^t : M → M âăł, çâő ćëŕőńŋïěâáï čàãŕŕőćőě áćőľáâćő

f^t ∘ f^s = f^{t+s} ďńï ćáěå t; s ∈ T; f^0 = 1_M : (Ď:1)

Ňŋőęěáâćő M ŋăğëćăěâáï äăğőćëň ŕàőáâàăŋáâćőň, ěčő íńěňěŋâë

{ äăğőćëňĺ âőçłăňĺ, ŕěàěňěŋŋăï t { ćàěňěŋěň. Ŕàïňőě ŕàőĺğćěďěŋĺě

T × M ŋăğëćăěâáï àăáèĺàěŋŋëň äăğőćëň ŕàőáâàăŋáâćőň.

Ć ŕàĺńőęěŋĺïå ĎŚ őŕĺáëćăěâ íćőńîæĺî ňőďěńĺàãěňőľ ğăňłŋãâőľ äĺğĺçěáłőľ áĺáâěňë, â. ě. ĺğňěŋěŋĺě ěě áőáâőïŋĺľ áő ćàěňěŋěň: ĺğ áőáâőïŋĺï x áĺáâěňă ğă ćàěňï t ŕěàěåőďĺâ ć áőáâőïŋĺě f^tx. Čàãŕŕőćőě (ŕőńãčàãŕŕőćőě) áćőľáâćő (Ď:1) őâàăęăěâ ğăňłŋãâőáâì (ăćâőŋőňŋőáâì, ĺğőńĺàőćăŋŋőáâì) áĺáâěňë: ŕěàěåőď ĺğ áőáâőïŋĺï f^sx ć áőáâőïŋĺě f^{s+t}x ğă ćàěňï őâ s ďő s + t ŕàőĺáåőďĺâ âăł ęě, łăł ěáńĺ ąë őŋ ŕàőĺáåőďĺń ğă ćàěňï őâ 0 ďő t.

Őąëçŋő ŕàěďŕőńăčăěâáï, çâő äăğőćőě ŕàőáâàăŋáâćő M áőćŕăďăěâ á IR^n ĺńĺ ïćńïěâáï ňŋőčőőąàăğĺěň ć IR^n (čńăďłĺň, åăãáďőàäőćëň, áő áçěâŋőľ ąăğőľ, áćïğŋëň ĺ ąěğ łàăï). Ďńï ćőŕàőáőć, àăááňăâàĺćăěňëå ğďěáì, ďőáâăâőçŋő őčàăŋĺçĺâìáï áńãçăěň, łőčďă M { őąńăáâì ŋă çĺáńőćőľ ŕàïňőľ, â.ě. łőŋěçŋëľ ĺńĺ ąěáłőŋěçŋëľ ĺŋâěàćăń.

• Ć ğăćĺáĺňőáâĺ őâ ňŋőęěáâćă T ďĺŋăňĺçěáłăï áĺáâěňă ŋăğëćăěâáï:

łăáłăď { ěáńĺ T = ZZ = {: : :; −2; −1; 0; 1; 2; : : :}, ŕőńãłăáłăď { ěáńĺ T = IIN = {0; 1; 2; : : :}, ŕőâőł { ěáńĺ T = IR = (−∞; +∞), ŕőńãŕőâőł { ěáńĺ T = IR_+ = [0; +∞).

Ď.1. Łăáłăďë ĺ ŕőâőłĺ 175

Šăłăï łńăááĺäĺłăæĺï, ă âăłęě őŕàěďěńěŋĺï ŋěŕàěàëćŋőáâĺ ĺ čńăďłőáâĺ ďĺŋăňĺçěáłĺå áĺáâěň áćěďěŋë ć âăąń. Ď.1.

Šăąńĺæă Ď.1. Őŕàěďěńěŋĺě ĎŚ

Ďĺŋăňĺçěáłĺě áĺáâěňë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

á ďĺáłàěâŋëň ćàěňěŋěň á ŋěŕàěàëćŋëň ćàěňěŋěň

Łăáłăď Ŕőńãłăáłăď Ŕőâőł Ŕőńãŕőâőł : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : íâő { őďŋőŕăàăňěâàĺçěáłăï : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : čàãŕŕă ŕőńãčàãŕŕă čàãŕŕă ŕőńãčàãŕŕă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : ŕàěőąàăğőćăŋĺľ ć ŋěłőâőàőň ňŋőęěáâćě M. Łăęďőňã : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : t ∈ ZZ t ∈ IIN t ∈ IR t ∈ IR+ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : áőŕőáâăćńěŋő őâőąàăęěŋĺě g^t : M → M ĺ ćëŕőńŋïěâáï áćőľáâćő (Ď:1)

ĎŚ { ŋěŕàěàëćŋă, ěáńĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : f { čőňěőňőàäĺğň őâőąàăęěŋĺě f ŋěŕàěàëćŋő f^tx ŋěŕàěàëćŋő ŕő (t; x)

ĎŚ { čńăďłăï, ěáńĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : f { ďĺääěőňőàäĺğň.

f { čńăďłőě őâőąàăęěŋĺě f^tx čńăďłő ğăćĺáĺâ őâ (t; x).

Ğďěáì:

f { čőňěőňőàäĺğň őğŋăçăěâ, çâő äãŋłæĺï f { ąĺěłæĺï ĺ f ĺ f^{−1} ŋěŕàěàëćŋë;

f { čńăďłőě őâőąàăęěŋĺě őğŋăçăěâ, çâő äãŋłæĺï f ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňă;

f { ďĺääěőňőàäĺğň őğŋăçăěâ, çâő äãŋłæĺï f { ąĺěłæĺï ĺ őąě äãŋłæĺĺ f ĺ f^{−1} ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňë.

Ďńï ŕőńãłăáłăďă ĺ łăáłăďă ŕàĺ t ∈ IIN őâőąàăęěŋĺě f^t ïćńïěâáï t-ľ ĺâěàăæĺěľ äãŋłæĺĺ f, čďě f(x) = f^1(x), ă ďńï łăáłăďă ŕàĺ t ∈ ZZ\IIN { |t|-ľ ĺâěàăæĺěľ äãŋłæĺĺ f^{−1}, őąàăâŋőľ äãŋłæĺĺ f.

• Ěáńĺ ŕőâőł čńăďłĺľ,âő áãéěáâćãěâ v(x) = d dt | | | | t=0 f^tx { čńăďłőě ćěł-

âőàŋőě ŕőńě ŋă M (ŕőńě äăğőćőľ áłőàőáâĺ, ŕàőĺğćőďïéěě ŕőńě őďŋőŕă-

àăňěâàĺçěáłőľ čàãŕŕë f^t). Ć ŋěłőâőàëå ŕàĺńőęěŋĺïå íâő { áłőàőáâì, á

łőâőàőľ ŕőâőł áďćĺčăěâ âőçłĺ x á ňěáâă. Ŕőńě äăğőćőľ áłőàőáâĺ ŕőńŋőáâìî őŕàěďěńïěâ (ŕőàőęďăěâ) ŕőâőł: f^tx_0 ŕàĺ äĺłáĺàőćăŋŋőň x_0 ĺ ŕěàěňěŋŋőň t ïćńïěâáï àěèěŋĺěň ďĺääěàěŋæĺăńìŋőčő ãàăćŋěŋĺï _x = v(x) á

176 Ŕàĺńőęěŋĺě Ď. Šěàňĺŋőńőčĺï âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň

ŋăçăńìŋëň ğŋăçěŋĺěň x_0, â. ě.

f^tx_0 = x(t); _x(t) = v(x(t)); x(0) = x_0:

Ď.2. Šàăěłâőàĺĺ. Ĺŋćăàĺăŋâŋëě ňŋőęěáâćă

• Ŕàĺ äĺłáĺàőćăŋŋőň x äãŋłæĺï t → ă^tx ŋăğëćăěâáï ďćĺęěŋĺěň âőçłĺ x. (Ťăğőćőľ) âàăěłâőàĺěľ ďăŋŋőľ ĎŚ, âőçłĺ x ĺńĺ ďćĺęěŋĺï t → f^tx ŋăğëćăěâáï őąàăğ íâőčő őâőąàăęěŋĺï, â. ě. ňŋőęěáâćő {f^tx : t ∈ T } áőáâőïŋĺľ ĎŚ, ŕàĺ ãáńőćĺĺ, çâő ć ňőňěŋâ t = 0 ěě áőáâőïŋĺě ěáâì x_0.

Ďńï łăáłăďă (ĺ ŕőńãłăáłăďă) âàăěłâőàĺï { ďĺáłàěâŋőě (ŋě ąőńěě çěň áçěâŋőě) ňŋőęěáâćő. Ďńï ŋěŕàěàëćŋőčő ŕőâőłă âàăěłâőàĺï { ńĺŋĺï, ğă ĺáłńîçěŋĺěň áńãçăï, łőčďă x { ŕőńőęěŋĺě àăćŋőćěáĺï, â. ě. łőčďă f^tx ŕàĺ ćáěå t (âőçłă ŕőłőï).

Ć âěőàĺĺ ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ âàăěłâőàĺĺ ŋăğëćăîâáï äăğőćëňĺ łàĺćëňĺ, ŕőńőęěŋĺï àăćŋőćěáĺï { őáőąëňĺ âőçłăňĺ (ŋãńĺ ćěłâőàŋőčő ŕőńï äăğőćőľ áłőàőáâĺ). Ć čńăďłőň áńãçăě âàăěłâőàĺï { ĺŋâěčàăńìŋăï łàĺćăï ŕőńï ŋăŕàăćńěŋĺľ.

Łăęďăï âàăěłâőàĺï àăğąĺćăěâáï ŋă ŕőńőęĺâěńìŋãî ĺ őâàĺæăâěńìŋãî ŕőńãâàăěłâőàĺĺ. Ňŋőęěáâćő {f^tx : t ≥ t_0} ŋăğëćăěâáï ŕőńőęĺ-

âěńìŋőľ ŕőńãâàăěłâőàĺěľ, ă ňŋőęěáâćő {f^tx : t ≤ t0} { őâàĺæăâěńìŋőľ. Šőçłă x0 = f^{t0} x { ŋăçăńìŋăï âőçłă (ŋăçăńő) őąěĺå ŕőńãâàăěłâőàĺľ,

łőâőàëě ĺáåőďïâ ĺğ ŋěě, ĺńĺ ïćńïîâáï ŕőńãâàăěłâőàĺïňĺ íâőľ âőçłĺ (ă âăłęě ĺ ďăŋŋőľ áĺáâěňë). Ŕàĺ ďăŋŋőň ŋăçăńě x_0 ňőęŋő áçĺâăâì t_0 = 0 ĺ ğăňěŋĺâì x ŋă x_0.

• Šàăěłâőàĺï ŕěàĺőďĺçěáłăï, ěáńĺ őŋă ïćńïěâáï âàăěłâőàĺěľ ŕěàĺőďĺ-

çěáłőčő ďćĺęěŋĺï, â.ě. ěáńĺ f^{t+τ} x = f^tx ŕàĺ ćáěå t ĺ ŋěłőâőàőň fi ≠ 0.

Šăłĺě fi ŋăğëćăîâáï ŕěàĺőďăňĺ ďăŋŋőčő ďćĺęěŋĺï ĺ âőçłĺ x. Ŕàĺ íâőň x ŋăğëćăîâ ŕěàĺőďĺçěáłőľ âőçłőľ ďăŋŋőľ áĺáâěňë ĺ őâőąàăęěŋĺï (ďńï łăáłăďă). Ćáě ŕěàĺőďë łàăâŋë ňĺŋĺňăńìŋőňã ŕěàĺőďã fi_0 > 0.

Ŕěàĺőďĺçěáłĺě âàăěłâőàĺĺ ŋăğëćăîâ æĺłńăňĺ.

Ĺŋőčďă ł ŕěàĺőďĺçŋőáâĺ őâŋőáïâ áńãçăľ, łőčďă f^tx ŋě ğăćĺáĺâ őâ fi. Ŕàĺ íâőň fi_0 = 0. Ďńï łăáłăďă âăłăï âőçłă x { ŋěŕőďćĺęŋăï âőçłă (íâőčő łăáłăďă ĺ ŕőàőęďăîéěčő őâőąàăęěŋĺï), ă ďńï ŕőâőłă x { ŕőńőęěŋĺě àăćŋőćěáĺï. Ďńï ŕőâőłă çăáâő ŋěŕőďćĺęŋëě âőçłĺ ĺáłńîçăîâ ĺğ áńãçăï ŕěàĺőďĺçŋőáâĺ.

Ŕěàĺőďĺçěáłãî âàăěłâőàĺî ŋăğëćăîâ ğăňłŋãâőľ âàăěłâőàĺěľ (őŋă { ğăňłŋãâăï ńĺŋĺï, ěáńĺ f^t ŋěŕàěàëćŋő ğăćĺáĺâ őâ t).

Ďńï ŕěàĺőďĺçěáłĺå âàăěłâőàĺľ (ćłńîçăï ŕőńőęěŋĺě àăćŋőćěáĺï ŕőâőłă) ŕőńãâàăěłâőàĺï áőćŕăďăěâ á áăňőľ âàăěłâőàĺěľ.

• Ĺŋćăàĺăŋâŋëň ňŋőęěáâćőň (ĺŋćăàĺăŋâŋëň ňŋőčőőąàăğĺěň) áĺáâě-

ňë ŋăğëćăěâáï ňŋőęěáâćő A ⊂ M, áőáâőïéěě æěńĺłőň ĺğ âàăěłâőàĺľ,

Ď.2. Šàăěłâőàĺĺ. Ĺŋćăàĺăŋâŋëě ňŋőęěáâćă 177

â. ě. ãďőćńěâćőàïîéěě

f^tA = A ŕàĺ ćáěå t ∈ T:

Ďńï łăáłăďă f^k : k ∈ Z íâő íłćĺćăńěŋâŋő

f^{−1}(A) = A; f(A) = A:

Ďńï łăáłăďă ŕàĺ ćëŕőńŋěŋĺĺ âőńìłő ãáńőćĺï f(A) = A, čőćőàïâ ő f-ĺŋćăàĺăŋâŋőáâĺ.

Ć ŕőńãčàãŕŕőćőň áńãçăě àăááňăâàĺćăîâáï âăłęě áńěďãîéĺě ćĺďë ĺŋćăàĺăŋâŋőáâĺ:

1) (f^t)^{−1}A = A, t ∈ T { ďćãáâőàőŋŋïï ĺŋćăàĺăŋâŋőáâì, 2) f^tA = A { ŕőńãĺŋćăàĺăŋâŋőáâì, ŕőńőęĺâěńìŋăï ĺŋćăàĺăŋâŋőáâì, ĺŋćăàĺăŋâŋőáâì ć ŕőńőęĺâěńìŋőň ŋăŕàăćńěŋĺĺ.

• Ğăňłŋãâőě ĺŋćăàĺăŋâŋőě ňŋőęěáâćő A äăğőćőčő ŕàőáâàăŋáâćă ŋăğëćăěâáï ăáĺňŕâőâĺçěáłĺ ãáâőľçĺćëň ňŋőęěáâćőň ĺńĺ ăââàăłâőàőň (ŕàĺâïčĺćăîéĺň), ěáńĺ ćëŕőńŋïîâáï áćőľáâćă:

1. A ãáâőľçĺćő ŕő Ńïŕãŋőćã, â.ě. ďńï ńîąőľ ěčő őłàěáâŋőáâĺ U ŋăľďěâáï âăłăï ěčő őłàěáâŋőáâì V , çâő ńîąăï ŕőńőęĺâěńìŋăï ŕőńãâàăěłâőàĺï, ŋăçĺŋăîéăïáï ć V , æěńĺłőň áőďěàęĺâáï ć U.

2. Ěáńĺ âőçłă x ďőáâăâőçŋő ąńĺğłă ł A, âő ȷ(f^tx; A) → 0 ŕàĺ t → +∞.

Ŕěàěáěçěŋĺě łőŋěçŋőčő çĺáńă ăââàăłâőàőć { ăââàăłâőà.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Őáŋőćŋëě ňőŋőčàăäĺĺ ĺ őąğőàë

[Ň1] Ăæěńì §. Ŋěłőâőàëě őąéĺě ňěâőďë ć âěőàĺĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ őďŋőľ ŕěàěňěŋŋőľ. Ŋőćëě ŕàĺňěŋěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Şáŕěåĺ ňăâ. ŋăãł. { 1956. { 11, ü 3(69). { 3{68.

[Ň2] (Ăæěńì) Acz«el J. Vorlesungen -uber Funktionalgleichung und ihre Anwendungen. { Basel{Stuttgart, 1961.

[Ň3] (Ăæěńì, Ďőňąàě) Acz«el J., Dhombres J. Functional equations in several variables. { Cambridge: University Press, 1989.

[Ň4] (Ąãńì) Boole G. A treatist on the calculus of ˛nite di¸erences. { Cambridge, 1860.

[Ň5] Čěńìäőŋď Ă.Ő. Ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ. { Ň.: ČĹŤ- ŇŃ, 1952.

[Ň6] Čěàáěćăŋőć Ŋ.Ň. Ĺâěàăæĺőŋŋőě ĺáçĺáńěŋĺě ĺ ěčő ŕàĺńőęěŋĺï.

{ Ń.: Ňăèáâàőľĺğďăâ, 1950.

[Ň7] (Łăŋăŕŕăŋ) Kannappan P. Theory of functional equations // Matsci. Rept. Inst. Math. Sce. { 1968. { ü 48. (69.12ą6) [Ň8] (Čěàňíŋěáłã) Chermanescu M. Ecuatii functionale. { Bucaresti, 1960.

[Ň9] (Łőńńě, İłňăŋ) Collet P., Eckman J.P. Iterated maps on the interval as dynamical systems. { Basel, Boston, Stuttgart: Birkhauser, 1980.

[Ň10] (Łãçňă) Kuczma M. A survey of the theory of functional equations // Publ. Elektroteáhn. fak. / Univ.Beogradu. Ser. Mat. Fiz. { 1964. { ü 130. (65.5ą11)

[Ň11] (Łãçňă) Kuczma M. Functional equations in a single variable / Monogr. math. PAN, ü 46.. { Warszawa, 1968. (68.7ą12; 69.6ą8)

[Ň12] (Łãçňă, Ţőçěćáłĺľ , Čěà) Kuczma M., Choczewski B., Ger R. Iterative functional equations // Math. and Appl. Encycl. { Cambridge: Univ. Press. { 1990. { 32. (91.9ą4ł)

[Ň13] Ňăàłőć Ă.Ă. Ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ. { Őďěááă, 1910.

[Ň14] Ňăàłãèěćĺç Ă.Ĺ. Ćőğćàăâŋëě ŕőáńěďőćăâěńìŋőáâĺ. { Ň.: Ŋăãłă, 1975.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 179

[Ň15] Ŕěńîå Č.Ŕ., Ÿăàłőćáłĺľ Ő.Ň. Ććěďěŋĺě ć âěőàĺî äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. { Łĺěć: Ŋăãłőćă ďãňłă, 1974. (74.11ą6) [Ň16] Ŕěâãåőć Ć.Ř. Ł âěőàĺĺ ĺâěàăæĺőŋŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ. { Ň., 1978. { 12 á. { (Ŕàěŕàĺŋâ / ĂŊ ŚŚŚŘ. Ĺŋ-â âěőà. ĺ íłáŕěàĺň. äĺğ.; 92). (78.12ą7) [Ň17] (Ŕĺłăà) Picard Śh.«E. Lecons sur quelques equations fonctionnelles avec des applications «a divers probl«emes d’analyse et de physique math«ematique. { Paris: Ganthier{Villars, 1950.

[Ň18] Śőłőńőć đ.Ď. Ńiŋiľŋi àiğŋĺæěći àićŋïŋŋï. { Łĺěć: Ćĺď. ŞĂŊ, 1935.

[Ň19] (Šăàčőŋáłĺľ) Targo«nski G. Topics in iteration theory. { G-ottingen, Z-urich: Vandenhoeck and Ruprecht, 1981.

[Ň20] (§àçĺł) Jarczyk W. A recurrent method of solving iterative functional equations // Pr. nauk USl. Katowicach. { 1991. (92.5ą4)

Ŕàĺćőďĺňăï ďăńěě ąĺąńĺőčàăäĺï áőďěàęĺâ ąőńěě 700 ŋăĺňěŋőćăŋĺľ (ŋě âőńìłő æĺâĺàőćăŋŋőľ ńĺâěàăâãàë). Ąőńìèĺŋáâćő ĺğ íâĺå àăąőâ ŕőáćïéěŋë äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň. Řăąőâë ŕő ĺâěàăæĺőŋŋőňã ĺáçĺáńěŋĺî (ĺå ŋě ňŋőčő) ŕàěďáâăćńïîâ ć őáŋőćŋőň ĺáâőàĺçěáłĺľ ĺŋâěàěá. Ćłńîçěŋĺě àïďă àăąőâ áćïğăŋő á ĺáŕőńìğãěňëň ňăâěňăâĺçěáłĺň ăŕŕăàăâőň. Ŕàăłâĺçěáłĺ ŋě ŕàěďáâăćńěŋë àăąőâë ŕő łőňŕńěłáŋëň ďĺŋăňĺłăň. Śőőâćěâáâćãîéĺě ááëńłĺ ĺňěîâáï, ŋăŕàĺňěà, ć àăąőâăå Ňăłňãńńěŋă [1994], Ąěàčćěľńěàă [1993] ĺ ć ňőŋőčàăäĺĺ Łőńńě, İłňăŋă [Ň9].

Łőď ć łőŋæě ŋěłőâőàëå ááëńőł őğŋăçăěâ, çâő àăąőâă ŕàőàěäěàĺàőćăŋă ć ŘĘ "Ňăâěňăâĺłă". Ŋăŕàĺňěà, (92.5ą4) ãłăğëćăěâ ŋă 1992 čőď,

ü 5, àăğďěń ą, ŋőňěà àěäěàăâă 4.

Ăąěńì (Abel N.H.)

[1826ă] Untersuchung der Functionen zweier unabh-angig ver-anderlichen Gr-ossen x und y wie f(x; y), weiche die Eigenschaft haben, dass f[z;f(x;y)] eine symmetrisch Function von x, y und z ist // J. Reine und Angew. Math. {ü 1. { 11{15.

[1826ą] Untersuchung -uber die Heihe 1 +^m_1 x +^{m(m−1)}_2 x^2 + : : : // J. Reine und Angew.

Math. {ü 1. { 311{339.

[1827] Ueber die Functionen, die der Gleichung ’x + ’y = [xfy + yfx] genugthun // J. Reine und Angew. Math.{ ü 2. { 386{394.

[1881] Oeuvres completes. { ü 1{2. { Christiania.

Ăąěńì đ. (Abel U.)

[1982] Sur les groupes d’iteration monotones // Publ. Math. Debrecen. { 29. { 65{71.

Ăćčãáâĺŋőćĺç (Augustynowicz A.)

[1985] Existence of a solution of some functional equation // Demonstr. math. { 18, ü 3. { 845{852. (86.10ą14)

180 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ăďăňăà (Hadamard J.S.)

[1944] Two works on iteration and related questions // Bull. of the Amer. Math. Soc.

{ 50, ü 2. { 67{75.

Ăďăňăèěł (Adamaszek I.)

[1988] Solution of the generalized translation equation on some structures // Zesz. nauk.

Univ. jagiall. Acta Math. { 27. { 51{60. (89.7ą6) [1995] On generalized sine and cosine functions // Demonstr. math. { 28, ü 2. { 263{ 270. (96.12ą9)

Ăğĺňőć (Asimov D.)

[1967] Fractionale iterated functions // Techn. Engng. News. { 49, ü 1. { 69{71.

(67.12ą5)

Ăńěłáăŋďěà (Alexander D.S.)

[1996] An episodic history of complex dynamics from Schr-oder to Faton and Julia // Suppl. Rend. Circ. Mat. Palermo. { ü 44. { 57{83. (97.9ă24)

Ăńěłáăŋďěà, Ąńěľà, Řãąěńì (Alexander J.R., Blair Ch.E., Rubel L.A.)

[1995] Approximate versions of Cauchy’s functional equation // J. Math. { 39, ü 2. { 278{287. (96.1ą10)

Ăńáĺŋă (Alsina C.)

[1989] On some iterative functional equations involving t-norms // Eur. Conf. iterat.

theory (ECII 87). Caldes de Matavella, 20{26 Sept., 1987. { Singapore. { 407{412. (91.9ą7)

Ăńì{Śăńăňë Ŋ. ĺ Ć. (Al{Salam N.A., Al{Salam W.A.)

[1979] On a functional equation // Can. Math. Bull. { 22, ü 2. { 235{237. (79.11ą12)

Ăŋčěńãâí (Anghelut»a Th.)

[1961ă] On ecuatie functionala pentru sinus si alta pentru sinus iperbolic // Bull. sti.

Inst. politehn. Cluj. { ü 4. { 37{40.

[1961ą] Ecuatie functional»a a logaritmulua // Šăň ęě. { 41{44.

Ăŋçĺł (Anczyk L.)

[1969] On di¸erentiable solutios of B-ottcher’s functional equation // Ann. pol. math. {

21, ü 2. { 217{221. (69.11ą16) Ăàĺáâőć Ĺ.Ĺ.

[1900] Őą ĺâěàăæĺĺ äãŋłæĺľ // Ĺğć. äĺğ.-ňăâ. őąéěáâćă ŕàĺ Łăğăŋáłőň ãŋ-âě.

Śěà. 2. { ü 10. { 14{49; 85{131.

Ăàŋőńìď Ć.Ĺ.

[1957ă] Ő ŕàěďáâăćĺňőáâĺ äãŋłæĺľ ďćãå ŕěàěňěŋŋëå ć ćĺďě x[’(x)+ (y)] // Şáŕěåĺ ňăâ. ŋăãł. { 12, ü 2. { 119{121.

[1957ą] Ő äãŋłæĺïå âàěå ŕěàěňěŋŋëå // Ďőłń. ĂŊ ŚŚŚŘ. { 114, ü 4. { 679-681. [1959] Ő ŕàěďáâăćĺňőáâĺ ŋěŕàěàëćŋëå äãŋłæĺľ âàěå ŕěàěňěŋŋëå áãŕěàŕőğĺæĺïňĺ ŋěŕàěàëćŋëå äãŋłæĺľ ďćãå ŕěàěňěŋŋëå // Ňăâ. áą. { 48(90), ü 1. { 3{74.

[1962] Ő ŕàěďáâăćńěŋĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ âàěå ŕěàěňěŋŋëå áãŕěàŕőğĺæĺïňĺ ŋěŕàěàëćŋëå äãŋłæĺľ ďćãå ŕěàěňěŋŋëå // Ňăâ. áą. { 56(98), ü 3. { 392.

Ăàőňěěćă Š.Ś., Łãàďîňőć Ś.Ŕ., Ňăńĺŋěæłĺľ Č.Č.

[1988] Ŕăàăďőłáë ňĺàă ŋěáâăæĺőŋăàŋëå áâàãłâãà // Łőňŕìîâěàë ĺ ŋěńĺŋěľŋëě ïćńěŋĺï. { Ň.: Ğŋăŋĺě.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 181

Ăæěńì^1 (Acz«el J.)

[1948ă] On mean values // Bull. Amer. Math. Soc. { 54. { 392{400. [1948ą] Ueber eine klasse von funktionalgleichungen // Commun. Math. Helv. { 21. { 247{256.

[1948ć] Sur une «equation fonctionnelle // Publ. de l’Inst. Math. de l’Acad. Serbe des Sci.

{ 2. { 257{262.

[1949] Sur les operatios d«e˛nies pour nombres r«eels // Bull. Soc. math. Fr. { 76. { 59{64.

[1950ă] F-uggv«enyegyenletek az alkalmazott matematik«aban // MTA III. Oszt«aly K-ozle-m«enyei.{ 1. { 131{142.

[1950ą] Ueber einparametrige transformationen // Publ. math. { 1. { 243{247. [1951] T-obbv«altoz«os f-oggv«enyegyenletek. I // Mat. lap. { 2. { 99{117. [1952ă] Bemerkungen -uber die Multiplikation von Vektoren und Quaternionen // Acta math. hung. { 3, ü 4. { 309{316.

[1952ą] T-obbv«altoz«os f-oggv«enyegyenletek II. // MTA AMI K-ozlem«enyei. { 1. { 311{333. [1952ć] On composed Poisson distributions III // Acta math. hung. { 3. { 219{224. [1953] Grundriss einer allgemeinen behandlung von eingen funktionalgleichungtypen // Publ. math. { 3. { 119{132.

[1965] The general solution of two functional equations by reduction to functions additive in two variables and with the aid of Hamel Bases // Glas. mat.{˛s., astronom. { 20, ü 1{2. { 65{72.

[1981] Notes on generalized information functions // Aequat. math. { 22, ü 1. { 97{107.

(82.1ą15) [1984] On history, applications and theory of functional equations // Funct. Equat.

History, Appl. and Theory. { D. Reidel Publ. Co. { 3{12. (85.6ą12) [1992] Monotonic solutions of the homogeneity equation and of similar functional equations. (Preliminary report): [Pap.] 29th Int. symp. Funct. Equat. Wolfville, June 3{10, 1991 // Aequat. math. { 43, ü 2{3. { 265{267. (93.8ą10)

Ăæěńì, Ăńáĺŋă (Acz«el J., Alsina C.)

[1994] On building indices // Util. Math. { 45. { 17{31. (95.8ą11)

Ăæěńì, Ąěŋæ (Acz«el J., Benz W.)

[1975] -Uber das harmonische produkt und eine koruspondierende funktionalgleichung // Abh. Math. semin. Univ. Hamburg.{ 43. { 3{10. (76.4ą12)

Ăæěńì, Čàőŋő (Acz«el J., Gronau D.)

[1988] Iteration, translation, commuting and di¸erential equations // Ber. Math.{ statist. Sek. Forschugsges. Joanneum. { ü 285{296; 285/1{285/6. (88.12ą8)

Ăæěńì, Łăńìňăà, Ňĺłãáĺŋáłĺľ (Acz«el J., Kalm«ar L., Mikusinski J.G.)

[1951] Sur l’«equation de translation // Stud. math. { 12. { 112{116.

Ăæěńì, Łãçňă (Acz«el J., Kuczma M.)

[1989] On two mean value properties and functional equations associated with them // Aequat. math. { 38, ü 2{3. { 216{235. (90.11ą5) [1991] On two related types of functional equations describing mean value properties // Zesz. nauk. Math.{˛z. (PS). { ü 64. { 27{35. (92.3ą4)

1=Ăłæěńì=Ăæěń.

182 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ăæěńì, Ŋč (Acz«el J., Ng C.T.)

[1981] On general information functions // Util. Math. { 19. { 157{170. (82.1ą12)

Ăæěńì, Ťőàâě, Ŋč (Acz«el J., Forte B., Ng C.T.)

[1974] On a triangular functional equation and some applications, in particular to the generalized theory of informationassociated with them // Aequat. math. { 11, ü 1. { 11{30. (75.4ą9)

Ąăľčěà (Bajger M.)

[1994] Iterative Pexider equation // Publ. Math. Debrecen. { 44, ü 1{2. { 67{77.

(96.10ą23) [1996] On a generalized Pexider equation connected with the iteration theory // Publ.

Math. Debrecen. { 48, ü 1{2. 77{88. (96.11ă459)

Ąăłěńńĺ, Ŕăčăŋőŋĺ (Bacchelli B., Paganoni L.)

[1979] Extension of solutions of some functional equations // Boll. Unione mat. ital. {

16, ü 3. { 1000{1012. (80.6ą3) Ąăľàăłâőàőćĺç (Bajraktarevic M.)

[1953ă] Sur certaines suites it«er«ees // C.r. Acad. sci. { 236, ü 9. { 881{883. (55.1329) [1953ą] Sur certaines suites it«er«ees. II // C.r. Acad. sci. {236, ü 10. { 988{989. (55.1329) [1953ć] Sur certaines suites it«er«ees. III // C.r. Acad. sci. { 236, ü 11. { 1125{1127.

(55.1329) [1953č] Sur les solutions d’une «equation fonctionnelle // Hrvatsko Prirodoslovne Drustvo.

Glasnik Mat.-Fiz. Astr. Ser. 2. { 8. { 297{300. (59.504) [1954] Sur certaines suites it«er«ees // Djela. Nau–c. dru–stvo NR BiH. { 4. { 33. (57.1524) [1955] Sur les it«er«ees continues et leur application «a la recherche des fonctions limites de certaines suites it«er«ees // Publs Inst. math. Acad. serbe sci. { 8. { 13{22. (57.1530) [1957ă] Sur une solution monotone d’une «equation fonctionnelle // Publs Inst. math.

Acad. serbe sci. { 11. { 43{52. (58.9939) [1957ą] Sur une «equation fonctionnelle // Glasnik Mat.-Fiz. Astron. { 12, ü 3. { 201{ 205. (58.9938) [1958ă] Sur une g«en«eralisation de certaines suites it«er«ees // Publs Inst. math. Acad. serbe sci. { 12. { 27{38. (60.3179) [1958ą] Sur une «equation fonctionnelle aux valeurs moyennes // Glasnik Mat.-Fiz.

Astron. { 13, ü 4. { 243{248. (60.9081) [1960] Sur une solution de l’ «equation fonctionnelle ’(x) + ’[f(x)] = F(x) // Glasnik Mat.-Fiz. Astron. { 1, ü 2. { 91{98. (61.10ą351) [1963] Sur l’existence des solutions continues monotones de l’equation fonctionnelle ’[x] + ’[fφ(x)] = F(x) // Publ. Inst. math. { 1962 (1963). { 2, ü 16. { 75{ 80. [1965ă] Solution generale de l’equation fonctionnelle f^N (x) = g(x) // Publ. Inst. math.

Nouvelle ser. { 5, ü 19. { 115{124.

[1965ą] Sur la solution generale de l’equation fonctionnelle f^{N−m}hf^mx = gx // Šăň ęě.

{ 125{132.

[1973ă] Sur les solutions de l’equation fonctionnelle f^mn�^1 gf^mn�^2 g · · · gf^{m0} x = g^{n−1}x // Rad. Akad. nauka i umjetn. BiH. Od. Prirod. i mat. nauka. { 45, ü 12. { 49{59. (82.4ą18) [1973ą] Sur la solution generale de l’equation fonctionnelle fgfx = gx // Šăň ęě. { 45, ü 12. { 5{23. (82.4ą17)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 183

[1978] Sur les solutions convexes d’une equation fonctionnelle // Rad. Akad. nauka i umjetn. BiH. Od. Prirod. i mat. nauka. { { 61. { 5{20.

[1981ă] Sur une solution continue concave (convexe) de l’equation fonctionnelle f(x+1) = f(x)={1 + ’(x)f(x)} // Rad. Akad. nauka i umjetn. BiH. Od. Prirod. i mat. nauka. { 68. { 5{18. (82.9ą12) [1981ą] Sur une solution de l’equation fonctionnelle ’fx − ’x = hx determinee par une solution de l’equation d’Abel et par une serie (divergente) // Šăň ęě. { 41{52.

Ąăńĺŋâ (Balint S.)

[1972] -Uber die iterativen Funktionalgleichungen ersten Ranges // An. Univ. Timisoara.

Sti. Mat. { 10, ü 2. { 155{166. (74.11ą7)

Ąăàĺ (Bari N.)

[1930] Memoire sur la representation ˛nie des fonctions continues // Mat. Ann. { 103.

{ 145{248, 598{653.

Ąăàłăâã Ň.Ă., Řĺèăà{Ęîŋč Ť.

[1997] Ťőàňăńìŋëě àěèěŋĺï ńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ĺ àăğŋőáâŋëå ãàăćŋěŋĺľ // Ŕàőčàăňňĺàőćăŋĺě. { ü 1. { 24{42. (97.9ă246)

Ąăàőŋ (Baron K.)

[1973] On the continuous solutions of a non-linear functional equation of the ˛rst order // Ann. pol. math. { 28, ü 2. { 201{205. (74.4ą23) [1989] On the continuous solutions of the Golab{Schinzel equation // Aequationes Math. { 38, ü 2{3. { 155{162.

[1991] On a problem of Z.Daroczy // Zesz. nauk. Mat.{˛z. PS. { ü 64. { 51{54. (92.3ą5) [1993] M.Kuczm«as papers on iterative functional equations: [Pap.] Austr.{pol. semin.

funct. equat. Iterat. Theory. Graz. Oct. 24{26, 1991 // Graz. math. Ber. { ü 316. { 1{6. (94.2ą9)

Ąăàőŋ, Śĺňőŋ (Baron K, Simon A.)

[1994] On approximate solutions of an iterative functional equation // Pr. nauk. USl.

Katowicach. Ann. math. siles. { 8. { 79{84. (96.10ą16)

Ąăàâńőňĺľçĺł (Bartlomiejczyk L.)

[1995] Some remarks on the Dar«oczy equation // Pr. nauk. USl. Katowicach. Ann.

math. siles. { 9. { 47{63. (96.11ą6)

Ąăááăńëčő Ń.Ă.

[1966] Ő ŕàěďáâăćńěŋĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ ďćãå ŕěàěňěŋŋëå ŕàĺ ŕőňőéĺ ŋěŕàěàëćŋëå äãŋłæĺľ őďŋőčő ŕěàěňěŋŋőčő // Ćěáâ. ŇČŞ. { ü 1. { 58-63. (66.7ą115)

Ąăááăŋĺŋĺ (Bassanini P.)

[1986] Sopra un’equazione funzionale che si presenta in problemi di transmissione // Boll. Unione mat. Ital. { ü 3. { 435{441. (87.12ą7)

Ąăãíà (Bauer H.)

[1987] Mittelwerte und Funktinalgleichungen // Sitzungsber. Bayer. Akad. Wiss.

Math.{natur{wiss. R. { 1986 (1987). { 1{9.

Ąăåćăńőć Ś.Ć.

[1950] Ő ŕàĺćěďěŋĺĺ äãŋłæĺĺ ł ćĺďã őŕàěďěńĺâěńï Ňăááő // Şç. ğăŕ. Őąń. ŕěď.

ĺŋ-âă. { 15; Šàãďë łăäěďà. äĺğ.-ňăâ. äăł-âă. { Ň. {1. { 177{187.

184 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

[1954[ Ő ŋőňőčàăňňăå á ąĺŋăàŋëňĺ ŕőńïňĺ // Şç. ğăŕ. Őąń. ŕěď. ĺŋ-âă. { 21. { 73{80.

Ąăåćăńőć Ŋ.Ś.

[1956] Ő ŕàěďáâăćńěŋĺĺ äãŋłæĺĺ z = f(x;y) ć ćĺďě f(x; y) =^{A(x)−B(y)}_{Cx−D(z)} // Şçěŋ. ğăŕ.

Őąń. ŕěď. ĺŋ-âă. { 39; Šàãďë łăäěďàë ňăâ. { Ň. { 3. { 67{69.

Ąěąąĺďę^2 (Babbage Ch.)

[1815] An essay towards the calculs of function // Philosophical Transactions of the royal society of London. { 389{423.

Ąěğĺćěŋ (B«ezivin J.{P.)

[1990] Sur les equations fonctionnelles aux it«er«ees // Aequat. math. { 39, ü 1. { 68{77.

(94.7ą6)

Ąěğĺćěŋ, Čàăňíŋ (B«ezivin J.{P., Gramain F.)

[1996] Solutions enti«eres d’un syst«eme d’«equations aux di¸«erences // Ann. Inst. Fourier.

{ 46, ü 2. { 465{491. (97.7ą309) Ąěğĺłőćĺç §.Ś.

[1939] Ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ. { Ń.: Ĺğď. ŃČŞ.

Ąěľłěà (Baker J.A.)

[1954] Einstein{numbers // Amer. Math. Mon. { 61. { 39{41. [1974] On the functional equation f(x)g(y) = ∏_n i=1 hi(aix + biy) // Aequat. math. { 11, ü 2, 3. { 154{162. (75.6ą4)

[1976ă] On the functional equation f(x)g(x) = p(x + y)q(x=y) // Aequat. math. { 14, ü 1{2. { P. 249{250. (76.10ą12) [1976ą] On the functional equation f(x)g(y) = p(x + y)q(x=y) // Aequat. math. { 14, ü 3. { 493{506. (77.3ą9) [1993] On the functional equation of Aczel and Chung // Aequat. math. { 46, ü 1{2.

{ 99{111. (94.11ą7)

Ąěľâňěŋ, İàďěľĺ (Bateman H., Erd«elyi A.)

[1953] Higher transcendental functions. 1. { NY{Toronto{London: Mc. Graw{Hill Book Company, Inc. (Řãááłĺľ ŕěàěćőď: Ćëáèĺě âàăŋáæěŋďěŋâŋëě äãŋłæĺĺ. { Ň.: Ŋăãłă, 1973).

Ąěńńěàâ (Bellert S.)

[1957] On foundations of operational calculus // Bull. Acad. polon. sci. Ser. math., astron. et phys. { 5, ü 9. { 855{858.

Ąěńńňăŋ (Bellman R.)

[1952] The iteration of power series in two variables // Duke Math. J. { 19. { 339{347.

Ąěŋæ (Benz W.)

[1981] Die heavisidefunktion als spezielle L-osung ihrer funktionalgleichung // Aequat.

math. { 23, ü 2, 3. { 151{155. (83.7ą7) [1992] On the functional equation of distance preservance: [Pap.] 29th Int. symp. Funct.

Equat., Wolfville, June 3{10, 1991 // Aequat. mat. { 43, ü 2, 3. { 266{267. (93.8ą12)

2=Ąíąąĺďę =Ąíąąěďę.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 185

Ąěàč (Berg L.)

[1961] Zur operatorenrechnung f-ur functionen einer diskreten ver-anderlichen // Stud.

math. { 20, ü 3. { 227{243. (63.4ą60) [1989] -Uber die translationsgleichung // Wiss. Beitr. M.{Luther{Univ., Halle{Wittenberg. M. { ü 58. { 19{28. (90.9ą8) [1991] F-unf mehrdimensionale funktionalgleichungen // Mitt. math. Ges. Hamburg. {

12, ü 3. { 697{703. (92.7ą5)

[1993] The local structure of the solutions of the multidimensional translation equation // Aequat. math. { 46, ü 1{2. { 164{173. (94.11ą8)

Ąěàčćěľńěà (Bergweiler W.)

[1993] Iteration of meromorphic functions // Bull. Amer. Math. Soc. { 29, ü 2. { 151{188.

Ąěàŋèâěľŋ (Bernstein F.)

[1907] Ueber das Gauss’sche Fehlergesetz // Math. Ann. { 64. { 417{447.

Ąěàŋèâěľŋ, Ďőľç (Bernstein F., Doetsch G.)

[1915] Zur theorie der konvessen funktionen // Math. Ann. { 76. { 514{526.

Ąěâåěà^3 (B-ottcher L.E.)

[1897] Zasadnicze podstawy teoryi iteracyi // Pamietnik Towarzystwa Politechnicznego we Lw«owie. { 4{54.

[1898] Beitr-age zu der theorie der iterationsrechuung / Inaugural{Dissertation zur Erlang. d. Doctorw-urde. { Leipzig.

[1898] Przyczynki do teoryi rachunku iteracyjnego (Ăćâőàěäěàăâ) // Wiadomo«sci mat.

S. Dickstein. { 2. 224-229.

[1900] Zasady racbunku iteracyjnego // Prace Mat.{˛z. { 1899-1900. { 10. { 65{101;

12. { 95{113; 13. { 353{371.

[1903] Čńăćŋěľèĺě ğăłőŋë áåőďĺňőáâĺ ĺâěàăæĺľ ĺ ŕàĺńőęěŋĺě ĺå ł ăŋăńĺğã // Ĺğć.

äĺğ.{ňăâ. őąéěáâćă. Łăğăŋáłĺľ ãŋ-â. Śěà. 2. { 13, ü 1. { 1{37.

Ąĺàîł Ś.Ă.

[1995] Řïď Šěľńőàă ďńï ĺâěàăæĺľ àěčãńïàŋëå äãŋłæĺľ // Šà. ĆŰ ŚŐ ŘĂŊ. Śěà.

Śĺáâěňŋőě ňőďěńĺàőćăŋĺě. { Ŋőćőáĺąĺàáł. { Ćëŕ. 3(21). { 1{16.

Ąĺâŋěà Ţ.Ă.

]1935] Ŋěőąåőďĺňëě ĺ ďőáâăâőçŋëě ãáńőćĺï ăŋăňőàäőğĺàãěňőáâĺ äãŋłæĺľ âàěå ŕěàěňěŋŋëå // Ŋőňőčà. áą. { Ň.-Ń. { 77{104.

Ąĺâŋěà (Bitner R.)

]1959] On certain axiomatics for the operational calculus // Bull. Acad. polon. sci. Ser.

math., astron. et phys. { 7, ü 1. { 1{9.

]1961] Operational calculus in linear spaces // Studia math. { 20, ü 1. { 1{18.

Ąńăŋãèă (Blanu»sa D.)

[1970] The functional equation f(x + y − xy) + f(xy) = f(x) + f(y) // Aequat. math.

{ 5, ü 1. { 63{67. (71.9ą10) Ąőčďăŋőć đ.Ś.

[1961] Ő äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ x^n = t // Ďőłń. ĂŊ ĄŚŚŘ. { 5, ü 6. { 235{237.

(62.3ą18)

3=Ą-ěâåěà.

186 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ąőàěńì (Borel E.)

[1896] D«emonstration «el«ementaire d’un th«eor„eme de M. Picard sur les fonctions enti„eres // Compt. Rend. { 122. { 1045{1048.

Ąőàěńńĺ (Borelli F.C.)

[1980] Some classes of solutions of the functional equation f(L + x) = f(L) + f(x) // Riv. Mat. Univ. Parma. { 6. { 37{45. (81.11ą23) [1989] Solutions of a non-homogeneous Cauchy equation // Rad. mat. { 5, ü 2. { 213{222. (90.9ą9)

Ąőàěńńĺ, Ťőàâĺ (Borelli F.C., Forti G.L.)

[1985] Costruzione delle soluzioni per classe di equazioni funzionali per funzioni di due variabili // Boll. Unione mat. Ital. { B4, ü 3. { 813{828. (86.8ą9) [1995] On a general Hyers-Ulam stability result // Int. J. Math. and Math. Sci. { 18, ü 2. { 229{236. (96.10ą6)

Ąàăãŋ, Ţěćĺââ (Brown G., Hewitt E.)

[1978] The functional equation [f(sin (x))]^2 +[f(cos (x))]^2 = 1 // Łőňŕńěłáŋëľ ăŋăńĺğ ĺ ěčő ŕàĺńőęěŋĺï. { M. { 81{87. (78.10ą11)

Ąàăãíà (Brauer G.)

[1961] Functional inequalities // Amer. Math. Mon. { 68, ü 7. { 638{642.

Ąàğďěł (Brzdek J.)

[1991] On the solutions of the functional equation f(xf(y)^l + yf(x)^k) = tf(x)f(y) // Publ. Math. { 38, ü 3{4. { 175{185. (92.2ą5) [1992] On a generalization of the Cauchy functional equation: [Pap.] 29th Int. Symp.

Funct. Equat., Wolfville, June 3-10, 1991 // Aequat. math. { 43, ü 2{3. { 268. (93.8ą14) [1993] Some remarks on solutions of the functional equation f(x + f(x)^ny) = tf(x)f(y) // Publ. Math. Debrecen. { 43, ü 1{2. { 147{160. (94.5ą11) [1995] On some conditional functional equations of Golab{Schinzel type // Ann. math.

siles. { 9. { 65{80. (96.11ą7) [1995] On continuous solutions of some functional equations // Glas. mat. { 30, ü 2.

{ 261{267. (96.10ą13) [1996] The Cauchy and Jensen di¸erences on semigroups // Publ. Math. Debrecen. {

48, ü 1{2. { 117{136. (97. 9ă153) Ąàĺčá (Briggs K.)

[1995] Formal solution of functional equations via algorithmic di¸erentiation // Austral.

Math. Soc. Gaz. { 22, ü 2. { 64{67. (96.7ą7)

Ąàĺńńîí{Ąěńîő (Brilou-et{Belluot N.)

[1992] On the solutions of the functional equation: f(f(y)^kx + f(x)^ly) = –f(x)f(y) // Publ. Math. Debrecen. { 41, ü 3{4. { 213{223. (93.5ą5)

Ąàãáłĺ, Łăńőďęěàő (Bruschi M., Calogero F.)

[1990] General analytic solution of certain functional equations of addition type // SIAM J. Math. Anal. { 21, ü 4. { 1019{1030. (91.9ą5)

Ąàãíľŋ (Bruijn N.G.)

[1979] An asymptotic problem on iterated functions // Proc. Kon. Ned. Akad. Wetensch. { A82, ü 2. { 105{110. (79.10ą6)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 187

Ąàëďăł (Brydak D.)

[1979] On functional inequalities in a single variable // Rozpr. mat. { ü 160. { 48.

(79.11ą9) [1983] Monotonic solutions of a nonlinear functional equation // Rev. roum. math.

pures et appl. { 28, ü 9. { 789{793. (84.3ą10)

Ąàëďăł, Ţőçěćáłĺľ (Brydak D., Choczewcki B.)

[1976] Continuous solutions of functional inequality of second order // Demonstr. math.

{ 9, ü 2. { 221{228. (76.11ą17)

[1978] Application of functional inequalities to determining one parameter families of solutions of a functional equation // Gen. Inequalites. 1. Proc. 1st Int. Conf., Oberwolfach, 1976. { Basel{Stuttgart. { 191{197. (79.6ą11)

Ąã Řĺň Ůő (Boo Rim Choe)

[1992] A functional equation of Pexider type // Funkc. ekvacioj. { 35, ü 2. { 255{259.

(94.7ą11)

Ąãł (Buck R.C.)

[1972] On the functional equation ’(x) = g(x)’(˛(x)) + u(x) // Proc. Amer. Math.

Soc. { 31, ü 1. { 159{161. (72.9ą12)

Ąãàďőŋ (Bourdon P.S.)

[1996] The second iterate of a map with dense orbit // Proc. Amer. Math. Soc. { 124, ü 5. { 1577{1581. (96.11ă458)

Ąãàěł (Burek J.)

[1968] -Uber einseiting beschr-ankte L-osungen linearer Funktionalgleichung // Ann. pol.

math. { 21, ü 1. { 67{72. (69.7ą7)

Ąãàłăàâ (Burkart U.)

[1983] Verallgemeinerte Schroederleichung und Pr-a-Schroederleichungen // Ann. pol.

math. { 40, ü 2. { 109{114. (84.3ą11)

Ćăńőàáłĺľ (Walorski J.)

[1987] On a functional inequality // Aequat. math. { 32, ü 2, 3. { 213{215. (88.2ą7) [1997] Convex solutions of the Schr«oder equation in Banach spaces // Proc. Amer.

Math. Soc. { 125, ü 1. { 153{158. (97.8ą645)

Ćăŋč (Wang Y.)

[1995] Two-scale dilation equations and the cascade algorithm // Random and Comput.

Dyn. { 3, ü 4. { 289{307. (96.10ą223)

Ćăŋč, Ăčăàćăń (Wang P.J.Y., Agarwal R.P.)

[1996] On the oscillation of an mth order perturbed nonlinear di¸erence equation // Arch. Math. { 32, ü 1. { 13{27. (97.9ą227)

Ćăáĺç (Vasic P.M.)

[1982] Note on a functional equation proposed by M. Bertolino // Publ. Elektrotechn.

fak. Ser. Mat. i ˛z. / Univ. Beogradu. { ü 735{762. { 99{100. (84.10ą4)

Ćăáĺç, Ňĺńőćăŋőćĺçĺ (Vasic P.M., Milovanovic G.V., Milovanovic I.Z.)

[1978] Some considerations on functional inequalities. (I) // Publ. Elektrotehn. fak. Ser.

Mat. i ˛s. / Univ. Beogradu. { ü 602{633. { 159{162. (80.11ą4)

188 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ćăáĺç, §ŋĺł (Vasic P.M., Janic R.R.)

[1969ă] Sur quelques equations fonctionnelles du type de Pexider // Publ. Elektrotehn.

fak. Ser. Mat. i ˛s. / Univ. Beogradu. { ü 274{301. { 33{45. (70.7ą10) [1969ą] Generalisation d’une equation fonctionnelle // Šăň ęě. { 47{52. (70.7ą9)

Ćěčàęĺł (Wegrzyk R.)

[1977] Continuous solutions of a linear homogenous functional equation // Ann. pol.

math. { 35, ü 1. { 15{20. (88.10ą5)

Ćĺŋæě (Vincze E.)

[1962] -Uber eine Verallgemeinerung der Pexiderschen Functionalgleichungen // Stud.

Univ. Babes{Bolyai. Math.-Phys. { 7. { 103{106.

[1964] Verallgemeinerung eines Satres -Uber associative Functionen von mehreren Ver-an-derlichen // Publ. Math. Debrecen. { 8. { 68{74.

Ćĺâãèłĺŋ Ă.Č.

[1964ă] Ŋěłőâőàëě áćőľáâćă ńĺŋěľŋëå áãŕěàŕőğĺæĺľ čńăďłĺå äãŋłæĺľ // Ďőłń. ĂŊ ŚŚŚŘ. { 156, ü 5. { 1003{1006.

[1964ą] Ďőłăğăâěńìáâćő áãéěáâćőćăŋĺï ăŋăńĺâĺçěáłĺå äãŋłæĺľ ňŋőčĺå ŕěàěňěŋŋëå, ŋě ŕàěďáâăćĺňëå ńĺŋěľŋëňĺ áãŕěàŕőğĺæĺïňĺ ŋěŕàěàëćŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺľ ňěŋìèěčő çĺáńă ŕěàěňěŋŋëå // Ďőłń. ĂŊ ŚŚŚŘ. { 156, ü 6. { 1258{1261.

Ćĺâãèłĺŋ Ă.Č., Ţěŋłĺŋ Č.Ň.

[1967] Ńĺŋěľŋëě áãŕěàŕőğĺæĺĺ äãŋłæĺľ // Şáŕěåĺ ňăâ. ŋăãł. { 22, ćëŕ. 1(133). { 77{124.

Ćőńìâěààă (Volterra V.)

[1931] Lecons sur la Th«eorie Math«ematique de la Lutte sur la Vie. { Paris: Gauthier- Villars. (85.7ą9)

Ćőàőŋæőć Ŋ.Ŋ.

[1989] Ő ďőłăğăâěńìáâćě áãéěáâćőćăŋĺï ăŋăńĺâĺçěáłőčő àěèěŋĺï őďŋőčő ŋěńĺŋěľŋőčő äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï // Ňăâěà. 12 łőŋä. ňőń. ãçěŋëå Şŋ-âă ďàãęąë ŋăàőďőć: ňăâ., äĺğ., åĺňĺï. Ňőáłćă, 17-22 ăŕà., 1989. { Ň.: Şŋ-â ďàãęąë ŋăàőďőć. { Ů. 1. { 94{96. (83.7ą6)

Ćãłňăŋ (Vukman J.)

[1987] D’Alembertova funkcionalma enacba // Obz. mat. in ˛z. { 34, ü 3. { 75{77.

(87.9ą10)

Čăńãă (Galois E.)

[1897] Note sur la r«esolution des «equations num«eriques // Oeuvres Mathe’m. { 13.

Čăňěń^4 (Hamel G.)

[1905] Eine Basis aller Zahlen und unstetigen L-osungen der Funktional gleichung f(x + y) = f(x) + f(y) // Math. Ann. { 60. { 459{462. Čăãáá (Gauss C.F.)

[1809] Theoria motus corporum coelestium. { Hamburg.

4=Čăňěńì=Ţăňěń.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 189

Čěąěàâ (Gebert H.)

]1995] A direct proof of a theorem of K. Baron // Ann. math. siles. { 9. { 101{103.

(96.11ą8)

Čěőàčĺã (Gheorghiu O.E.)

[1964] -Uber eine Klasse von Funktionalgleichungen // Enseign. math. { 10, ü 3{4. { 245{247. (65.3ą35) [1974] -Uber einege rechteckf-ormige Funktionalgleichungen // Bull. math. Soc. sci. math.

RSR. { 1972 (1974), 16, ü 4. { 429{436. (75.8ą11)

Čěà Ę. (Ger J.)

[1985ă] On analytic solutions of the equation ’(f(x)) = g(x; ’(x)). III // Pr. nauk USl.

Katowicach. Ann. math. siles. { ü 1. { 93{102. (86.9ą5) [1985ą] On analytic solutions of the nonlinear functional equation // Pr. nauk USl.

Katowicach. Ann. math. siles. { ü 1. { 103{115.

Čěà Ř. (Ger R.)

[1993] M. Kuczma’s papers on functional equations in several variables: [Pap.] Austr.{ Pol. Semin. Funct. Equat. Iterat. Theory. Graz., Oct. 24{26, 1991 // Graz. math. Ber. { ü 316. { 17{28. (94.2ą10)

Čěà, Śăąńĺł (Ger J., Sablik M.)

[1994] On Jensen equation on a graph // Zesz. Nauk. Mat.-˛s. PSI. { ü 68. { 41{52.

(96.9ą14)

Čěà, Ÿěňàń (Ger R., »Semrl P.)

[1996] The stability of the exponential equation // Proc. Amer. Math. Soc. { 124, ü 3.

{ 779{787. (96.10ą7)

Čěàĺŋč (Hering R.H.)

[1994] Asymptotically smooth functional equations // Int. Conf. Funct. Di¸er. Equat.

and Appl., Moscow, Aug. 14{21, 1994: Abstr. { M., 35. (95.1ą2)

Čěàáěćăŋőć Ŋ.Ň.

[1935] Ő čàăäĺçěáłőň áŕőáőąě àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ŋőňőčàăäĺçěáłĺľ áą. { Ň.{Ń., 4{12.

[1941] Ő ŋěłőâőàëå ŕàĺńőęěŋĺïå őŕěàăæĺĺ ďàőąŋőčő ĺ łőňŕńěłáŋőčő ĺâěàĺàőćăŋĺï // Ďőłń. ĂŊ ŚŚŚŘ. { 31. { 835{836.

[1943] Ő ŋěłőâőàëå ŕàĺěňăå àěèěŋĺï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ á ŕőňőéìî ĺâěàăæĺľ // Ďőłń. ĂŊ ŚŚŚŘ. { 39. { 227{230.

Čĺàčěŋğőŋ (Girgensohn R.)

[1993] Functional equations and nowhere di¸erentiable functions // Aequat. math. {

46, ü 3. { 243{256. (94.11ą9)

[1994] Nowhere di¸erentiable solutions of a system of functional equations // Aequat.

math. { 47, ü 1. { 89{99. (95.8ą6)

Čĺàłőïęã (Ghircoiasiu N.)

[1961] Asupra unei ecuatii functionale cu trei functii necunoscute // Bull. stiiht. Inst.

politehn. Cluj. { 4. { 55{65. (64.7ą13) [1963] O clasa de ecuatii functionale // Stud. Univ. Babes{Bolyai. Math.-phys. { 8, ü 1. { 55{71. (65.2ą47) [1964] Ecuatia functionala a tangentei // Bull. stiiht. Inst. politehn. Cluj. { 7. { 43{49.

(65.3ą32)

190 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Čőáâĺæłăï (Goscicka K.)

[1990] On commutable functionas and Abel’s equations // Zesz. nauk. AGH im.

Stanislawa Staszica. Opusc. math. { ü 6. { 59{76. (92.2ą6)

Čàăááĺ, Ĺŋćěàŋĺæĺ (Grassi F., Invernizzi S.)

[1995] Logistic dynamics with distributed lags // Rend. Ist. mat. Univ. Trieste. { 27, ü 1{2. { 157{170. (97.8ą228)

Čàěćĺ (Gr«evy A.)

[1894] ^Etude sur les «equations fonctionnelles // Ann. Sci. Ecole Norm. (3). { 11. { 249{323; { 1896. {13. {295{338.

Čàőŋő (Gronau D.)

[1983ă] Two iterative functional equations for power series // Aequat. math. { 25, ü 2, 3. { 233{246. (84.5ą8) [1983ą] Two iterative functional equations for power series // Šăň ęě. { 318{319.

(84.5ą16) [1985] -Uber die multiplikative Translations gleichung und idempotente Potenzreihenvektoren // Aequat. math. { 28, ü 3. { 312{320. (85.12ą24)

Čàőŋő, Śăąńĺł (Gronau D., Sablik M.)

[1994] A functional equation arising from an asymptotic formula for iterates // Pr.

nauk. USl. Katowicach. Ann. math. siles. { ü 8. { 173{187. (96.10ą19)

Čàőáá (Gross F.)

[1969] Entire solutions of the functional equation ¸(˛(z)) = ¸(‚(z)) + c // J. Indian Math. Soc. { 1968 (1969). { 32, ü 3{4. { 199{206. (70.5ą9)

Čàőáá, Ůãŋ-Ůãŋ (Gross F., Chung-Chun Y.)

[1974] On periodic solutions of a functional equation // Atti Accad. Naz. Lincei. Rend.

Cl. sci. ˛s. mat. e natur. { 56, ü 6. { 873{875. (76.6ą5)

Čàőáá, Őáčãď (Gross F., Osgood C.F.)

[1987] Further results on Fermat type equations and a characterization of the Chebyshev polynomials // J. Math. Anal. and Appl. { 121, ü 2. { 317{324. (87.7ą6)

Čàęăáńěćĺç (Grzaslewicz A.)

[1979] Some remarks to additive functions // Math. Jap. { 23, ü 5. { 573{578. (79.9ą4)

Čãňőćáłĺľ, Ňĺàă (Gumowski I., Mira C.)

[1964] Sur une solution particuliere explicite de l’equation fonctionnelle de Schroder // C. r. Acad. sci. { 259, ü 25. { 4476{4479. (65.8ą10)

Ďăćĺďěŋłő Ď.Ć.

[1985] Ťãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï // Ňăâěňăâĺçěáłăï íŋæĺłńőŕěďĺï. { Ň.: Ĺğď.

"Śőćěâáłăï íŋæĺłńőŕěďĺï". { 5. { 698{700; 700{705.

Ďăńăňąěà (D’Alembert J.L.R.)

[1769] M«emoire sur les principes de m«ecanique // Hist. Acad. Sci. { Paris, 1769 (1778).

Ďăŋłěćĺç (Dankiewicz K.)

[1989] On a approximate solutions of a functional equation in the class of di¸erentiable functions // Ann. pol. math. { 49, ü 3. { 247|252. (89.11ą5)

Ďăàąã (Darboux J.G.)

[1875] Sur la composition des forces en statique // Bull. sci. math. (1). { 9. { 281{288. [1880] Sur la th«eor«eme fondamental de la g«eometrie projective // Math. Ann. { 17. { 55{61.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 191

Ďăàőçĺ (Daroczy Z.)

[1962] -Uber die Funktionalgleichung ’[’(x)y] = ’(x)’(y) // Acta Univ. Debrecen. Ser.

Phys. et chim. { 8. { 125{132. (64.7ą15) [1969] -Uber die Funktionalgleichung f(xy)+f(x+y −xy) = f(x)+f(y) // Publ. Math.

Debrecen. { 16, ü 1{4. { 129{132. (71.6ą4) [1971] On the general solution of the functional equation f(x + y − xy) + f(xy) = f(x) + f(y) // Aequat. mat. { 6, ü 2, 3. { 130{132. (72.4ą13) [1980] -Uber die stetigen L-osungen der Aczel{Benz’chen Funktionalgleichung // Abh.

math. Semin. Univ. Hamburg. { 50. { 210{218. (81.4ą9)

Ďăàáőć, Ťàíŋł (Darsow W.F., Frank M.J.)

[1983] Associative functions and Abel{Schr-oder systems // Publ. math. { 30, ü 3{4.

{ 253{272. (84.9ą5)

Ďĺăňőŋ (Diamond P.)

[1971] Fractional iteration and a generalized Abel’s equation in two variables // Aequat.

math. { 6, ü 1. { 11{23. (72.2ą17)

Ďĺâłĺŋ Ć.Ă., Ŕàãďŋĺłőć Ă.Ŕ.

[1966] Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě // Ĺâőčĺ ŋăãłĺ. Ňăâěňăâĺçěáłĺľ ăŋăńĺğ. 1964. { Ň: ĆĹŊĹŠĹ. { 7{75.

Ďĺâőà (Ditor S.Z.)

[1979] Some binary representation of real numbers and odd solutions of the functional equation ’ ∘ f = g ∘ ’ // Aequat. math. { 19, ü 2, 3. { 160{182. (80.6ą6)

Ďňĺâàĺěć Ă.Ă., Ÿăŕĺàő Ă.Ŕ.

[1979] Őą őďŋőň äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ âěőàĺĺ őąãçěŋĺï. { Ćńăďĺćőáâőł. { 19 á. { (Ŕàěŕàĺŋâ / ĎŊŰ ĂŊ ŚŚŚŘ. Ĺŋ-â ăćâőňăâĺłĺ ĺ ŕàőæěááőć ãŕàăćńěŋĺï). (80.4ą12) [1982] Őą őďŋőň äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ âěőàĺĺ őąãçěŋĺï // Şáŕěåĺ ňăâ. ŋăãł.

{ 37, ü 4. { 155{156. (82.12ą6) Ďőňąàěá (Dhombres J.G.)

[1977] Iteration lineaire d’ordre deux // Publ. Math. Debrecen. { 24, ü 3{4. { 277{287.

(78.10ą9)

Ďőáá (Doss R.)

[1963] On the representation of the continuous functions of two variables by means of addition and continuous of one variables // Colloq. Math. { 10, ü 2. { 249{259.

Ďàěćŋïł, Łăńĺŋőćáłĺľ (Drewniak J., Kalinowski J.)

[1977] Les relations entre les equations pre-Schroder. II // Ann. pol. math. { 33, ü 3.

{ 287{292. (77.9ą4)

Ďãąĺłăľâĺá (Dubikajtis L.)

[1964] Sur une caractersation de la fonction sinus // Ann. pol. math. { 16, ü 1. { 117{120. (65.8ą9) [1969] Sur certaines equations fonctionnelles veri˛ees par la fonction ’(x) = x^{−1} // Ann. pol. math. { 22, ü 2. { 199{205. (70.5ą11)

Ďãąĺłăľâĺá, Ťěàěŋá, Čěà, Łãçňă (Dubikajtis L., Ferens C., Ger R.,

Kuczma M.)

[1973] On Mikusinski’s functional equation // Ann. pol. math. { 28, ü 1. { 39{47.

(73.11ą7)

192 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ďãąàőćáłĺľ Ć.Ň.

[1954] Ő ňěâőďě ĺâěàăæĺľ // Şáŕěåĺ ňăâ. ŋăãł. { 9, ü 3 (61). { 127{133. (55.5086)

Ďãďěł (Dudek Z.)

[1992] On a certain functional equation associated with the paraconcave entropies // Demonstr. math. { 25, ü 4. { 809{815. (94.3ą9)

Ďåăàňăďåĺłăçĺ (Dharmadhikari S.W.)

[1965] On the functional equation f(x + y) = f(x) · f(y) // Amer. Math. Mon. { 72, ü 8. { 847{851. (66.8ą20)

Ďìïł (Dyjak C.)

[1982] On a characterization of trigonometrical and hyperbolic functions by functional equations // Publ. Inst. math. { 32. { 45{48. (83.10ą3) [1986] BV -solution of a linear functional equations // Publ. Math. { 33, ü 1{2. { 83{85. (87.1ą7) [1990] BV -solution of nonlinear functional equations of higher order // Demonstr. math.

{ 23, ü 2. { 417{423. (92.1ą7) Ďìïł, Ňăâłőćáłĺľ (Dyjak C., Matkowski J.)

[1987] BV {solution of nonlinear functional equations // Glas. mat. { 22, ü 2. { 335{ 342. (89.2ą15)

Ďîäàěŋãă, Ŕĺáőâ (Dufresnoy J., Pisot C.)

[1963] Sur la relation fonctionnelle f(x + 1) − f(x) = ’(x) // Bull. Soc. Math. Belg. {

15, ü 3. { 259{270. (64.9ą22) Ěćńăňŕĺěć Ŋ.Ŕ., Ťĺńĺŕŕőć Ĺ.Ě.

[1990] Ŕěàĺőďĺçěáłőě àěèěŋĺě ńĺŋěľŋőčő äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï á ŕěàěňěŋŋëň łőíääĺæĺěŋâőň // Ĺááńěď. ŕő ŕàĺłń. ňăâ. { 17. { 46{50. (91.5ą2)

Ěčěà (J-ager R.)

[1986] Charakterisierung des Cotangens mit Replikativit-at // Manuscr. math. { 56, ü 2. { 167{175. (86.12ą8)

Ěčőàëçěć Č.Ŕ.

[1977] Ĺŋâěčàăńìŋőě ŕàěďáâăćńěŋĺě ĺ ćëçĺáńěŋĺě łőňąĺŋăâőàŋëå áãňň. { Ŋőćőáĺąĺàáł: Ŋăãłă.

Ęăŋ (Zhang W.)

[1990] Discussion of the di¸erentiable solutions of the iterated equation ∑_n i=1 –if^i(x) = F(x) // Nonlinear Anal., Theory, Meth. and Appl. { 15, ü 4. { 387{398. (91.5ą3) Ęďãŋ (Zdun M.C.)

[1971] On the uniqueness of solutions of the functional equation ’(x + f(x)) = ’(x) + ’(f(x)) // Aequat. math. { 7, ü 1. { 124{128. (72.8ą11) [1972] On the uniqueness of solutions of the functional equation ’(x + f(x)) = ’(x) + ’(f(x)) // Aequat. math. { 8, ü 3. { 229{232. (73.7ą8) [1974] Sur la solution generale de l’equation fonctionnelle ’(x)’(f(x)) = 0 // Rocz.

PTM. Ser. 1. { 18, ü 1. { 123{128. (75.4ą11) [1976ă] Solutions of bounded variation of a linear homogeneous functional equation // Ğą. àăď. Ňăâ. ĺŋ-â. { ü 1. { 81{83. (77.3ą6) [1976ą] Solutions of bounded variation of a linear homogeneous functional equation in the indeterminate case // Aequat. math. { 14, ü 1{2. { 143{158. (76.11ą16)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 193

[1977ă] Di¸erentiable fractional iteration // Bull. Pol. Acad. Sci. Math. Astron. et Phys.

{ 25, ü 7. { 643{646. (78.5ą8)

[1977ą] On integrable solutions of Abel’s functional equation // Glas. mat. Ser. 3. { 12, ü 1. { 49{59. (78.3ą11) [1977ć] Some remarks on the continuous solutions of ˛nite variation of a linear functional equation // Rev. roum. math. pures et appl. { 22, ü 6. { 863{869. (78.3ą12) [1985ă] Note on solutions of bounded variation of a linear non-homogeneous functional equation // Mathematice (RSR). { 27, ü 1. { 79{89. (86.12ą11) [1985ą] Note on solutions of bounded variation of a linear non-homogeneous functional equation // Anal. Numer. et Theor. Approxim. { 27(50), ü 1. { 79{89. (86.4ą17) [1985ć] On embedding of homeomorphisme of the circle in a continuous ‚ow, Iteration theory and its functional equations (Proceedings Schloss Hofen, 1984) // Lect. Notes Math. 1163. { Berlin{Heidelberg{New York: Springer{Verlag, 218{231.

[1991ă] On di¸eomorphic solutions of simultaneous Abel’s equations // Arch. Math. {

27A. { 123{131. (92.11ą3)

[1991ą] On continuous iteration groups of ˛xed-point tree mappings in IR^n space // European Conference on Iteration Theory (Batschuns, 1989). World Sci. { NY: Publishing, River Edge. { 362{368.

[1992] On the orbits of disjoint groups of continuous functions // Rad. mat. { 8, ü 1.

{ 41{48.

[1993] The structure of iteration groups of continuous functions // Aequat. math. { 46.

{ 19{37.

Ęőńńĺ (Jolley I.B.W.)

[1960] Summation of Series. { NY: Dover Publications.

Ęőŋ (Zhong J.^5)

[1995] On a generalized functional equation of Abel // Huanan ligong daxue xuebao.

Ziran kexue ban = J. S. China Univ. Technol. Natur. Sci. { 23, ü 9. { 9{15. (96.11ą14) [1996] On the functional equations ˚^s_{i=1}Fi(aix+˛iy) = ˚^n_{k=1}Px(x)qk(y) III // Šăň ęě.

{ 24, ü 6. { 119{123. (97.7ą18) Ęőŋ, Łăŋŋăŕăŋ, Ŋč, Śăåã (Chung J.K., Kannappan P.L., Ng C.T., Sahoo

P.K.)

[1989] Measures of distance between probability distributions // J. Math. Anal. Appl.

{ 139. { 280{292.

Ęőŋ, İąăŋłá, Ŋč, Śăåã (Chung J.K., Ebanks B.R., Ng C.T., Sahoo P.K.)

[1994] On a functional equation connected with Rao’s quadratic entropy // Proc. Amer.

Math. Soc. { 120, ü 3. { 843{848. (94.8ą3) [1995] On a quadratic-trigonometric functional equation and some applications // Trans. Amer. Math. Soc. { 347, ü 4. { 1131{1161. (96.3ą17)

Ęőŋ, İąăŋłá, Ŋč, Śăåã, Ğěŋ (Chung J.K., Ebanks B.R., Ng G.T., Sahoo

P.K., Zeng W.B.)

[1995] On generalized rectangular and rhombic functional equations // Publ. Math.

Debrecen. { 47, ü 3{4. { 249{270. (96.10ą30)

5=Zhong J.

194 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ęőàďăŋ (Jordan Ch.)

[1947] Calculs of ˛nite di¸erences. { NY: Chelsea Publishing Company.

Ğăáńăćáłĺľ Č.Ň., Śăčďěěć Ř.Ğ.

[1988] Ććěďěŋĺě ć ŋěńĺŋěľŋãî äĺğĺłã. Őâ ňăïâŋĺłă ďő âãàąãńěŋâŋőáâĺ ĺ åăőáă. { Ň.: Ŋăãłă.

Ğăáńăćáłĺľ Č.Ň., Śëŋăå Ć.Ś.

[1970] Ő áćőľáâćăå ŕěàěňěèĺćăŋĺï őďŋőčő ŕàěőąàăğőćăŋĺï, ćőğŋĺłăîéěčő ć ŋěńĺŋěľŋëå łőńěąăŋĺïå // Ĺğć. ćãğőć. Řăďĺőäĺğĺłă. { 13, ü 4. { 604{607.

Ğĺčěńì^6 (Siegel C.L.)

[1942] Iteration of analytic functions // Ann. Math. { 43. { 607{616.

Ğãàěł{İâčěŋá (Zurek-Etgens M.)

[1979] La de˛nition et le prolongement de la solution de l’equation de translation // Demonstr. math. { 12, ü 4. { 889{902. (80.12ą6)

Ĺěŋáěŋ^7 (Jensen J.L.W.V.)

[1906] Sur les fonctions convexes et les in«egalite’s entre les valeurs moyennes // Acta math. { 30. { 179{193.

Ĺğěŋłàăí (Isenkrahe C.)

[1888] -Uber die Anwendung iterirter Functionen zur Darstellung der Wurzeln algebraischer und transcendenter Gleichungen // Math. Ann. { XXXI. { 309.

[1897] Dar Verfahren der Functionswiederholung, seine geometrische Veranschaulichung und algebraische Anwendung. { Leipzig.

Ĺőčăŋáěŋ (Johansen S.)

[1966] An application of extreme-point methods to the representation of in˛nitely divisible distributions // Z. Wahrscheinlichkeitstheorie Verw. Geb. { 5. { 304{ 316.

Ĺáăăłá (Isaacs R.)

[1950] Iterates of fractional order // Can. J. Math. { 2. { 409{416.

Łěľàĺěá, Ďăàáőã, Ťàăŋł (Kairies H., Darsow W.F., Frank M.J.)

[1988] Functional equations for a function of van der Warden type // Rad. mat. { 4, ü 2. { 361{374. (89.8ą6)

Łăńĺç, Ňăâłőćáłĺľ (Kahlig P., Matkowske J.)

[1994] On some extensions of the Golab{Schinzel functional equation // Pr. nauk. USl.

Katowicach. Ann. math. siles. { ü 8. { 13{31. (96.10ą14)

Łăńĺç, Ÿćăľčěà (Kahlig P., Schwaiger J.)

[1994] Transforming the functional equation of Golab{Schinzel into one of Cauchy // Pr. nauk. USl. Katowicach. Ann. math. siles. { ü 8. { 33{38. (96.10ą15)

Łăňĺŋáłĺ (Kaminski A.)

[1996] On a generalization of the entropy equation // Zesz. nauk. Mat.-˛z. PSI. { ü 72.

{ 99{110. (96.11ą10)

6=Śěďęěń. 7=Ľěŋáěŋ.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 195

Łăŋĺææő (Cannizzo A.)

[1984] Sull«equazione funzionale f(xy) = f(x)g(y) + f(y)g(x) // Rend. semin. mat. / Univ. e Politecn. Torino. { 42, ü 3. { 153{164. (86.8ą10) [1994] Analytic Kernels for integral representation of solutions of a functional equation // Boll. Unione mat. Ital. B. { 8, ü 4. { 929{946. (95.7ą5)

Łăŋŋăŕăŋ (Kannappan P.L.)

[1965] On the functional equation f(x + y) + f(x − y) = 2f(x)f(y) // Amer. Math.

Mon. { 72, ü 4. { 374{377. (66.5ą6) [1968ă] A functional equation for the cosine // Can. Math. Bull. { 11, ü 3. { 495{498.

(69.8ą13) [1968ą] On cosine and sine functional equations // Ann. pol. math. { 20, ü 3. { 245{249.

(69.5ą11) [1969] On sine functional equation // Stud. sci. math. hung. { 4, ü 1{4. { 331{333.

(70.5ą6) [1980] On directed divergence, inaccuracy and a functional equation connected with Abel. II // Period. math. hung. { 11, ü 3. { 213{219. (81.3ą6) [1982] Information functions on open domain. IV // Math. Repts Acad. Sci. Can. { 4, ü 4. { 207{212. (83.2ą10) [1992] Characterization of polynomials: [Pap] 29th Int. Symp. Funct. Equat., Wolfville, June 3{10, 1991 // Aequat. math. { 43, ü 2, 3. { 273. (93.8ą22)

Łăŋŋăŕăŋ, Śăåã (Kannappan P.L., Sahoo P.K.)

[1992] Kullback{Leibler type distance measures between probability distributions // J.

Nath. Phy. Sci. { 26. { 443{454.

[1993] Cauchy di¸erence { a generalization of Hosszu functional equation // Proc. Nat.

Acad. Sci. India. { A 63, ü 3. { 541|550. (94.11ą10)

Łăŋŋăŕăŋ, Śăåã, Ęőŋ (Kannappan P.L., Sahoo P.K., Chung J.K.)

[1993] On a functional equation associated with the symmetric divergence measures // Util. Math. { 44. { 75{83. (94.7ą12) [1994] An equation associated with the distance between probability distributions // Pr. nauk. USl. Katowicach. Ann. math. siles. { ü 8. { 39{58. (96.10ć18)

Łăŋâőàőćĺç Ń.Ć.

[1948] Ő ňěâőďě Ŋìîâőŋă ďńï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ďőłń. ĂŊ ŚŚŚŘ. {

59, ü 7. { 1237{1240. Łăàěŋáłăï (Karenska Z.)

[1970] On the functional equation F(x · y) = F(x) · F(y) // An. Univ. Timisoara. Sti.

Mat. { 8, ü 1. { 47{50. (71.12ą8)

Łăçňăę (Kaczmarz St.)

[1924] Sur l’«equations fonctionnelle f(x) + f(x + y) = ’(y)f(x +^y_2 ) // Fundam. Math.

{ 6. { 122{129.

Łăççőŕőńĺ (Cacciopoli R.)

[1928] L’equazione funzionale, f(x+y)=F[f(x),f(y)] // Ciornale Battaglini. { 3. { ü 66.

{ 1{6.

Łăæ (Kac M.)

[1937] Une remarque sur les equations fonctionnelles // Comment. Math. helv. { 9. { 170{171.

196 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Łěŋęěčãńőć Ţ.Ł., Ÿăàłőćáłĺľ Ă.Ŋ.

[1965] Ő áćőľáâćăå ňŋőęěáâćă ŕàěďěńìŋëå âőçěł ĺâěàăæĺőŋŋőľ ŕőáńěďőćăâěńìŋőáâĺ ŋěŕàěàëćŋőľ äãŋłæĺĺ // Ćőńę. ňăâ. áą. { Ĺğď-ćő Łãľąëèěćáłőčő ŕěď. ĺŋ-âă. { Ćëŕ. 3. { 343{348.

Łěáâěńìňăŋ (Kestelman H.)

[1947] On the fonctional equation f(x + y) = f(x) + f(y) // Fundam. Math. { 3. { 144{147. (Reprod. 1962. { 34). (63.6ą15)

Łěçłĺç (Ke»cki»c J.D.)

[1981] A few remarks on automorphic functions // Publ. Inst. math. { 30. { 69{71.

(83.2ą11) [1984] On general solutions of some functional equations // Publ. Inst. math. { 35. { 75{77. (85.6ą21)

Łñŋĺč (Koenigs G.)

[1883] Recherches sur les substitutions uniformes // Bull. sci. math. (2). { VII. { 340. [1884] Recherches sur les int«egrales de certaines «equationes fonctionnelles // Ann. de l’Ec. Norm. (3). { I. { 3{41.

[1885] Nouvelles recherches sur les int«egrales de certaines «equationes fonctionnelles // Ann. de l’Ec. Norm. (3). { II. { 385.

Łĺğěćěââěà (Kiesewetter H.)

[1965] -Uber die arctan-funktionalgleichung, ihre mehrdeutigen, stetigen L-osungen und eine nichtstetige gruppe // Wiss. Z. Friedrich{Schiller{Univ. Jena. Math.- naturwiss. Reihe. { 14, ü 5. { 417{421. (67.9ą17)

Łĺã (Qiu H.)

[1994] II. On meromophic solutions of functional equation f(z^2) = q(f(x)) // J.

Nanuing. Univ. Math. Biquarterly. { 11, ü 1. { 94{100. (95.8ą14)

Łŋăáâěà (Knaster B.)

[1949] Sur une «equivalence pour les fonctions // Colloq. Math. { 2. { 1{4.

Łŋěáěà (Kneser H.)

[1950] Reelle analytis„ehe L-osungen der Gleichung ffi{ffi(x)} = e^x und verwandte Funktionalgleichungen // J. reine angew. Math. { 187. { 56{57.

Łŋőŕ (Knop J.)

[1991] Lip ^C-solution depending on an arbitrary function on a function equation // Zesz. nauk. Mat. { ü 22. { 89{96. (92.6ą8)

Łőćăńěćáłĺľ Ŋ.Ŕ.

[1992] Ł ăŋăńĺâĺçěáłőľ áâàãłâãàě àěèěŋĺľ äãŋłæĺőŋăńìŋëå ĺ äãŋłæĺőŋăńìŋőďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺľ // Ćěáæi ĂŊ ĄŚŚŘ. Śěà. äiğ.-ňăâ. ŋăãł. { ü 2. { 15{17. (93.1ą6)

Łőľäňăŋ (Coifman R.)

[1964ă] Sur l’equation fonctionnelle d’Abel-Schr-oder et l’iteration continue // C. r. Acad.

sci. { 258, ü 7. { 1976{1977. (64.11ą15) [1964ą] Sur l’equation fonctionnelle d’Abel{Schr-oder et l’iteration continue // Šăň ęě.

{ ü 22. { 5324{5325. (65.1ą18) [1965] Sur l’unicite des solutions de l’equation D’Abel{Schr-oder et l’iteration continue // J. Austral. Math. Soc. { 5, ü 1. { 36{47. (65.11ą9)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 197

Łőľäňăŋ, Łãçňă (Coifman R.R., Kuczma M.)

[1969] On asymptotically regular solutions of a linear functional equation // Aequat.

math. { 2, ü 2{3. { 332{336. (70.1ą4)

Łőńěńńă, Ţěľń (Colella D., Heil Ch.)

[1994] Characterizations of scaling functions: continuous solutions // SIAM J. Matrix Anal. and Appl. { 15, ü 2. { 496{518. (95.1ą1)

Łőńńěâ, İłňăŋ (Collet P., Eckmann J.P.)

[1980] Iterated maps on the interval as dynamical systems. { Basel{Boston{Stuttgart{ Birkhauser.

Łőńńĺŋá (Collins E.A.Ch.L.)

[1827] Nouvelles recherches sur la theorie des puissances fonctionales. { Paris: Gauthier{ Villars.

Łőńňőčőàőć Ă.Ŋ.

[1956] Ő ŕàěďáâăćńěŋĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ ŋěáłőńìłĺå ŕěàěňěŋŋëå áãŕěàŕőğĺæĺïňĺ ŋěŕàěàëćŋëå äãŋłæĺľ ňěŋìèěčő çĺáńă ŕěàěňěŋŋëå // Ďőłń. ĂŊ ŚŚŚŘ. { 108, ü 2. { 179{182.

[1957] Ő ŕàěďáâăćńěŋĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ ŋěáłőńìłĺå ŕěàěňěŋŋëå ć ćĺďě áãŕěàŕőğĺæĺĺ ŋěŕàěàëćŋëå äãŋłæĺľ őďŋőčő ŕěàěňěŋŋőčő ĺ áńőęěŋĺï // Ďőłń. ĂŊ ŚŚŚŘ. { 114, ü 5. { 953{956.

Łőńňăŋőćáłĺľ Ć.Ą., Ÿěľåěâ Ń.Ě.

[1996] Ăáĺňŕâőâĺçěáłőě ŕőćěďěŋĺě ŋěłőâőàëå áĺáâěň á ďĺáłàěâŋëň ćàěňěŋěň // Ăćâőňăâ. ĺ âěńěňěå. { ü 12. { 58{66. (97.8ą230)

Łőňĺŋěł (Kominek Z.)

[1974] A uniqueness criterion for fractional iteration // Ann. pol. math. { 30, ü 2. { 191{203. (75.1ą11) [1986] On the functional equations ’(x) = ¸’(¸x) + (1 − ¸)’(1 − (1 − ¸)x) // Bull.

math. Soc. sci. math. RSR. { 30, ü 4. { 327{334. (87.9ą8)

Łőŋďőàáě (Condorcet M.J.A.N. d’)

[1777] Sur quelques series in˛nies, dont la somme peut entre exprim«ee par de fonction analytiques d’une forme particuliere // Acta Acad. Sci. Petropolitanae. { I. { 34{38.

Łőàďĺńěćáłĺľ, Łãçňă (Kordylewski J., Kuczma M.)

[1959] On the functional equation F(x;’(x); ’[f(x)]) = 0 // Ann. pol. math. { 7. { 21{32.

[1960] On some linear functional equations. I, II // Ann. pol. math. {9, ü 2. { 119{136.

Łőàęăł, Ňăčďă (Korczak J., Migda M.)

[1995] Comparison theorems for di¸erence equations // Fasc. math. { ü 25. { 75{80.

(97.8ą229)

Łőàłĺŋ (Korkine M.A.)

[1882] Sur un probl«eme d’interpolation // Bull. sci. math. (2). { 6. { 228{242.

Łőàŋèâěďâ (Kornstaedt H.-J.)

[1975] Funktionalungleichungen und iterationsverfahren // Aequat. math. { 13, ü 1{2.

{ 21{45. (76.7ą10)

198 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Łőáâàęěćáłĺľ (Kostrzewski T.)

[1993] Existence and uniqueness of BC[a; b] solutions of nonlinear functional equation // Demonstr. math. { 26, ü 1. { 61{74. (94.3ą10) [1993] BC-solutions of nonlinear functional equation { a nonuniqueness case // Demonstr. math. { 26, ü 2. { 275{285. (96.3ą19)

Łőáâëàłő (Kostyrko P.)

[1987] O jednej metode rie»senia funkcionalnych rovnic // Mat. obz. { 29. { 65{71.

(90.9ą7) [1989] Generalized Jensen’s and Lobatchewski’s functional equations and their local forms // Rad. mat. { 5, ü 1. { 5{13. (90.2ą9)

Łőäňăŋ (Kaufman A.)

[1968] Introduction a la combinatorique en vue des applications. { Paris: Dunod. (Ŕěà.:

Ććěďěŋĺě ć ŕàĺłńăďŋãî łőňąĺŋăâőàĺłã. { Ň.: Ŋăãłă, 1975).

Łőå (Koh E.L.)

[1994] On Hosszu’s functional equation in distributions // Proc. Amer. Math. Soc. {

112. { 1123{1143.

Łőå, Řěŋ (Koh E.L., Ren G.)

[1994] On the solutions of the functional equation f(x + y) + g(xy) = h(x) + k(y) // Integr. Transforms and Spec. Funct. { 2, ü 2. { 117{130. (95.8ą10)

Łőèăà (Coshard M.)

[1982] Etudem des solutions de l’equation fonctionnelle de Feigenbaum // Asterisque.

{ ü 98, 99. { 143{162. (83.12ą5)

Łőèĺ (Cauchy A.L.)

[1821] Cours d’analyse de l’^Ecole Royale Polytechnique. 1. Analyse alg«ebrique. { Paris:

Debure; Qeuvres compl„etes. Ser. 2. { 3. { 98{105, 220.

Łàăŕěę, Šěľńőà (Krape»z A., Taylor M.A.)

[1985] On the Pexider equation // Aequat. math. { 28. { 170{189.

Łàęěèőćïł{Ďëąěæ (Krzeszowiak{Dybiec Z.)

[1980] Existence of di¸erentiable solutions of a system of functional equations of ˛rst order // Ann. pol. math. { 37, ü 2. { 119{129. (81.2ą11)

Łàĺáâěŋáěŋ, Ťĺèěà (Christensen J.P.R., Fischer P.)

[1994] Linear independence of iterates and meromorphic solutions of functional equations // Pros. Amer. Math. Soc. { 120, ü 4. { 1137{1143. (94.11ą5)

Łàáâĺçĺ (Crstici B.)

[1976] Qu«elques remarques sur une equation fonctionnelle liee avec l’equation fonctionnelle de Jensen{Carmichael // Publ. Elektrotehn. fak. Ser. Mat. i Fis. / Univ. Beogradu. { 1976 (1977). { ü 544{576. { 56{58. (77.11ą12)

Łàáâĺçĺ, Číćãâă, Ŋěăčã (Crstici B., G»awuta P., Neagu M.)

[1988] About a functional inequality // Lucr. semin. mat. i ˛z. Inst. politehn. Timisoara.

{ ü noiem. { 66{68. (94.3ą12)

Łàáâĺçĺ, Ňãâïŋ, Ćőàŋĺçěáłã (Crstici B., Muntean I., Vornicescu N.)

[1983ă] General solution of the arctangent functional equation // An. Numer. Theor.

approxim. { 12, ü 2. { 113{123. (85.6ą20) [1983ą] General solution of the arctangent functional equation // Prepr. Bades{Bolyai Univ. fac. Math. Res. semin. { ü 2. { 45{50. (84.10ą6)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 199

Łàîŕŕěńì (Kr-uppel M.)

[1980] Ein eindeutigkeitssatz f-ur stetige L-osungen von funktionalgleichungen // Publ.

math. { 27, ü 3{4. { 201{215. (81.7ą10)

Łãąő (Kubo T.)

[1990] Inequalities of the form f(g(x)) ≥ f(x) // Math. Mag. { 63, ü 5. { 346{348.

(91.9ą6)

Łãąő, Ćăłĺń (Kubo T., Vakil R.)

[1996] On Conway’s recursive sequence // Discrete Math. { 152, ü 1{3. { 225{252.

(97.8ć214)

Łãńïćĺł (Kulawik M.)

[1980] Rozwiazania polciagle i ciagie pewnego rownania funkcyjnego // Zesz. nauk. PSl.

{ ü 608. { 65{77. (81.2ą12)

Łãàěŕă (Kurepa S.)

[1964] The Cauchy functional equation and scalar product in vector spaces // Glas.

mat.{˛z. astronom. { 19. { 23{36.

[1965] Remarks on the Cauchy functional equation // Publ. Inst. math. Nouvelle ser. {

5(19). { 85{88. Łãçłő Ń.Ŕ.

[1986ă] Ńĺŋěľŋëě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï őâ őďŋőľ ŕěàěňěŋŋőľ // Šěőàĺï äãŋłæĺľ, äãŋłæ. ăŋăńĺğ ĺ ĺå ŕàĺń. { ü 46. { 48{51. (86.8ą13) [1986ą] Ő áãéěáâćőćăŋĺĺ ĺ ěďĺŋáâćěŋŋőáâĺ ńőłăńìŋëå àěèěŋĺľ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ťãŋłæ. ăŋăńĺğ ĺ ěčő ŕàĺń. { 20, ü 4. { 83{84. (87.3ą2) [1987] Ťãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï á ćëàőęďěŋŋëň ŕàěőąàăğőćăŋĺěň ăàčãňěŋâă // Ćěáâŋ. Ţăàìł. ãŋ-âă. { ü 298. { 98{101. (87.8ą7)

Łãçňă (Kuczma M.)

[1959ă] On convex solutions of the functional equation g[¸(x)] − g(x) = ’(x) // Publs math. { 6,ü 1{2. { 40{47. (60.7791) [1959ą] On the functional equation ’(x) + ’[f(x)] = F(x) // Ann. polon. math. { 6, ü 3. { 281{287. (60.12998) [1959ć] Note on convex functions // Ann. Univ. scient. budapest. Sec. math. { 2. { 25- -26. (61.11ą235) [1960ă] General solution of a functional equation // Ann. pol. math. { 8, ü 2. { 201{207.

(61.3ą368) [1960ą] On continous solutions of a functional equation // Ann. polon. math. { 8, ü 2.

{ 209{214. (61.3ą369) [1960ć] Remarks on some functional equations // Ann. polon. math. {8, ü 3. { 277{284.

(61.9ą349) [1960č] On the form of solutions of some functional equations // Ann. polon. math. { 9, ü 1. { 55{63. (61.11ą254) [1961ă] On some functional equations containing iterations of the unknown function // Ann. pol. math. { 11, ü 1. { 1{5. (63.8ą9) [1961ą] On the functional equation ’^n(x) = g(x) // Ann. pol. math. { 2. { 161{175. [1961ć] Sur une equation fonctionnelle // Mathematica (RPR). { 3, ü 1. { 79{87.

(62.12ą13) [1961č] A uniqueness theorem for a linear functional equation // Glas. mat.{˛z. i astron.

{ 16, ü 3{4. { 177{181. (63.2ą14)

200 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

[1961ď] General solution of the functional equation ’[f(x)] = G(x;’(x)) // Ann. pol.

math. { 9, ü 3. { 275{284. (61.12ą279) [1961ě] On monotonic solutions of a functional equation. I // Ann. polon. math. { 9, ü 3. { 295{297. (61.11ą253) [1961ę] On monotonic solutions of a functional equation. II // Ann. polon. math. { 10, ü 2. { 161{166. (63.8ą12) [1961ğ] R«ownania funkcyjne i ich znaczenie we wsp«olczesnej mathematyce // Roczn.

Polsk. towarz. mat. Ser. 1. { 6. {175{211. (62.9ą13) [1962ă] O pewnyck rownaniach funkcyjnych, ktorych rozwiazania sa przedstawialne prsy pomocy funkcyi gamma Eulera // Zesz. nauk. Wyzsza szkola ped. Katowicach. { ü 3. { 71{88. (69.5ą15) [1962ą] On a recurrence relation // Colloq. math. { 9, ü 1. { 105{108. (63.4ą222) [1962ć] A remark on commutable functions and continuous iterations // Proc. Amer.

Math. Soc. { 13, ü 6. { 847{850. (63.9ą4) [1962č] On the functional equation f(x + y) = f(x) + f(y) // Fundam. math. { 50, ü 4.

{ 387{391. (63.5ą18) [1964ă] Note on Schr-oder’s functional equation // J. Austral. Math. Soc. { 4, ü 2. { 149{151. (65.2ą45) [1964ą] On a characterization of the cosine // Ann. pol. math. { 16, ü 1. { 53{57.

(65.8ą8) [1964ć] Sur une equation fonctionnelle qui caracterise la fonction f(x) = x^{−1} // Publ.

Inst. math. { 4. { 121{124. (65.7ą13) [1965ă] On convex solutions of Abel’s functional equation // Bull. Pol. Acad. Sci. Math., astron. et phis. { 13, ü 9. { 645{648. (66.8ą22) [1965ą] Bemerkungen -uber die Klassi˛kation der Funktionalgleichungen // Rocz. PTM.

Ser. 1. { 9. { 169{183.

[1967ă] Sur l’equation fonctionnelle de B-ottcher // Mathematica (RSR). { 8, ü 2. { 279{285. (68.2ą17) [1967ą] Un theoreme d’unicite pour l’equation fonctionnelle de B-otcher // Mathematica (RSR). { 9, ü 2. { 285{293. (68.8ą13) [1968] Analytic solutions of a linear functional equation // Ann. pol. math. { 21, ü 3.

{ 297{303.

[1969] Fractional iteration of di¸erentiable functions // Ann. pol. math. { 22, ü 2. { 217{227. (70.5ą8) [1970] Problems of uniqueness in the theory of functional equations in a single variable // Zesz. nauk. Uniw. jagiall. Pr. mat. { 223, ü 14. { 41{48. (71.5ą13) [1970] Ěďĺŋáâćěŋŋőáâì àěèěŋĺľ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ á őďŋőľ ŕěàěňěŋŋőľ // Ďĺääěàěŋæ. ãàăćŋěŋĺï á őâłńőŋïîéĺňáï ăàčãňěŋâőň. { Łĺěć, 187{199. 78.8ą2) [1971] Remarks concerning the general solution of a functional equation // Bull. Sti.

si tehn. Inst. politehn. Timisoara. Ser. Mat.-˛z.-mec. teor. si appl. { 16, ü 2. { 155{165. (74.2ą9) [1972] Special solutions of a functional equation // Ann. pol. math. { 27, ü 1. { 29{32.

(73.4ą12) [1973] A contribution to the theory of fractional iteration of di¸entiable functions // Demonstr. math. { 6, ü 1. { 181{189. (74.9ą15) [1976ă] Various aspects of the functional equation of Schr-oder // Colloq. int. CNRS. { ü 229. { 245{257. (77.7ą4)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 201

[1976ą] Regularly varying solutions of a linear functional equation // J. Austral. Math.

Soc. { 22, ü 2. { 135{143. (77.5ą4) [1977ă] On some alternative functional equations // Aequat. math. { 16, ü 3. { 322.

(78.7ą5) [1977ą] General continuous solution of a linear homogenous functional equation // Ann.

pol. math. { 35, ü 1. { 21{25. (78.8ą7) [1979] Non{negative continuous solutions of a functional inequality // Ann. pol. math.

{ 36, ü 1. { 73{84. (79.11ą8)

[1980] Regular fractional iteration of convex functions // Ann. pol. math. { 38, ü 1. { 95{100. (81.5ą17) [1987] On some properties of solutions of a functional equation // Zesz. nauk. AGH.

im. Stanislawa Staszica. Opusc. math. { ü 3. { 37{41. (88.11ą8) [1988] A generic property of a linear functional equation // Zesz. nauk. AGH. im.

Stanislawa Staszica. Opusc. math. { ü 4. { 139{144. (89.11ą6) [1992] On a functional equation occurring in astrophysics // Math. Pannon. { 3, ü 2.

{ 17{27. (92.9ą17)

Łãçňă, Ćőŕěŋłă (Kuczma M., Vopenka P.)

[1961] On the functional equation –[f(x)]–(x) + A(x)–(x) + B(x) = 0 // Ann. Univ.

sci. budapest. Sec. Math.{ 1960, 1961. { 3{4. { 123{133. (62.12ą16)

Łãçňă, Ňăâłőćáłĺľ (Kuczma M., Matkowski J.)

[1972] Solutions of a functional equation in a special class of functions // Ann. pol.

math. { 26, ü 3. { 287{293. (73.2ą8)

Łãçňă, Śňăľďőà (Kuczma M., Smajdor A.)

[1968] Fractional iteration in the class of convex functions // Bull. Pol. Acad. Sci. Math., astron. et phys. { 16, ü 9. { 717{720. (69.5ą7) [1971] Regular fractional iteration // Bull. Pol. Acad. Sci. Math., astron. et phys. { 19, ü 3. { 203{207. (71.11ą21)

Ńăľłő (Lajk«o K.)

[1972] On the solution of a functional equation F.Vajzovic // Ňăâ. ćěáâ. { 9, ü 4. { 347{349. (73.11ą6) [1979] Remark to a paper by J.A.Baker // Aequat. math. { 19, ü 2, 3. { 227{231.

(80.4ą4) [1980] On the functional equation f(x)g(x) = h(ax + by)k(cx + dy) // Period. Math.

Hung. { 11, ü 3. { 187{195. (81.3ą7) [1989] Di¸erences // Publ. Math., Debrecen. { 36, ü 1-4. { 157{160. (91.1ą5) [1994ă] Functional equations in the spectral theory of random ˛elds. I.// Publ. Math.

Debrecen. { 44, ü 3{4. { 395{399.

[1994ą] Functional equations in the spectral theory of random ˛elds. II // Publ. Math.

Debrecen. { 45, ü 3{4. { 415{421. (96.10ć84) [1995] Functional equations in the spectral theory of random ˛elds. III // Publ. Math.

Debrecen. { 46, ü 1{2. { 195{201. (96.10ć85)

Ńăľâőå (Laitoch M.)

[1992] On functional equation ’’(x) = x; x ∈ (−∞; ∞) // Acta Univ. Palack. olomuc.

Fac. rerum natur. Math. { 105, ü 31. { 83{100. (94.3ą13)

202 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ńăňŕěàâĺ, Ő’Ąàăľěŋ (Lamperti J., O’Brien G.)

[1972] On a functional equation related to iteration // Aequat. math. { 8, ü 1{2. { 109{112. (73.2ą9)

Ńăŋďăã (Landau G.)

[1929] Darstellung und Begr"undung einiger neuerer Ergebnisse der Funnktionentheorie. { Berlin: Springer.

Ńăàáěŋ, Łàãá (Larsen R., Cruz S.)

[1970] The functional equation f(t)f(s)g(ts) = g(t)g(s) // Aequat. math. { 5, ü 1. { 47{53. (71.9ą9)

Ńěćĺ (L«evy P.)

[1928] Fonctions «a croissance r«eguli«ere et it«eration d’ordre fractionnaire // Ann. math.

pura appl. (4). { 5. { 270{296.

Ńñ (Leau L.)

[1897ą] Sur les «equations fonctionnells «a une ou «a plusieurs variables // Ann. Fac. sci.

Univ. Toulouse. { 11. { 1{110.

Ńěňíàí (L«emeray I.)

[1894] Sur les condition de convergence de certaines developpements vers les racines des «equations // Ass. Fr. Congr«es de Ca«en.

[1895ă] Un th«eor«eme sur les fonctions it«eratives // Bull. Soc. Math. Fr. { XXIII. [1895ą] Sur les fonctions it«eratives et sur une nouvelle fonction // Ass. Fr., Congr. de Bordeaux.

[1896] Sur les recines de l’«equation x = a^x // Nouv. Ann. de Math. (3). { XY. [1897ă] I. Sur la d«erivee des fonctions it«eratives au point limite // Bull. Soc. Math. Fr.

{ XXY.

[1897ą] II. D«eriv«ee des fonctions ite’ratives par rapport a l’indice d’it«eration // Šăň ęě.

{ XXY.

[1897ć] I. Sur la convergence des substitutions uniformes // Nouv. Ann. de Math. (3). {

XYI.

[1897č] II. Sur les recines de l’«equation x = a^x // Šăň ęě. { XYI. [1897ď] III. Racines de quelques «equations transcendantes // Šăň ęě. { XYI. [1898ă] Sur la convergence des substitutions uniformes // Šăň ęě. { XYI. [1898ą] Sur quelques algorithmes g«en«eraux et sur l’it«eration // Bull. Soc. Math. { XXYI. [1898ć] Le quatri«eme algorithme naturel // Proc. Edinburgh Math. Soc. { XYI.

Ńěőŋâìěć Ă.Ť.

[1979] Łőŋěçŋëå àăğŋőáâěľ ĺáçĺáńěŋĺě // Ňăâěňăâĺçěáłăï íŋæĺłńőŕěďĺï. { Ň.:

Ĺğď. "Śőćěâáłăï íŋæĺłńőŕěďĺï". { 2, { 1026{1032.

Ńěáŋïł (Le«sniak Z.)

[1993] On homeomorphic and di¸eonorphic solutions of a the Abel equation on the plane // Ann. pol. math. { 58, ü 1. { 7{18. (94.2ą8) [1994] On simultaneous Abel inequalities // Opusc. Math. { 14. { 107{115. (96.10ą31) [1995] On the system of the Abel equations on the plane // Ann. math. siles. { ü 9. { 105{122. (96.11ą9)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 203

Ńěâăł (Letac G.)

[1978] Cauchy functional equation again // Amer. Math. Mon. { 85, ü 8. { 663{664.

(79.7ą7)

Ńĺćěŋæőć Ă.Ĺ.

[1876ă] Ő äãŋłæĺőŋăńìŋëå ĺŋďěłáăå // Ňăâ. áą. { YIII. { 277{284. [1876ą] Őŕëâ áĺáâěňăâĺçěáłőčő ĺğńőęěŋĺï äãŋłæĺőŋăńìŋőčő áçĺáńěŋĺï á őďŋĺň ŋěğăćĺáĺňëň ŕěàěňěŋŋëň // Ňăâ. áą. { 8. { 80{162.

Ńĺńńő (Lillo J.C.)

[1964] The functional equation f^n(x) = g(x) // Ark. Mat. { 5(26). { 357{361. [1967] The functional equation f^2(x) = g(x) // Ann. pol. math. { 19, ü 2. { 123{135.

(68.5ą24)

Ńĺŋ Ć.§.

[1976] Ő áãŕěàŕőğĺæĺïå ăńčěąàăĺçěáłĺå äãŋłæĺľ // Ťãŋłæ. ăŋăńĺğ ĺ ěčő ŕàĺń. {

10, ü 3. { 205{206.

Ńĺŋŋĺł đ.Ć., Őáâàőćáłĺľ Ĺ.Ć.

[1972] Řăğńőęěŋĺï áńãçăľŋëå ćěńĺçĺŋ ĺ ćěłâőàőć. { Ň.: Ŋăãłă.

Ńĺŕăŋőć Ă.Ň.

[1995] Ňŋőčőŕăàăňěâàĺçěáłĺľ âàăěłâőàŋëľ ňěâőď àěèěŋĺï áĺáâěň äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ďőłń. ŘĂŊ. { 343, ü 2. { 153{155. (96.3ą20)

Ńĺáěĺ (Lisei G.)

[1988] On the functional equation ’(x; y; z) = ’(’(x; y; t); t; z) // Riv. mat. sci. Econ.

e soc. { 11, ü 1{2. { 3{9. (91.1ą8)

Ńőąăçěćáłĺľ Ŋ.Ĺ. (Lobatschewsky N.I.)

[1840] Geometrische Untersuchungen zur Teorie der Parallelinien. { Berlin.

Ńőàăŋ (Laurent H.)

[1890] Trait«e d’Analyse. 6. Calcul int«egral. { Paris: Gauthier{Villars.

Ńőàĺ, Łĺŋč (Lawrie J.B., King A.C.)

[1994] Exact solution to a class of functional di¸erence equations with application to a moving contact line ‚ow // Eur. J. Appl. Math. { 5, ü 2. { 141{157. (96.3ą12)

Ńőáőŋęĺ (Losonczi L.)

[1970] -Uber die Funktionalgleichung f[(a + x)(b + y)c] = [A + f(x)][B + f(y)]C ihre mehrdeutigen, stetigen L-osungen und eine nichtstetige Gruppe // Nehezipari M-usz. Egyet. K-ozl. { 30. { 263{266. (70.12ą6) [1989] On a functional equation of sum form // Publ. math. { 36, ü 1{4. { 167{177.

(91.2ą6) [1990] Local solutions of functional equations // Glas. mat. { 25, ü 1. { 57{67. (91.11ą5) [1991] On a functional equation of sum form with three unknown functions // Period.

Math. Hung. { 23, ü 3. { 199{209. (92.9ą17) [1994ă] Solution of (2,2)-type sum form functional equations with several unknown functions // Aequat. math. { 47, ü 2, 3. { 191{202. (95.8ą8) [1994ą] Measurable solutions of a (2,2)-type sum form functional equation // Aequat.

math. { 47, ü 2, 3. { 203{222. (95.8ą9)

204 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

[1994ć] Measurable solutions of a (2,2)-type nonlinear functional equation of sum form with several unknown functions // Publ. Math. Debrecen. { 44, ü 1{2. { 79{103. (96.10ą24)

Ńőáőŋęĺ, Ňăłáă (Losonczi L., Maksa G.)

[1981] The general solution of functional equation of information theory // Glas. mat.

{ 16, ü 2. { 261{266. (82.9ą7) Ńőïáěćĺç (Lojasiewicz S.)

[1951] Solution generale de l’equation fonctionnele f^n(x) = g(x) // Ann. pol. math. {

24. { 88{91.

Ńãŋďąěàč, Ŋč (Lundberg A., Ng Ch.T.)

[1975] Uniqueness theorems for the representation ’(f(x)g(y)+h(y)) // Aequat. math.

{ 13, ü 1{2. { 77{87. (76.5ą6) Ńãŕă (Lupa M.)

[1993] On solutions of a functional equation in a special class of functions // Demonstr.

math. { 26, ü 1. { 137{147. (94.3ą11)

Ńãŕăá Ă. ĺ Ń. (Lupas A., Lupas L.)

[1980] Asupra unor functii speciale // Lucr. semin. itiner. ecuatii funct., aproxim. si convexit. Timisoara. 7, 8 noiem. { 1, 55{68. (83.7ą8)

Ńìîĺá (Lewis D.C.)

[1939] Formal power series transformations // Duke Math. J. { 5. { 794{805.

Ńëáěŋłő Ś.Ă.

[1995] Ő äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ f(p(z)) = g(q(z)), čďě f ĺ g { ňěàőňőàäŋëě äãŋłæĺĺ, p ĺ q { ŕőńĺŋőňë // Ňăâ. äĺğ., ăŋăń., čěőň. { 2, ü 1. { 68{86. (96.11ą15)

Ńîåâ (Lucht L.)

[1979] Zur gaubschen funktionalgleichung f-ur die gamma-funktion auf multiplikativen zahlenmengen // Abh. math. semin. Univ. Hamburg. { 79. { 183{188. (80.4ą10)

Ńîåâěà (Luchter J.)

[1995] On a certain ˛nctional equation // Zesz. nauk. Mat.-˛z. PSl. { ü 74. { 41{52.

(96.11ą11)

Ňăčŋĺæłĺľ Ŋ.Ă.

[1996] Ő áâăąĺńĺğăæĺĺ ŋěŕőďćĺęŋëå âőçěł åăőâĺçěáłĺå őâőąàăęěŋĺľ // Ďőłń.

ŘĂŊ. { 351, ü 2. { 175{177. (97.9ą499)

Ňăľőà, Šőààěŋá (Mayor G., Torrens J.)

[1994] De Rham systems and the solution of a class of functional equations // Aequat.

math. { 47, ü 1. { 43{49. (95.8ą3)

Ňăłăľ (Makai I.)

[1969] -Uber invertierbare L-osungen der additiven Cauchy-Funktionalgleichung // Publ.

math. { 16, ü 1{4. { 239{243. (71.6ą3)

Ňăłłĺàŋăŋ (McKiernan M.)

[1963] Variational aspects of the Abel and Schroder functional equations // Can. Math.

Bull. { 6, ü 2. { 257{265. (64.6ą17)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 205

Ňăłňãńńěŋ (McMullen C.)

[1994] Frontiers in complex dynamics // Bull. Amer. Math. Soc. { 31, ü 2. { 154{172.

Ňăłáă (Maksa G.)

[1977] On the functional equation f(x + y) + g(xy) = h(x) + h(y) // Publ. math. { 24, ü 1{2. { 25{29. (78.11ą13) [1981] On the bounded solution of a functional equation // Acta Math. Hung. { 37, ü 4. { 445{450. (82.1ą13) [1987] The general solution of a functional equation arising in information theory // Acta Math. Hung. { 49, ü 1{2. { 213{217. (87.7ą5)

Ňăłèăŋ (McShane N.)

[1961] On the periodicity of homeomorphisms of the real line // Amer. Math. Mon. {

68, ü 6. { 562{563. (62.3ą6) Ňăńěŋĺæă (Malenica M.)

[1980] O rje»senju funkcionalne jedna»cine ’(x) + ’[f(x)] = F(x) // Rad. Akad. nauka i umjetn. BiH. Od. prirod. i mat. nauka. { 66, ü 19. { 103{109. (81.2ą15) [1981ă] O rje»senju funkcionalne jedna»cine ’(x)+’(f(x)) = F(x) i neki specijalni primjeri regularnih transformacija // Rad. Akad. nauka i umjetn. BiH Od. tehn. nauka.

{ 68. { 127{132. (82.9ą11)

[1981ą] On some solution of equation ’(x) + ’(f(x)) = F(x) under the solution that F satis˛es F(f^p(x)) = F(x) // Publ. Inst. math. { 29. { 139{144. (82.9ą10) [1982] O jednom rje»senju jedna»cine ’(f(x))+’(x) = F(x) kada funkcija F zadovoljava usiov F(f(x)) = F(x) // Rad. Akad. nauka i umjetn. BiH. Od. prirod.i mat. nauka. { 69, ü 20. { 17{21. (83.8ą13) [1983] On the solutions of the functional equation ’(f(x)) + ’(x) = F(x) using „- summability // Glas. mat. { 18, ü 2.{ 305{315. (84.7ą5) [1986] Primjena [„]-zbirljivosti na rje»savanje funkcionalne jedna»cine ’(x)+’^2(x) = F(x) // Rad. Akad. nauka i umjetn. BiH. Od. tehn. nauka. { 10. { 139{143. (87.1ą9) [1993] On the solutions of the functional equation x(t) + A(t)x(f(t)) = F(t) // Ňăâ.

ćěáâ. { 45, ü 1{4. { 1{5. (95.8ą13)

Ňăńěŋĺæă, Ŕěàĺç (Malenica M., Peri»c V.)

[1988] O jednom rje»senju funkcionalne jedna»cine ’(x) + ’(f(x)) = G(x) // Rad. Akad.

nauka i umjetn. BiH. Od. tehn. nauka. { 12. { 91{99. (89.8ą8)

Ňăàâĺç (Martic B.)

[1978] Quelques equations fonctionnelles contenant plusieurs fonctions inconnues // Rad. Akad. nauka i umjetn. BiH. Od. prirod. i mat. nauka. { 61. { 159{163. (80.3ą10)

Ňăàâĺç, §ŋĺç (Martic B., Janic R.)

[1978] Sur quelques generalisations des equations fonctionnelies // Publ. Elektrotehn.

fak. Ser. Mat. i ˛s. / Univ. Beogradu. { ü 602{633. { 223{228. (80.11ą15)

Ňăàæěčăńńĺ (Marzegalli S.P.)

[1994] One-parameter system of functional equation // Aequat. math. { 47, ü 1. { 50{59. (95.8ą4)

Ňăâłőćáłĺľ (Matkowski J.)

[1970] On meromorphic solutions of a functional equation // Zesz. nauk. Uniw. jagiall.

Pr. mat. { 223, ü 14. { 53{54. (71.5ą10)

206 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

[1973] On Lipschitzian solutions of a functional equation // Ann. pol. math. { 28, ü 2.

{ 135 -139. (74.4ą24) [1985] Cauchy functional equation on a restricted domain and commuting functions // Lect. Notes Math. { ü 1163. { 101{106. (86.10ą18)

Ňăâłőćáłĺľ, Ŋĺłőďěň (Matkowski J., Nikodem K.)

[1993] Solutions of some functional inequalities connected with convex functions // Math. Repts Acad. Sci. Can. { 15, ü 2, 3. { 114{118. (94.1ą9)

Ňăâłőćáłĺľ, Ęďãŋ (Matkowski J., Zdun M.)

[1974] Solutions of bounded variation of a linear functional equation // Aequat. math.

{ 10, ü 2, 3. { 223{235. (75.3ą5) Ňěďĺŋă (Medina R.)

[1996] Asymtotic properties of solutions of nonlinear di¸erence equations // J. Comput.

and Appl. Math. { 70, ü 1. { 57{66. (97.8ą225)

Ňĺďãàă (Midura S.)

[1968] Sur les solutions de l’equation de translation // Aequat. math. { 1. { 77{84

Ňĺďãàă, Šăłőà (Midura S., Takor J.)

[1973] Sur les iterations avec un parametre reel des fonctions sous-modules // Demonstr.

math. { 6, ü 1. { 271{287. (74.9ą6)

Ňĺłãáĺŋáłĺľ (Mikusinski J.)

[1953] Rachunek Operator«ow. Warszawa. (Ŕěà.: Őŕěàăâőàŋőě ĺáçĺáńěŋĺě. { Ň.:

ĹĹŃ). (57.2475Ł)

Ňĺńìá, Ÿãńìæ (Milles S.J., Schultz H.J.)

[1978] Some functional equations for the calculus student // Two-Year Coll. Math. J.

{ 9, ü 4. { 205{209. (79.3ą5) Ňĺőł (Mioc V.)

[1966] Rezolvarea unor ecuatii functionale ou functii reale si parametri reali // Bull.

Sti. si tehn. Inst. politehn. Timisoara. { 11, ü 2. { 395{402. (68.3ą12)

Ňőàăćěæ (Morawiec J.)

[1994] On bounded solutions of a problem of R. Schilling // Pr. nauk. USl. Katowicach.

Ann. math. siles. { ü 8. { 97{101.

Ňőáŋěà (Moszner Z.)

[1974] Sur les solutions d’une equation fonctionnelle // Aequat. math. { 11, ü 2, 3. { 270{272. (75.7ą10) [1975ă] Sur les solutions d’une equation fonctionnelle. II // Aequat. math. { 12, ü 1. { 118. (75.11ą7) [1975ą] Sur les solutions d’une equation fonctionnelle. III // Aequat. math. { 13, ü 3.

{ 269{273. (76.9ą7) [1980] Sur l’equation f(x)f(y)f(−x − y) = g(x)g(y)g(−x − y) // Aequat. math. { 21, ü 1. { 20{32. (81.4ą10) [1991] Sur une forme de la solution de l’equation de translation // Math. Repts Acad.

Sci. Can. { 13, ü 6. { 285{290. (92.9ą14) [1992] Sur des solutions globales et des solutions locales de l’equation de translation // Math. Repts Acad. Sci. Can. { 14, ü 5. { 219{224. (94.3ą8) [1994] Sur les fonctions de pluralit«e // Aequat. math. { 47, ü 2, 3. { 175{190. (95.8ą7)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 207

Ňãłěàìï, Řăââĺ (Mukherjea A., Ratti J.S.)

[1983] On a functional equation involving iterates of a bijection on the unit interval // Nonlinear Anal.: Theory, Meth. and Appl. { 7, ü 8. { 899{908. (84.1ą5)

Ňîńńěà (M-uller W.)

[1987] Die functionalgleichung des geometrischen Mittels // Prax. Math. { 1989. { 31, ü 8. { 465{466. (90.8ą8)

Ŋăąěľă (Nabeya S.)

[1974] On the functional equation f(p + qx + rf(x)) = a + bx + cf(x) // Aequat. math.

{ 11, ü 2, 3. { 199{211. (75.6ą3) Ŋăćàőæłĺľ (Nawrocki J.)

[1979] On the existence of C^r solutions of a functional equation // Demonstr. math. {

12, ü 4. { 1027{1041. (80.11ą19)

[1984] On the existence of C^r solutions of a functional equation containing a superposition of the unknown function // Demonstr. math. { 17, ü 4. { 897{905. (86.4ą18)

Ŋěăňâã (Neamtu N.)

[1995] About Lobochevsky’s functional equations on C // Bull. Sti. si tehn. Univ. tehn.

Timisoara. Ser. Mat.-˛z. { 40, ü 1{2. { 16{21. (96.11ą13)

Ŋěââő (Netto )

[1896] Vorlesungen -uber Algebra. { Berlin: Springer{Verlag.

Ŋěçěŕãàěŋłő Ň.Ĺ.

[1962] Ő âőçŋőľ őæěŋłě áłőàőáâĺ áåőďĺňőáâĺ ňěâőďă Ŋìîâőŋă // Šà. Ňőáł. äĺğ.- âěå. ĺŋ-âă "Ĺááńěďőćăŋĺï ŕő ňěåăŋĺłě ĺ ŕàĺłńăďŋőľ ňăâěňăâĺłě". { Ň.: Őąőàőŋčĺğ. { Ćëŕ. 9. { 101{104.

[1985] Őą őďŋőľ áĺáâěňě ňŋőčőçńěŋőć Ŕőńńăçěłă{Ňěľłáŋěàă // Śĺáâěňŋőě ňőďěńĺàőćăŋĺě ć ĺŋäőàňăâĺłě. { Ŋőćőáĺąĺàáł, 79{87.

[1997ă] Ŕàĺňěàë ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ, áåőďïéĺåáï á ğăďăŋŋőľ áłőàőáâìî // Šà. ĹĆŇĺŇČ ŚŐ ŘĂŊ. Śěà. Śĺáâěňŋőě ňőďěńĺàőćăŋĺě. { Ŋőćőáĺąĺàáł. { Ćëŕ. 4(22). { 113{122.

[1997ą] Şàăćŋěŋĺě Ăąěńï ĺ őąőąéěŋŋëě áęăâĺï // Šăň ęě. { 123{129.

Ŋñàńãŋď (N-orlund N.)

[1924] Di¸erenzenrechnung. { Berlin: Springer-Verlag.

Ŋč (Ng Ch.T.)

[1985] On a functional equation related to income inequality measures // Aequat. math.

{ 28, ü 1{2. { 161{169. (85.7ą10)

[1973] On the functional equation f(x) + ∑_n i=1 gi(yi) = h(T(x; y1; y2; : : : ; yn)) // Ann.

pol. math. { 27, ü 3. { 329{336. (73.12ą7)

Ŋĺćěŋ (Niven I.)

[1969] Formal power series // Amer. Math. Mon. { 76, ü 8. { 871{889.

Ŋĺłĺâĺŋ Ć.Č.

[1983] Ŕěàĺőďĺçěáłĺě àěèěŋĺï äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ∑_ν k=−ν aku(q k t) = f(t) // Šěőàĺï ãŕà. ĺ ňěâőďë őŕâĺňĺğ. Ňăâěà. 3 ŋăãç. łőŋä. ňőń. ãçěŋëå ĺ áŕěæ. äăł. ćëçĺáń. ňăâ. ĺ łĺąěàŋěâ., Łăğăŋì, ĺîŋì, 1983. { Łăğăŋì, 29{33. { Ďěŕ. ĆĹŊĹŠĹ 7.12.1983. ü 6633-83. (84.3ą9)

208 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

[1984] Őďŋőğŋăçŋăï àăğàěèĺňőáâì äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï u(t)−a u(¸t) = f(t) ć ŕàőáâàăŋáâćě ŕěàĺőďĺçěáłĺå äãŋłæĺľ // Ĺááńěď. ŕő ŕàĺłń. ňăâ. { Łăğăŋì. { ü 11/1. { 96{109. (85.10ą7) [1992] Řăğàěèĺňőáâì ńĺŋěľŋőčő äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï ć łńăááě àïďőć, ŕőàőęďěŋŋëå ĺâěàăæĺïňĺ // Ĺááńěď. ŕő ŕàĺłń. ňăâ. { Łăğăŋì. { ü 19. { 94{101. (94.3ą14)

Ŋĺłĺäőàőć, Şćăàőć (Nukiforov A.F., Uvarov V.B.)

[1993] Polynomial solutions of hypergeometric type di¸erence equations and their classi˛cation // Integr. Transforms and Spec. Funct. { 1, ü 3. { 223{249. (95.2ą2)

Ŋőćăłőćáłăï, Ćěàąőćáłĺľ (Nowakowska W., Werbowski J.)

[1994] Oscillation of solutions of functional equations // Abstr. Invit. Lect. and Short Commun. Deliv. 5th Int. Colloq. Di¸er. Equat. Plovdiv, Aug. 18{23, 1994. { Plovdiv. { 161. (95.1ą3)

Őŕàĺá (Opris G.)

[1980] Sur certaines equations functionnelles // Mathematica (RSR). { 2, ü 2. { 257{ 260. (83.2ą13)

Őàâěčă, Řěľŋąőńďâ (Ortega J.M., Rheinboldt W.C.)

[1970] Iterative solution of nonlinear equations in several variables. { NY & W.:

Academic press. (Ŕěà.: Ĺâěàăæĺőŋŋëě ňěâőďë àěèěŋĺï ŋěńĺŋěľŋëå áĺáâěň ãàăćŋěŋĺľ áő ňŋőčĺňĺ ŋěĺğćěáâŋëňĺ. { Ň: Ňĺà, 1975).

Őáâàőćáłĺľ (Ostrowski A.M.)

[1929] Mathematische miszellen XIY. Ueber die funktionalgleichung der exponentialfunktion und verwandter funktionalgleichungen // Jahresberich d. deutschen Math. Vereinigung. { 3. { 54{62.

[1960] Solutions of equations and systems of equation. { NY & L.: Academic Press.

(Ŕěà.: Řěèěŋĺě ãàăćŋěŋĺľ ĺ áĺáâěň ãàăćŋěŋĺľ. { Ň.: ĹĹŃ, 1963.)

Őââăćĺăŋĺ (Ottaviani G.)

[1957] Sulla risoluzione di una equazione con il meyodo di iterasione // Scritti Mat.

onore Fillipo Sibiriani, Bologua. { 195{199. (58.2447)

Ŕăčăŋőŋĺ Ń. (Paganoni L.)

[1971] Esistenza di soluzioni per una classe generale di equazioni funzionali // Rend.

Ist. lombardo. Accad. sci. e lett. { A105, ü 5. { 891{906. (72.11ą17)

Ŕăčăŋőŋĺ Ň. (Paganoni M.S.)

[1984] Sulle soluzioni di un’equazione funzionale di ordine n // Rend. semin. mat. / Univ. e Politecn. Torino. { 42, ü 3. { 165{177. (86.8ą11) [1994] One-parameter system of functional equations // Aequat. math. { 47, ü 1. { 50{59. (95.8ą4)

Ŕăŋ (Pan Y.)

[1994] On the existence of L^1 scaling functions // J. Math. and Phys. Sci. { 28, ü 2.

{ 55{74. (95.10ą8)

Ŕěłáĺďěà (Pexider H.W.)

[1903] Notiz -uber Funktionaltheoreme // Monatshefte f-ur Math. und Phys. { 14. { 293{301.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 209

Ŕěńîå Č.Ŕ.

[1969] Ő čńăďłĺå àěèěŋĺïå ŋěńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ć àěğőŋăŋáŋőň áńãçăě // Šà. áěňĺŋăàă ŕő ďĺääěàěŋæĺăńìŋëň ĺ ĺŋâěčàăńìŋëň ãàăćŋěŋĺïň. { Łĺěć: ĹŇ ĂŊ ŞŚŚŘ. { Ćëŕ. 1. { 312{314. (70.11ą21) [1970] Ő čńăďłĺå àěèěŋĺïå áĺáâěňë ŋěńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Šà. áěňĺŋăàă ŕő ňăâ. äĺğĺłě ĺ ŋěńĺŋěľŋëň łőńěąăŋĺïň. { Łĺěć: ĹŇ ĂŊ ŞŚŚŘ. { Ćëŕ. 3 { 236{242. (70.11ą22) [1973] Őąéěě àěèěŋĺě őďŋőčő łńăááă ńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ŋěńĺŋěľŋëě łőńěąăŋĺï ĺ ãáâőľçĺćőáâì ďćĺęěŋĺï. { Łĺěć. { 194{198. (75.7ą8) [1978] Ő C^r-àěèěŋĺïå ŋěńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ áő ňŋőčĺňĺ őâłńőŋěŋĺïňĺ ăàčãňěŋâă // Şłà. ňăâ. ę. { 30, ü 1. { 79{85. (78.10ą12) [1980] Ő ŕőáâàőěŋĺĺ őąéěčő àěèěŋĺï őďŋőčő łńăááă ŋěńĺŋěľŋëå äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ ć łàĺâĺçěáłőň áńőě // Łăçěáâćěŋ. ĺááńěď. ďĺääěàěŋæ.-äãŋłæ. ãàŋĺľ. { Łĺěć. { 111{115. (81.6ą11) [1983] Őą őďŋőň ŋěńĺŋěľŋőň äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ m-čő ŕőàïďłă // Ŕàĺąńĺę.

ĺ łăçěáâć. ňěâőďë âěőàĺĺ ďĺääěàěŋæ.-äãŋłæ. ãàăćŋěŋĺľ. { Łĺěć. { 76{83. (84.7ą8) [1996] Ő ŕěàĺőďĺçěáłĺå àěèěŋĺïå àăğŋőáâŋëå ãàăćŋěŋĺľ á ŋěŕàěàëćŋëň ăàčãňěŋâőň // Şłà. ňăâ. ę. { 48, ü 1. { 140{145. (96.12ą270)

Ŕěńîå Č.Ŕ., Ÿăàłőćáłĺľ Ő.Ň.

[1970] Ţăàăłâěàĺğăæiï ěńěňěŋâăàŋĺå âă áŕěæiăńìŋĺå äãŋłæiľ ğă ďőŕőňőčãî äãŋłæiőŋăńìŋĺå áŕiććiďŋőèěŋì // Ďőłń. ĂŊ ŞŘŚŘ. { ü 11. { 994{998. (71.4ą2)

Ŕěààőŋ (Perron O.)

[1942] Ueber eine, f-ur die Invariantentheorie wichtige Funktionalgleichung // Math. Z.

{ 48. { 136{172.

Ŕĺŋåěàńě (Pincherle S.)

[1906] Funktionaloperationen und Gleichungen // Encyklop-adie der Math. Wissenschaften. { Leipzig. { 2.

[1912] ^Equations et op«erations fonctionnelles // Encyclop«edie des Sci. Math. { Paris. { 2. Ŕőńĺă^8 (P«olya G.)

[1936] // Zeitschrift f-ur Kristallographie. (A). { 93. { 415{443.

[1937] Kombinatorische anzahlbestimmungen f-ur grunnen, graphen, und chemische verbindungen //Acta math. { 68. { 145{253.

Ŕőńĺă, Śěčě (P«olya G., Szego G.)

[1925] Aufgaben und Lehrs-atce aus der Analysis. B. 1. { Berlin: Verlag{Springer. (Ŕěà.:

Ŕőńĺă Č., Śěčě Č. Ğăďăçĺ ĺ âěőàěňë ĺğ ăŋăńĺğă. Ů. 1. { Ň.: ČĹŠŠŃ, 1956).

Ŕőŕ (Popa Gh.)

[1987] Citeva probleme de ecuatii si inecuatii functionale // Semin. teor. struct. Univ.

Timisoara. { ü 44. { 1{10. (89.2ą17)

Ŕã (Pu H.W., Pu H.H.)

[1987] On solutional of the Cauchy’s functional equation // Rev. roum. math. pures et appl. { 32, ü 3. { 269{271. (87.9ą9)

8=Ŕőľă.

210 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ŕãăááőŋ (Poisson S.D.)

[1811] Trait«e de m«ecanique. { Paris. {1.

Řăňîá (Ramus)

[1832] Remarques sur l’«equation ’f(x) = ’(x)d f(x)dx // J. f-ur die Reine und Angewandte Mathematik von Crelle. { IX. { 359{361.

Řăő, Śăŕăâĺŋăá, Ÿăŋąåăč (Rao C.R., Sapatinas T., Shanbhag D.N.)

[1994] The integrated Cauchy functional equation: Some comments on recent papers // Adv. Appl. Probab. { 26, ü 3. { 825{829. (95.8ą12)

Řăââĺ, Ńĺŋ (Ratti J.S., Lin Y.F.)

[1990] A functional equation involving f and f^{−1} // Colloq. Math. { 60-61, ü 2. { 519{523. (91.11ą7)

Řăãğěŋąěàčěà (Rausenberger O.)

[1884] Lehrbuch der Theory der periodischen Funktionen. { Leipzig: Teubner.

Řěčĺá, Ćãæ (Reghis M., Vuc L.)

[1966] Sur les equations fonctionnelles iteratives. 1 // Publ. math. { 13,ü 1{4. { 25{38.

(67.10ą21)

Řĺďěń, Śăåő (Riedel T., Sahoo P.K.)

[1995] On a generalization of a functional equation associated with the distance between the probability distributions // Publ. Math. Debrecen. { 46, ü 1{2. { 125{135. (96.12ć13)

Řĺőàďăŋ (Riordan J.)

[1963] An Introduction to Combinatorial Analysis. { NY: Wiley, 1958. (Ŕěà.: Řĺőàďăŋ Ďę. Ććěďěŋĺě ć łőňąĺŋăâőàŋëľ ăŋăńĺğ. { Ň.: ĹĹŃ, 1963).

Řőğňãá{Ţňãàă (Rozmus-Chmura M.)

[1967] Sur l’equation fonctionelle ’(x + 1) = f[’(x)] // Ňăâ. ćěŋ. { 4, ü 1. { 75{78.

(68.5ą23) [1968] Les solutions convexes de l’equation fonctionelle q[¸(x)] − q(x) = ’(x) // Publ.

math. { 15, ü 1{4. { 45{48. (69.11ą15) [1985] Regular solutions of some functional equations in the indeterminate case // Pr.

nauk. USl. Katowicach. Ann. math. siles. { ü 1. { 120{129. (86.9ą7)

Řőğŋőćáłĺľ (Roznowski M.)

[1973] Rozwiazania przyblizone rownania funkcyjnego ’^k(x) = f(x) // Pr. nauk. USl.

Katowicach. { ü 30. { 53{73. (74.4ą27)

Řőňăŋěŋłő Ě.đ., Ÿăàłőćáłĺľ Ă.Ŋ.

[1973] Ő àěèěŋĺïå ŕěàěőŕàěďěńěŋŋőľ áĺáâěňë äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Ňěâőď ĺŋâěčàăńìŋëå ňŋőčőőąàăğĺľ ć ŋěńĺŋěľŋëå ďĺääěàěŋæĺăńìŋëå ãàăćŋěŋĺïå. { Łĺěć: ĹŇ ĂŊ ŞŚŚŘ. { 220{232. (74.4ą28)

Řőáłíã (Rosc^au H.)

[1961] Asupra ecuatiilor functionale care caracterizeaz^a functiile trigonometrice inverse si hiperbolice inverse // Bul. Sti. Inst. politehn. Cluj. { 4. { 71{76. (64.7ą11)

Řőåąěàč, Řãąěńì (Rochberg R., Rubel L.A.)

[1992] A functional equation // Indiana Univ. Math. J. { 41, ü 2. { 363{376. (93.5ą6)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 211

Ř.{Śăńĺŋăá (R.{Salinas B.)

[1967] Sobre la ecuacion funcional f(x + y) = f(x)f(y) y las funciones a^x y log_a x // Actas 5 Reun. anual mat. esp. Valencia, 1964. { Madrid. { 16{33. (68.8ą11)

Řëńì{Ŋăàďğěćáłĺľ (Ryll{Nardzewski C.)

[1949] Sur les moyennes // Stud. math. { 11. { 31{37.

Řëää (Ry¸ J.V.)

[1978] The functional equation F(ax)+F(bx+a) = F(bx)+F(ax+b), entire and almost pereiodic solutions // J. reine und -agew. Math. { 302. { 116{136. (79.4ą8)

Śăąńĺł (Sablik M.)

[1985] Note on a Cauchy conditionaland equation // Rad. mat. { 1, ü 2. { 241{245.

(86.8ą12) [1987] Generating solutions of some Cauchy and cosine functional equation // Aequat.

math. { 32, ü 2, 3. { 216{226. (88.2ą8) [1990] The continuous solution of a functional equation of Abel // Aequat. math. { 39, ü 1. { 19{39. (94.7ą5)

Śăąńĺł, Şàąăŋ (Sablik M., Urban P.)

[1985] On the solutions of the equation f(xf(y)^k + yf(x)^l) = f(x)f(y) // Demonstr.

math. { 18, ü 3. { 863{867. (86.10ą13)

Śăćĺç (Savic B.)

[1981] A new proceeding for solving of certain class of functional equations // Ňăâ.

ćěáâ. { 5, ü 2. { 221{224. (83.3ą10)

Śăłőćĺç Č.Ŋ.

[1970] Őą ãàăćŋěŋĺĺ f(x; y − z) + f(y; z − x) + f(z;x − y) = 0 ĺ őďŋőň őąőąéěŋĺĺ ŕőŋïâĺï ćëŕãłńőáâĺ // Mehezipari M-usz. Tgyet. K-ozl. { 30. { 281{283. (71.1ą9)

Śăňăčă (Samaga H.-J.)

[1995] -Uber fraktale Strukturen in Kreisgeometrien // Mitt. math. Ges. Hamburg. {

14. { 121{131.

Śăňăàáłĺľ Ă.Ă., Ŋĺłőńăěć Ě.Ś.

[1978] Ňěâőďë àěèěŋĺï áěâőçŋëå ãàăćŋěŋĺľ. { Ň.: Ŋăãłă.

Śăňłő Ś.Č., Şňăàåăďęĺěć Ś.Ň.

[1984] Őą őďŋőň äãŋłæĺőŋăńìŋőň ãàăćŋěŋĺĺ á ąěáłőŋěçŋőľ čàãŕŕőľ áďćĺčőć // Ňăâ.

ăŋăńĺğ ĺ ěčő ŕàĺń. { Čàőğŋëľ. { 11{14. (86.1ą5)

Śăŋáěàĺ (Sancery)

[1862] Be la m«ethode des substitutions successives pour la calcul des racines des «equations // Nouv. Ann. de Math. (2). { 1. { 305.

Śăáá (Sz«asz P.)

[1952] Neue Bestimmung des Parallelenwinkds in der hyperbolischen Ebene mit den klassischen Hilfsmitteln // Acta sci. math. { 14. { 247{251.

[1953] A hiperbolikus trigonometria uj sikbeli el-o«allit«asa a klasszikus seg«edeszk-oz-okkel // MTA III, Oszt«aly K-ozlem«enyei 3. { 527{533.

Śăçłőć Ć.Ŋ.

[1982] Ććěďěŋĺě ć łőňąĺŋăâőàŋëě ňěâőďë ďĺáłàěâŋőľ ňăâěňăâĺłĺ. { Ň.: Ŋăãłă.

212 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Śćïâőł (Swiatak H.)

[1965ă] On the equation [f(x+y)]^2 = [f(x)g(y)+f(y)g(x)]^2 // Zesz. nauk. Uniw. jagiell.

{ ü 102. { 97{104. (66.6ą17) [1965ą] On the equation f(x+y)g(x+y) = [f(x)g(y)+f(y)g(x)]^2 // Šăň ęě. { 105{106.

(66.6ą16) [1968] Remarks on the functional equation f(x + y − xy) + f(xy) = f(x) + f(y) // Aequat. math. { 1, ü 3. { 239{241. (69.8ą14) [1970] On two functional equation connected with the equation ’(x + y) + ’(x − y) = 2’(x) + 2’(y) // Aequat. math. { 5, ü 1. { 3{9. (71.9ą11) [1979] On an equation of information theory // Aequat. math. { 19, ü 1. { 117.

(80.1ą11)

Śěćăáâìïŋőć Ą.Ă.

[1971] Ćěâćïéĺěáï ŕàőæěááë. { Ň.: Ŋăãłă.

Śěłěńĺďĺ (Sz«ekelyhidi L.)

[1991] On functional equations analoguous to partial di¸erential equations : [Pap.]

Semin. "Contrib. Theory. funct. Equat." Debrecen{Graz, Apr. 12{13, 1991 // Graz. math. Ber. { ü 315. { 84{85. (92.9ą13) [1995] Stability properties of functional equations in several variables // Publ. Math.

Debrecen. { 47, ü 1{2. { 95{100. (96.10ą29)

Śěłěàěè (Szekeres G.)

[1958] Regular iteration of real and complex function // Acta math. { 100. { 203{258.

(70.3ą13)

Śěŋěâă (Seneta E.)

[1969] On Koenigs’ rations for iterates of real functions // J. Austral. Math. Soc. { 10, ü 1{2. { 207{213. (70.3ą13)

Śěàŕĺŋáłĺľ (Sierpinski W.)

[1920ă] Sur l’equation fonctionnelle f(x + y) = f(x) + f(y) // Fundam. Math. { 1. { 116{122.

[1920ą] Sur les fonctions convexes mesurable // Šăň ęě. { 125{129. [1924] Sur une propriete des functions de M.Hamel // Fundam. Math. { 5. { 334{336.

Śĺ (Si J.)

[1995] On analytic solutions of the equation of invariant curves // Math. Repts. Acad.

Sci. Can. { 17, ü 1. { 49{52. (96.1ą9)

Śĺčăń (Segal S.L.)

[1985] On Nathanson’s functional equation // Aequat. math. { 28, ü 1{2. { 114{123.

(85.7ą7)

Śĺďőàőć đ.Ć.

[1995] Ůěâŋëě ĺ ŋěçěâŋëě äãŋłæĺĺ // Šěğ. ďőłń. ňěęďãŋăà. łőŋä. "Ťãŋłæ. ŕàőáâàăŋáâćă, âěőàĺï ŕàĺąńĺę., ŋěńĺŋěľŋ. ăŋăń.", ŕőáćïé. 90-ńěâĺî ăłăď. Ś.Ň. Ŋĺłőńìáłőčő, Ňőáłćă, 27 ăŕà.{3 ňăï. { Ň. { 249{250. (95.11ą12)

Śěçłő (Sieczko A.)

[1993] Nonuniqueness case for AC^{R−1}-solution of a nonlinear functional equation // Demonstr. math. { 26, ü 3{4. { 751{753. (96.10ą8)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 213

Śĺłőàă (Sykor«a A.)

[1904] O rovnicich ukonovych // Casopis. { 33. { 181{198.

Śĺňĺç, Řăďěŋőćĺç (Simi«c S., Radenovi«c S.)

[1994] On locally subadditive functions // Ňăâ. ćěáâ. { 46, ü 3{4. { 89{92. (95.10ą7) [1995] A functional inequalite // 9 Kongr. mat. Jugosl. Petrovac, May 22-27, 1995.

JUMC’95. { Rez.{Podgorica. { 79. (97.8ą14)

Śĺňő (Simo C.)

[1978] A note on the iteration of exponentials // Publ. Secc. mat. Univ. auton. { Barcelona. { ü 10. { 99{103. (79.11ą5)

Śĺŋæőć Ď.Ň.

[1903] Ğăňěâłĺ ŕő äãŋłæĺőŋăńìŋőňã ĺáçĺáńěŋĺî // Ĺğć. äĺğ.-ňăâ. őąé. ŕàĺ Łăğăŋáłőň ãŋ-âě. Ćâőàăï áěàĺï. { XIII, ü 1. { 46{72.

Śńăćĺłőćáłĺľ Ć.

[1956] Őąőąéěŋĺě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï Ňĺłãáĺŋáłőčő // Bull. Acad. polon. sci.

Ser. math., astron. et phys. { 4, ü 10. { 633{638.

Śňăľďőà Ă. (Smajdor A.)

[1974] Note on a functional equation // Ann. pol. math. { 30, ü 1. { 57{61. (74.12ą2) [1994] On a functional equation // Pr. nauk. USl. Katowicach. Ann. math. siles. { ü 8.

{ 217{226. (96.10ą20)

Śňăľďőà Ć. (Smajdor W.)

[1967] On the existence and uniqueness of analytic solutions of the functional equation ’(z) = h(z;’[f(z)]) // Ann. pol. math. { 19, ü 1. { 37{45. (68.1ą19) [1972] Solutions of the Schr-oder equation // Ann. pol. math. { 27, ü 1. { 61{65.

(73.4ą13) [1993] Local set-valued solutions of the Jensen and Pexider functional equations // Publ. Math. Debrecen. { 43, ü 3{4. { 255{263. (96.10ą21) [1994] On Jensen and Pexider functional equations // Opusc. Math. { 14. { 169{178.

(96.10ą32)

Śňőńń (Small D.B.)

[1971] On the functional equation F(u)+F(1 − u)+F(u=1 − u), u ∈ [0;1=2] // Aequat.

math. { 6, ü 1. { 115{116. (71.12ą6)

Śňőńìïŋőćă Ě.Č.

[1995] ’-ĺŋćăàĺăŋâë äãŋłæĺľ ĺ àăáèĺàěŋĺě łńăááă ãàăćŋěŋĺľ f(f(x)) = x // 24 Őčăàěć. çâěŋĺï: Šěğ. ďőłń. ŋăãç. łőŋä., Śăàăŋáł, 4{9 ďěł.,1995. Ů. 3. { Śăàăŋáł. { 23. (96.9ą15)

Śőłőńőć Ě.Ĺ.

[1980] Ĺááńěďőćăŋĺě äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï f( n √x_n + y^n) = F(g(x); h(y); l(x); k(y)) ŋăď łőńìæőň ŋěŕàěàëćŋëå äãŋłæĺľ ŋăď R // Őąé. ăńčěąàă ĺ ďĺáłàěâŋ. čěőňěâàĺï. Ňăâ. ŋăãłĺ. { Łĺèĺŋěć. { 99{107. (80.12ą5)

Śâăňăâě (Stamate I.)

[1964] Functional equations containing several unknown functions // Mathematica (RPR). { 6, ü 1. { 131{137. (66.5ą7)

214 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Śâěâłăà (Stetkȷr H.)

[1994] On a signed cosine equation of n summands // Prepr. Ser. Mat. inst. Aarhus Univ. { ü 1. { 1{8. (94.7ą4) [1995] Wilson a functional equation on C. // Prepr. Ser. Mat. inst. Aarhus Univ. { ü 1.

{ 1{25. (95.6ą10)

Śâőŕă (Stopa M.)

[1987] On a linear iterative functional inequality of the third order // Zesz. nauk. AGH.

Opusc. Math. { ü 3. { 117{126. (88.11ą9) [1994] On the form of solutions of some iterative functional inequality // Publ. Math.

Debrecen. { 45, ü 3{4. { 371{377. (96.10ą28) [1995] On the form of solutions of the iterative functional equation of the n-th order // Demonstr. math. { 28, ü 3. { 655{634. (96.10ą9)

Śã, Ćã (Su Y., Wu W.)

[1994] Singular points near an X0−breaking double singular fold in Z2-symmetric nonlinear equations // Dongbei Shuxue = Northeast. Math. J. { 10, ü 3. { 385{395. (96.1ą11)

Śãàìïŋăàăïŋă (Suryanarayana D.)

[1981] Note on the functional equation S(m; n)F[n=(m; n)] = F(n)h[n=(m; n)] // Aequat. math. { 23, ü 1. { 123{124. (83.2ą15)

Śãâő (Suto O.)

[1913] On some classes of functional equations // Tohoku Math. J. { 3. { 47{61.

Śî (Hsu Ih-ching)

[1986] Wanted: the general solution or else // Amer. Math. Mon. { 93, ü 5. { 371{372.

Šăąőà (Tabor J.)

[1976] On the translation equation occurring in the iteration theory // Demonstr. math.

{ 9, ü 1. { 119{127. (77.1ą6)

[1988] A Pexider equation on a small category // Opusc. Math. { 4. { 299{305. [1991] Cauchy and Jensen equations on a restricted domain almost everywhere // Publ.

Math. Debrecen. { 39, ü 3{4. { 219{235. (93.3ą3)

Šăłăçĺ (Takaci D.)

[1995] Postupak za resavanje di¸erencne jednacine u polju operatora Mikusi«nskog // 9 Kongr. mat. Jugosl. Petrovac, May 22-27, 1995. JUMC’95. { Rez.{Podgorica. { 112. (97.9ą204)

Šăňăàĺ (Tamari D.)

[1949] Caract«erisation des semi-groupes «a un param«etre // C. r. Acad. Sc. { 28. { 1092{1094.

Šăŋŋěàĺ (Tannery J.)

[1886] Introduction «a la th«eorie des fonctions d’une variable. { Paris.

Šăàčőŋáłĺľ (Targo«nski G.)

[1994] Functional equations connected with phantom iterates // Opusc. Math. { 14. { 179{182. (96.10ą33 )

Šăãąěà, Ŋěľčăãğ (T-auber J., Neuhaus N.)

[1978] -Uber die monotonen L-ozungen der auf Mengen verallgemeinerten Jensenfunktia nalgleichung // Rev. roum. math. pures et appl. { 23, ü 2. { 309{312. (78.11ą16)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 215

Šěľńőà (Taylor M.A.)

[1980] A Pexider equation for functions de˛ned on a semigroup // Acta math. Acad.

sci. hung. { 36. { 211{213.

Šłăçěŋłő Ć.Ĺ.

[1996] Ŕàő íłáŕőŋěŋæiăńìŋã ďĺåőâőňiî ńiŋiľŋĺå àiğŋĺæěćĺå àićĺïŋì // Şłà. ňăâ. ę.

{ 48, ü 10. { 1409{1416. (97.9ą206) Šőďőàőć (Todorov P.G.)

[1989] On certain functional equations in the theory of queues // Ŋăãç. âà. ňăâ.

Ŕńőćďĺć. ãŋĺć. { 27, ü 3. { 25{38. (92.3ą7)

Šàőŋ (Thron W.J.)

[1960] Sequences generated by iteration // Trans. Amer. Math. Soc. { 96, ü 1. { 38{53.

(61.8ą326)

Šàĺåãł (Tryhuk V.)

[1995] Functional equations and a theoretical model of DLTS // Appl. Math. { 40, ü 6.

{ 473{482. (96.10ą34)

Šãďőáĺ (Tudosie C.)

[1990] On a functional equation // Bull. Sti. Inst. politehn. Cluj{Napoca. Ser. arhit.{ constr. { 33. { 17{20. (93.1ą4)

Šãàďğă (Turdza E.)

[1974] On a functional inequality with the n-th iterate of the unknown function // Zesz.

nauk. Uniw. jagiell. Pr. mat. { 16. { 189{194.

[1978] Comparison theorems for a function inequality // Gen. Inequalities. 1. Proc. 1st Int. Conf., Oberwolfach, 1976. { Basel, Stuttgart. { 199{211. (79.7ą9) [1979] The solutions of an inequality for the n-th iterate of a function // Amer. Math.

Mon. { 86, ü 4. { 281{283. (79.11ą10) [1982] Set stability for a functional equation of iterative type // Demonstr. math. { 15, ü 2. { 443{448. (83.6ą16) [1984] The stability of an iterative linear equation // Gen. Inequalities 4. Memoriam Edwin F. Beckenbach. 4th Int. Conf. Oberwolfach, 8{14 May, 1983. { Basel. { 277{285. (85.12ą18)

Şńăň (Ulam S.M.)

[1964] A collection of mathematical problems // Los Alamos Scienti˛c Laboratory.

{ New Mexica. (Ŕěà.: Şńăň Ś. Ŋěàěèěŋŋëě ňăâěňăâĺçěáłĺě ğăďăçĺ. { Ň.: Ŋăãłă, 1964).

Şőńłěà (Walker P.L.)

[1988] A class of functional equations which have entire solutions // Bull. Austral. Math.

Soc. { 38, ü 3. { 351{356. (89.8ą5) [1991] On the solutions of an Abelian functional equation // J. Math. Anal. and Appl.

{ 155, ü 1. { 93{110. (91.10ą3) Şàąăŋ (Urban P.)

[1983] Continuons solution of the functional equation f(xf^k(y) + yf^l(x)) = f(x)f(y) // Demonstr. math. { 16, ü 4. { 1019{1025. (84.11ą6)

Ťăńìłőńĺŋĺ (Falcolini C.)

[1987] Some solutions of Feigenbaum’s functional equation // Boll. Unione mat. Ital. {

A1, ü 2. { 153{161. (88.3ą7)

216 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ťăàłăá (Farcas J.)

[1884] Sur les fonctions iteratives // J. Math. Pures. Appl. { 3, 10. { 101{108.

Ťăâã (Fatou P.)

[1919] Menoire sur les «equations fonctionnelles // Bull. sci. math. France. { 47. { 161{ 271.

[1920] Sur les «equations fonctionnelles (Troisi«eme m«emoire) // Bull. sci. math. France.

{ 48. 33{94; { 208{314.

Ťěľčěŋąăãň (Feigenbaum M.)

[1978] Quantitative universality for a elass of nonlinear transformations // J. Statist.

Phys. { 19, ü 1. { 25{52. (79.6ć297) [1980] Universal behavior in nonlinear systems // Los Alamos Sci. { 1, ü 1. { 4{27.

(Ŕěà.: Şŋĺćěàáăńìŋőáâì ć ŕőćěďěŋĺĺ ŋěńĺŋěľŋëå áĺáâěň // Şáŕěåĺ äĺğ. ŋăãł. { 1983. { Š. 141, ćëŕ. 2. { 343{374).

Ťěńńěà (Feller W.)

[1960] An introduction to probability theory and its applications. I, II. { NY, L.: John Wiley& Sons, Inc. (Ŕěà.: Ććěďěŋĺě ć âěőàĺî ćěàőïâŋőáâěľ ĺ ěě ŕàĺńőęěŋĺě. I, II. { Ň.: Ňĺà, 1973).

Ťěŋìñ (Feny-o I.)

[1979] The solution of a function equation by Laplace transformation // Proc. conf.

General funct. and oper. calc. Varna, 1975. { So˛a. { 97{100. (80.4ą11)

Ťěŋìñ, Ŕăčăŋőŋĺ (Feny-o I., Paganoni L.)

[1987] Su una regola di addizione razionale // Rend. semin. mat. / Univ. e Politecn.

Torino. { 45, ü 3. { 105{116. (90.7ą8)

Ťñàč{Řőą (F-org{Rob W.)

[1988] On di¸erentiable solutions of the translation equation // Ber. Math.{statist. Sek.

Forschungsges. Joanneum. { 14, ü 285{296. { 287/1{287/18. (88.12ą10) [1992] On a generalization of D’Alembert’s cosine equation. [Pap.] 29th Int. Symp.

Funct. Equat. Wolfville, June 3{10, 1991 // Aequat. math. { 43, ü 2{3. { 269. (93.8ą15) [1994] On a problem of R.Schilling. I. // Math. Pannon. { 5, ü 1. { 29{65. (96.10ą11)

Ťñàč{Řőą, Ÿćăľčěà (F-org{Rob W., Schwaiger J.)

[1991] On a generalization of the cosine equation. [Pap.] Semin. "Contrib. Theory Funct.

Equat." Debrecen{Graz, Apr. 12{13, 1991 // Graz. math. Ber. { ü 315. { 25{34. (92.9ą10) [1993] On the stability of a system of functional equations characterizing generalized hyperbolic and trigonometric functions // Aequat. math. { 45, ü 2{3. { 285{296. (94.11ą6)

Ťĺłàěâ (Fikret V.)

[1968] On solution of one functional equation // Ňăâ. ćěáâ. { 5, ü 1. { 25{28. (69.1ą10)

Ťĺńĺŕěáłã, Čěőàčĺã (Filipescu A.,Gheorghiu Em.O.)

[1984] Iterative functional equations which characterize straight lines and parabolas // Lucr. semin. mat. si ˛z. Inst. politehn. Timisoara. { Noiem. { 41{42. (86.10ą10)

Ťńěââ (Flett T.M.)

[1963] Continuous solutions of the functional equation f(x + y) + f(x − y) = 2f(x)f(y) // Amer. Math. Mon. { 70, ü 4. {392{397. (64.1ą14)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 217

Ťőńìłňăŋ Ń. ĺ Ŕ. (Volkmann L., Volkmann P.)

[1985] -Uber die Charakterisierung der Funktion f(x) = x durch Funktionalgleichungen // Aequat. math. { 28, ü 1{2. { 151{155. (85.7ą9)

Ťőńìłňăŋ (Volkmann P.)

[1983] Caracterisation de la fonction f(x) = x par un systeme de deux equations fonctionnelles // Math. Repts Acad. Sci. Can. { 5, ü 1. { 27{28. (83.7ą6) [1988] Charakterisierung der Funktion 1=x durch Funktionalgleichungen // Ann. pol.

math. { 48, ü 1. { 91{94. (88.10ą5)

Ťőàâĺ (Forti G.L.)

[1980] Existence and stability theorems for a class of a functional equations // Aequat.

math. { 20, ü 2{3. { 293{294. (80.11ą23) [1984] Redundancy conditions for the functional equation f(x + h(x)) = f(x) + f(h(x)) // Z. Anal. und Anwend. { 3, ü 6. { 549{554. (85.7ą12) [1985] The general solution of a functional equation in two variables // Aequat. math.

{ 29, ü 1. { 7{13. (86.4ą14) Ťàěèě (Fr«echet M.)

[1913] Pri la funkcia f(x + y) = f(x) + f(y) // L’enseignement Math. { 15. { 390{393. [1914] A propos d’un article sur l’«equation fonctionelle f(x + y) = f(x) + f(y) // L’enseignement Math. { 16. { 136{159.

[1932] Solution continue la plus generale d’une «equation fonctionnelle de la theorie des probabilites en chaine // Bull. Soc. math. France. { 60. { 242{280.

Ťàőąěŋĺãá (Frobenius G.)

[1897] Ueber lineare Substitutionen und bilineare Formen // J. Reine und Angew. Math.

{ 84. { 1{63.

Ţăćàőľď (Howroyd T.)

[1964] The solutions of some functional equations // Canad. Math. Bull. { 7, ü 2. { 279{282. (65.2ą46)

Ţăľďãłőć Ŕ.Ă.

[1958] Őą őâëáłăŋĺĺ äãŋłæĺľ ŕő ğăďăŋŋőľ ĺâěàăæĺĺ // Şç. ğăŕ. Ąãàïâáł. ŕěď. ĺŋâă. { Ćëŕ. 15. { 3{28.

Ţăľěàá (Hyers D.H.)

[1941] On the stability of the linear functional equation // Proc. Nat. Acad. Sci. USA.

{ 27. { 222{224.

Ţăľěàá, Şńăň (Hyers D.H., Ulam S.M.)

[1952] Approximately convex functions // Proc. Amer. Math. Soc. { 3. { 821{828.

Ţăňňěà (Hammer C.)

[1992] On the function equation f(x+y)+f(x−y)−2f(x)−2f(y)+b[f(xy)−f(x)f(y)] = 0 // Math. Repts Acad. Sci. Can. { 14, ü 4. { 121{124. (93.5ą4)

Ţăàďĺ (Hardy G.H.)

[1949] Divergent series. { Oxford: Clorendon Press. (Ŕěà.: Řăáåőďïéĺěáï àïďë. { Ň.:

ĹĹŃ, 1951).

218 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ţăàďĺ, Ńĺââńìćãď^9, Ŕőńĺă (Hardy G.H., Littlewoode J.E., P«olya G.)

[1934] Inequalities. { London: Cambridge University Press. (Ŕěà.: Ŋěàăćěŋáâćă. { Ň.:

ĹĹŃ, 1948).

Ţăààĺá (Harris T.E.)

[1948] Branching processes // Proc. Amer. Math. Soc. { 19. { 474{494.

Ţăàãłĺ Ś. (Haruki S.)

[1982] On the general solution of the triangle mean value equation // Aequat. math. {

25, ü 1. { 118{119. (84.2ą14) Ţăàãłĺ Ţ. (Haruki H.)

[1976] A functional equation connected with the sine addition theorem // Port. math.

{ 35, ü 1{2. { 75{79. (77.12ą1)

[1985] A proof of Euler’s identity by a functional equation // Aequat. math. { 28, ü 1{2. { 138{143. (85.7ą8) [1990] A new Pythagorean functional equation // Aequat. math. { 40, ü 2, 3. { 271{ 280. (94.7ą9) [1992] On a new functional equation for Jacobi’s elliptic sine function sn(z; k) // Rend.

semin. mat. / Univ. e Politecn. Torino. { 50, ü 2. { 153{163. (95.6ą11)

Ţăàãłĺ, Řăááĺăá (Haruki H., Rassias Th.)

[1995] New generalizations of Jensen’s functional equation // Proc. Amer. Math. Soc.

{ 123, ü 2. { 495{503. (97.7ą17)

[1995] A new functional equation of Pexider type related to the complex exponential function // Trans. Amer. Math. Soc. { 347, ü 8. { 3111{3119. (96.3ą18) [1995] A new analogue of Gauss’ functional equation // Int. J. Math. and Math. Sci. {

18, ü 4. { 749{756. (96.11ą5) Ţăçăâàïŋ Ś.Ă.

[1990] Ŋěłőâőàëě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï áő áďćĺčőň ć łńăááě ąěáłőŋěçŋő ďĺääěàěŋæĺàãěňëå äãŋłæĺľ. { Ěàěćăŋ: Ěà. ŕőńĺâěåŋ. ĺŋ-â. { Ďěŕ. Ăàň. ŊĹĹŊ- ŠĹ 16.02.90, ü 8-Ăà90.

Ţěňňĺŋč (Hamming R.W.)

[1962] Numerical Methods for scientists and Engineers. { NY, San Francisco, Toronto:

Mc Graw{Hill Book Company, Inc. (Ŕěà.: Ůĺáńěŋŋëě ňěâőďë ďńï ŋăãçŋëå àăąőâŋĺłőć ĺ ĺŋęěŋěàőć. { Ň.: Ŋăãłă, 1968).

Ţőńń, Ćőńìä (Hall P., Wol¸ Rodney C.L.)

[1995] Properties of invariant distributions and Lyapunov exponents for chaotic logistic maps // J. Roy. Statist. Soc. B. { 57, ü 2. { 439{452. (96.11ć185)

Ţőàăďăň (Horadam A.F.)

[1996] Generalized Jacobsthal representation sequence ‚n // Notes Number Theory and Discrete Math. { 2, ü 3. { 5{11. (97.7ć235)

Ţőáã (Hosszu M.)

[1963] Egy alternativ f-uggvenyegyenletr-ol. Oblath Richard emlekenek ajanlva // Mat.

lapok. { 14, ü 1{2. { 98{102. (64.7ą14)

9=Ńĺââńćãď.

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 219

Ţőçěćáłĺľ (Choczewski B.)

[1963] On di¸erentiable solutions of a functional equation // Ann. pol. math. { 13, ü 2.

{ 133{138. (64.5ą12) [1968] Some theorems on the existence of a one-parameter family of C^1 solutions of a linear functional equation // Mathematice (RSR). { 10, ü 1. { 47{52. (69.5ą14) [1969] Regular solutions of a linear functional equation in the indeterminate case containing iterations of the unknown function // Ann. pol. math. { 21, ü 3. { 257{265. (70.1ą5) [1970] Regular solutions of a linear functional equation of the ˛rst order // Nehezi-pari M-usz. Egyet. K-ozl. { 30. { 255{262. (71.1ą8) [1976] Asymptotic properties of solutions of a linear functional equation and linear recurrence equations // Colloq. int. CNRS. { ü 229. { 67{73. (77.7ą2) [1984] Stability of some iterative functional equations // Gen. Inequalities 4. Memoriam Edwin F. Beckenbach. 4th Int. Conf. Oberwolfach, 8{14 May, 1983. { Basel. { 249{255. (85.12ą17) [1988] Note on disontinuous solutions of a functional equation // Zesz. nauk Univ.

jagiall. Acta mat. { 27. { 281{283. (89.7ą7)

Ţőçěćáłĺľ, Łãçňă (Choczewski B., Kuczma M.)

[1966] On the "indeterminate case" in the theory of a linear functional equation // Fund. Math. { 58, ü 2. { 163{175. (67.3ą18)

Ůěàćĺł (Czerwik S.)

[1970] On sign preserving solutions of a functional equation // Zesz. nauk Univ. jagiall.

Pr. mat. { 223, ü 14. { 79{81. (71.5ą16) [1973] On the dependence on a parameter of solutions of a linear functional equation // Pr. nauk. USl. Katowicach. { ü 30. { 25{30. (74.6ą2) [1974] On the existence and uniqueness of convex solutions of a functional equation in the indeterminate case // Ann. pol. math. { 30, ü 1. { 5{8. (74.12ą7) [1976] On the existence of a Lipschitz solution of a functional equation // Ňăâ. ćěáâ.

{ 13, ü 1. { 40{51. (76.10ą15) Ůěàňăł (»Cerm«ak J.)

[1995] Note on sinultaneous solutions of a system of Schr-oder’s equations // Math.

bohem. { 120, ü 3. { 225{236. (96.10ą12)

Ůěåőćáłĺľ (Czechowski A.)

[1979] Regularne rozwiazania rownania Schr-odera // Zesz. Nauk. PS1. { ü 560. { 251{ 262.

Ÿăďàĺŋ Č.Ă., Ÿãáâőć Ő.Ĺ., Ąěńïěćă Ă.Ś.

[1975] Řăğńőęěŋĺě äãŋłæĺĺ ć àïď Ťãàìě, őŕàěďěńïěňëľ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺěň // Ćëçĺáń. ňăâ. ĺ ňăâ. äĺğ. { Ćëŕ. 1. { 184{201. (76.10ą10)

Ÿăŋďőà (Sandor J.)

[1988] On Certain functional equations // Prepr.: Res. Semin. / Babes{Bolyai Univ.

Fac. Math. and Phys. { ü 6. { 285{288. (89.3ą10)

Ÿăŕĺàő Ă.Ŕ., Ńãŕăŋőć Ś.Ŕ.

[1983] Řěłãààěŋâŋëě ãàăćŋěŋĺï ć âěőàĺĺ ŕőŕãńïæĺőŋŋőľ ąĺőńőčĺĺ. { Ň.: Ŋăãłă.

220 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

Ÿăàłőćáłĺľ Ă.Ŋ.

[1960] Ŋěőąåőďĺňëě ĺ ďőáâăâőçŋëě ãáńőćĺï áåőďĺňőáâĺ őďŋőňěàŋëå ĺâěàăæĺőŋŋëå ŕàőæěááőć // Şłà. ňăâ. ę. { 12, ü 4. { 484{486.

[1961] Ő àěèěŋĺĺ őďŋőčő łńăááă äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Şłà. ňăâ. ę. { 13, ü 3. { 86{94. (62.4ą12) [1964] Śãéěáâćőćăŋĺě æĺłńőć ŋěŕàěàëćŋőčő ŕàěőąàăğőćăŋĺï ŕàïňőľ ć áěąï // Şłà.

ňăâ. ę. { 16, ü 1. { 61{71.

[1965] Ő æĺłńăå ĺ áâàãłâãàě ŋěŕàěàëćŋőčő őâőąàăęěŋĺï // Şłà. ňăâ. ę. { 17, ü 3.

{ 104{111.

[1968] Őą ãáńőćĺïå ěďĺŋáâćěŋŋőáâĺ ďńï äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ // Šà. áěňĺŋăàă ŕő ňăâ. äĺğĺłě ĺ ŋěńĺŋěľŋëň łőńěąăŋĺïň. { Łĺěć: Ŋăãłőćă ďãňłă. { Ćëŕ. 2. { 262{268. (69.10ą8) [1970] Čńăďłĺě àěèěŋĺï äãŋłæĺőŋăńìŋëå ĺ ďĺääěàěŋæĺăńìŋő-àăğŋőáâŋëå ãàăćŋěŋĺľ // Šà. ňěęďãŋăà. łőŋä. ŕő ŋěńĺŋěľŋëň łőńěąăŋĺïň. { Łĺěć: Ŋăãłőćă ďãňłă. { 1. { 598{602. (71.4ą309) [1973] Ţăàăłâěàĺğăæĺï łőáĺŋãáă // Aequat. math. { 9, ü 2{3. { 121{128. (74.5ą8) [1974] Ő äãŋłæĺőŋăńìŋëå ĺ ďĺääěàěŋæĺăńìŋő-äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺïå, ã łőâőàëå őâłńőŋěŋĺě ăàčãňěŋâă ğăćĺáĺâ őâ ŋěĺğćěáâŋőľ äãŋłæĺĺ // Ťãŋłæĺőŋăńìŋëě ĺ ďĺääěàěŋæĺăńìŋő{àăğŋőáâŋëě ãàăćŋěŋĺï. { Łĺěć: Ŋăãłőćă ďãňłă. { 148{155. (75.4ą320) [1977] Łńăááĺçěáłĺě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï: őáŋőćŋëě ŕőŋïâĺï, ňěâőďë ĺ àěğãńìâăâë // Ďĺääěàěŋæĺăńìŋëě ãàăćŋěŋĺï á őâłńőŋïîéĺňáï ăàčãňěŋâőň. { Łĺěć. { 290{297. (78.6ą7) [1961] Ő ŕàĺćőďĺňőáâĺ ŋěŕàěàëćŋőľ äãŋłæĺĺ ďěľáâćĺâěńìŋőčő ŕěàěňěŋŋőčő ĺ áâàãłâãàě ŋěŕőďćĺęŋëå âőçěł áőőâćěâáâćãîéěčő ĺâěàăæĺőŋŋőčő ŕàőæěááă // Ďőłń. ĂŊ ŚŚŚŘ. { 139, ü 5. { 1067{1070. (62.8ą175)

Ÿăàèăŋőć Ă.Ă

[1959] Őąőąéěŋĺě âěőàěňë Ťńőłě ŋă ŋěńĺŋěľŋëě ãàăćŋěŋĺï // Şłà. ňăâ. ę. { 11, ü 4. { 61{71.

[1963] Ő àěèěŋĺĺ ğăďăçĺ őą ăŋăńĺâĺçěáłőľ ĺâěàăæĺĺ ć ĺŋćăàĺăŋâŋőľ őąńăáâĺ, áőďěàęăéěľ ŋěŕőďćĺęŋãî âőçłã // Šà. ňěęďãŋăà. áĺňŕőğ. ŕő ŋěńĺŋěľŋëň łőńěąăŋĺïň. { Łĺěć. { 481{495.

Ÿćăââ (Schwatt I.J.)

[1970] An identity // Amer. Math. Mon. { 77, ü 2. { 168.

Ÿćěľæěà Ă. (Schweitzer A.R.)

[1919] On the history of functional equations // Bull. Amer. Math. Soc. { 25. { 439.

Ÿćěľæěà Ć. (Schweizer B.)

[1961] Remarks on a functional equation // J. Indian Math. Soc. { 1959 (1961). { 23, ü 3{4. { 97{99. (62.6ą21)

Ÿěåőńìň (Sj«oholm H.)

[1996] Di¸erensekvationer pa nytt s-att // Normat. { 44, ü 2. { 65{70. (97.9ą205)

Ÿĺňňăł (Schimmack R.)

[1908] Axiomatische Untersuchungen -uber die Vektoraddition: Dissertation. { Halle.

Ÿńěľěàňăåěà, Šăàčőŋáłĺľ (Schleiermacher A., Targonski J.)

[1995] On functions with quasi-companion // Demonstr. math. { 28, ü 3. { 707{724.

(96.10ą5)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 221

Ÿńěľäěà Ř.Č.

[1971] Ő àěèěŋĺïå äãŋłæĺőŋăńìŋőčő ãàăćŋěŋĺï // Şç. ğăŕ. Řïğăŋáłőčő čőá. ŕěď.

ĺŋ-âă. { 102. { 132{139. (72.9ą9)

Ÿňěľďěńì (Schmeidel E.)

[1993] Asymptotic behaviour of solutions of the second order di¸erence equations // Demonstr. math. { 26, ü 3{4. { 811{819. (96.10ą231)

Ÿàñďěà^{10} (Schroeder E.)

[1870] -Uber unendlich viele Algorithmen zur Au‚-osung der Gieichungen // Math. Ann.

{ 2. { 317{365.

[1871] -Uber iterirte Funktionen // Math. Ann. { 3. { 296{322.

Ÿâěľŋňěæ (Steinmetz N.)

[1982] On the functional equation ’(x) = ’(px) + ’(qx + p) // Math. Repts Acad. Sci.

Can. { 4, ü 6. { 367{371. (83.6ą13)

İąăŋłá (Ebanks B.R.)

[1989] Di¸erentiable solution of a functional equation of Szekelyhidi // Util. Math. {

36. { 197{199. (90.11ą6) İąăŋłá, Łăŋŋăŕăŋ, Ŋč (Ebanks B.R., Kannappan P.L.,Ng C.T.)

[1988] Recursive inset entropies of multiplicative type on open domains // Aequat.

math. { 36. { 268{293.

İąăŋłá, Ŋč (Ebanks B.R., Ng C.T.)

[1996] Characterizations of quadratic di¸erences // Pabl. Math. Debrecen. { 48, ü 1{2.

{ 89{102. (97.9ă155)

İćěàěââ, Şńăň (Everett C.J., Ulam S.M.)

[1948] Multiplicative Systems. 1 // Proc. Nat. Acad. Sci. USA. { 34. { 403{405.

İćĺŋč, Şâæ (Ewing G.M., Utz W.R.)

[1953] Continuous solutions of the functional equation f^n(x) = f(x) // Canadian. J.

Math. { 5. {101{103.

İľńěà (Euler L.)

[1777] De formulis exponentialibus replicatis // Acta Acad. Sci. Petropolitanae. { I. { 39. İàďñè (Erd-os J.)

[1959] A remark on the paper "On some functional equations" by S. Kurepa // Glas.

mat.{˛z., astronom. (2). { 14. { 3{5.

İàåăàâ (Ehrhart E.)

[1967] Un exemple simple d’equation functionnelle // Rev. math. spec. { 77, ü 12. { 605{606. (68.8ą10)

İâĺčáőŋ (Etigson L.B.)

[1974] A cosine functional equation with restricted argument // Aequat. math. { 11, ü 1. { 118. (75.4ą8)

10=Ÿàěďěà.

222 Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň

İçěďĺ (Ecsedi E.)

[1974] Az f(ax + by)g(cx + dy) = h(x)k(y) f-uggvenyegyenlet nem folytonos megoldasainak egy osztalyarol // Magy. tud. akad. Mat. es ˛z. tud. oszt. k-ozl. { 22, ü 1. { 3{10. (75.7ą9)

đàłăâ (Jurkat W.B.)

[1965] On Cauchy’s functional equation // Proc. Amer. Math. Soc. { 16, ü 4. { 683{ 686. (66.6ą10)

§ččĺ (Jaggi E.)

[1900] Sur les substitutions uniformes et le probl«eme de Babbage // Nouvelles Ann.

Math. S«er. III. { XIX. { 483{489.

[1901ă] Sur les notions de fonction compl«ete et de fonction periodique // Nouvelles Ann.

Math. S«er. IV. { I. { 146{163.

[1901ą] Sur les substitutions «a une v^ariable et les fonctions qu’elles laissent invariables // Šăň ęě. { 450{465.

[1901ć] Propri«etes g«en«erales des substitutions «a une v^ariable et des fonctions qu’elles laissent invariables // Šăň ęě. { 529{548.

[1902] D«etermination des fonctions d’une v^ariable qui admettent les substitutions d’un groupe quelconque donn«e et seulement ces substitutions // Nouvelles Ann. Math. S«er. IV. { II. { 368{383.

§ďàěŋłő (Yadrenko M.I.)

[1983] Spectral Theory of Random Fields, Optimization software. { NY: INC, Publications Division.

§łőćáłă{Śãćăńìáłăï (Jakowska{Suwalska K.)

[1985] On dependence of Lipschitzian solution of nonlinear functional equation on an arbitrary function // Pr. nauk. USl. Katowicach. Ann math. siles. { ü 1. { 116{119. (86.10ą15) [1990] Rozwiazania neieliniowego rownania funkcyjnego spelniajace warunek Lipschitza // Zesz. nauk. Mat.{˛z. { ü 52. { 121{128. (92.3ą3)

§ŋăàďăŋ (Janardan K.G.)

[1978] A new functional equation analogous to Cauchy{Pexider functional equation and its application // Biometr. J. { 20, ü 4. { 323{328. (79.4ą7)

§ŋč Ś. (Yang C.-C.)

[1976] On the functional equation p(f(z)) = a(z) sin ¸(z) + b(z) // Atti Accad. Naz.

Lincei. Rend. Cl. sci. ˛s. mat. e natur. { 61, ü 1{2. { 49{53. (78.9ą4)

§ŋč §. (Yang Y.)

[1994] Solution of a functional equation and applications // J. Funct. Anal. { 119. { 281{297.

§ŋĺł, Ŕěçăàĺł (Janic R.R., Pe»caric J.E.)

[1990] Note on some nonlinear functional equations // Facta Univ., Ni»s. Ser. Math. and Inf. { ü 5. { 81{84. (92.1ą10)

§ŋłőćáłĺľ (Jankowski T.)

[1983] On solution of a functional equation of order r in a special class of functions // Ňăâ. ćěáâ. { 35, ü 3. { 231{240. (84.10ą5)

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 223

§àăľ (J«arai A.)

[1992] H-older continuos solutions of functional equations // Math. Repts Acad. Sci.

Can. { 14, ü 5. { 213{218. (94.3ą7) [1993] On H-older continuous of functional equations // Publ. Math. Debrecen. { 43, ü 3{4. { 359{365. (96.10ą22) [1994ă] On continuous solutions of functional equations // Publ. Math. Debrecen. { 44, ü 1{2. { 115{122. (96.10ą25) [1994ą] On Lipschitz property of solutions of functional equations // Aequat. math. {

47, ü 1. { 69{78. (95.8ą5) §àăľ, Ňăłáă (J«arai A., Maksa Gt.)

[1995] The measurable solutions of a functional equations of C.Alsina and Garsia-Roig J.L. // Math. Repts Acad. Sci. Can. { 17, ü 1. { 7{10. (96.1ą8)

§àçĺł (Jarczyk W.)

[1987] Generic properties of some iterative functional equations // Ann. pol. math. {

47, ü 3. { 361{367. (88.8ą4)

[1988] On continuous functions which are additive on their graphs // Ber. Math.{statist.

Sek. Forschungsges. Joanneum. { ü 285{296. { 292/1{292/66. (88.12ą13) [1990] Existence and uniqueness of continuous solutions of nonlinear functional equations are generic properties // Pr. nauk USl. Katowicach. Ann. math. siles. { ü 3. { 32{40. (91.1ą10) [1991ă] On a problem of Z.Daroczy // Pr. Nauk. USl. Katowicach. Ann. math. siles. { ü 5. { 83{90. (92.11ą5)

§àçĺł, Ńőáłőâ, Ęďãŋ (Jarczyk W., Loskot K., Zdun M.C.)

[1994] Commuting functions and simultaneous Abel equations // Ann. pol. math. { 60, ü 2. { 119{135. (95.10ą9)

224

Śőďěàęăŋĺě

Ŕàěďĺáńőćĺě 3

Ůăáâì I. Ĺâěàăæĺőŋŋőě ĺáçĺáńěŋĺě 13

Čńăćă 1. Ŕàěďćăàĺâěńìŋëě ŕőŋïâĺï ĺ őąőğŋăçěŋĺï 13

1.1. Šěőàěâĺłőňŋőęěáâćěŋŋëě őąőğŋăçěŋĺï : : : : : : : : : : : : : : : : : : : : 13 1.2. Ťãŋłæĺĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 14 1.3. Śãŕěàŕőğĺæĺï äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 18 1.4. Ĺâěàăæĺĺ äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 20 1.4.1. Űěńëě ŋěőâàĺæăâěńìŋëě ŕőłăğăâěńĺ : : : : : : : : : : : : : : : : : : 20 1.4.2. Ŕàőĺğćőńìŋëě æěńëě ŕőłăğăâěńĺ : : : : : : : : : : : : : : : : : : : : 22 1.4.3. Čàăäĺłĺ ĺâěàăæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : 23

Čńăćă 2. Šěőàĺï ĺâěàăæĺľ 25

2.1. Śåőďĺňőáâì ĺâěàăæĺőŋŋëå ŕőáńěďőćăâěńìŋőáâěľ : : : : : : : : : : : : : : 25 2.1.1. Ŋěŕőďćĺęŋëě âőçłĺ. Űĺłńë : : : : : : : : : : : : : : : : : : : : : : : 25 2.1.2. Śåőďĺňőáâì ł ŋěŕőďćĺęŋőľ âőçłě : : : : : : : : : : : : : : : : : : : : 27 2.2. Ŕàěďáâăćńěŋĺě ĺâěàăæĺľ. Űěńőçĺáńěŋŋëľ ŕőłăğăâěńì : : : : : : : : : : : : 32 2.2.1. Ĺâěàăæĺĺ áőŕàïęěŋŋëå äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : 32 2.2.2. Řăğńőęěŋĺě ć áâěŕěŋŋőľ àïď : : : : : : : : : : : : : : : : : : : : : : : 33 2.3. Ĺâěàăæĺĺ á ďàőąŋëňĺ ŕőłăğăâěńïňĺ : : : : : : : : : : : : : : : : : : : : : 35 2.3.1. Ĺâěàăæĺĺ ć âěőàĺĺ ćěâćïéĺåáï ŕàőæěááőć : : : : : : : : : : : : : : : 35 2.3.2. Śěňěľáâćő ďàőąŋëå ĺâěàăæĺľ. Ĺâěàăæĺĺ Ÿà-eďěàă : : : : : : : : : : 38 2.3.3. Ĺâěàăæĺĺ Ł-eŋĺčă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 39 2.3.4. Ĺâěàăæĺĺ Ńěćĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 43 2.3.5. Ĺŋâěàŕőńïæĺőŋŋëľ àïď İľńěàă : : : : : : : : : : : : : : : : : : : : : 44 2.3.6. Ŋěŕàěàëćŋëě ňőŋőâőŋŋëě àěèěŋĺï ãàăćŋěŋĺľ Ăąěńï ĺ Ÿà-eďěàă : 46 2.3.7. Ăŋăńĺâĺçěáłĺě àěèěŋĺï ãàăćŋěŋĺï Ÿà-eďěàă : : : : : : : : : : : : : 47

Čńăćă 3. Ĺâěàăæĺĺ őâďěńìŋëå äãŋłæĺľ 49

3.1. Ňŋőčőçńěŋë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 49 3.2. Ďàőąŋő-ńĺŋěľŋëě äãŋłæĺĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : 50 3.3. Řăæĺőŋăńìŋëě äãŋłæĺĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 52 3.4. Śâěŕěŋŋăï äãŋłæĺï : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 53 3.5. Ĺààăæĺőŋăńìŋőáâĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 53

Ůăáâì II. Ťãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï. Ňěâőďë àěèěŋĺï 55

Čńăćă 4. Şàăćŋěŋĺï ć łőŋěçŋëå àăğŋőáâïå 56

4.1. Łőŋěçŋëě àăğŋőáâĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 56 4.1.1. Őŕàěďěńěŋĺï ĺ áćőľáâćă : : : : : : : : : : : : : : : : : : : : : : : : : 56 4.1.2. Őŕěàăâőàŋăï ĺŋâěàŕàěâăæĺï : : : : : : : : : : : : : : : : : : : : : : 57 4.2. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ ĺ ãàăćŋěŋĺï : : : : : : : : : : : : : : : 58 4.2.1. Őŕàěďěńěŋĺě : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 58 4.2.2. Ńĺŋěľŋëě àěłãààěŋâŋëě ãàăćŋěŋĺï á ŕàőĺğćőńìŋëňĺ łőíääĺæĺěŋâăňĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 60

226 Śőďěàęăŋĺě

4.2.3. Ńĺŋěľŋëě ãàăćŋěŋĺï á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ : : : : : : : 64 4.2.4. Ňěâőďë őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï : : : : : : : : : : : : : : : : : : : 65 4.3. Őąëłŋőćěŋŋëě àăğŋőáâŋëě ãàăćŋěŋĺï : : : : : : : : : : : : : : : : : : : : : 69 4.3.1. Őąéĺľ áńãçăľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 69 4.3.2. Ńĺŋěľŋëě àăğŋőáâŋëě ãàăćŋěŋĺï ŕěàćőčő ŕőàïďłă : : : : : : : : : : 71 4.3.3. Śãňňĺàőćăŋĺě äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : 72 4.3.4. Ńĺŋěľŋëě ãàăćŋěŋĺï ŕàőĺğćőńìŋőčő ŕőàïďłă : : : : : : : : : : : : : 75 4.3.5. Ńĺŋěľŋëě àăğŋőáâŋëě ãàăćŋěŋĺï á ŕőáâőïŋŋëňĺ łőíääĺæĺěŋâăňĺ 77

Čńăćă 5. Ŋěłőâőàëě ňěâőďë àěèěŋĺï 82

5.1. Śćěďěŋĺě ł ãàăćŋěŋĺïň ć łőŋěçŋëå àăğŋőáâïå : : : : : : : : : : : : : : : : 82 5.2. Ğăňěŋă ŕěàěňěŋŋëå ĺ äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : 83 5.2.1. Ŕàőáâëě ŕàĺňěàë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 83 5.2.2. Şàăćŋěŋĺï Łőèĺ. Ŋěŕàěàëćŋëě àěèěŋĺï : : : : : : : : : : : : : : : 85 5.2.3. Şàăćŋěŋĺï Łőèĺ. Řăğàëćŋëě àěèěŋĺï Čăňěńă : : : : : : : : : : : : 86 5.2.4. Şàăćŋěŋĺě Ďăńăňąěàă : : : : : : : : : : : : : : : : : : : : : : : : : : 87 5.2.5. Şàăćŋěŋĺï Ńőąăçěćáłőčő ĺ Ľěŋáěŋă : : : : : : : : : : : : : : : : : : 88 5.2.6. Şàăćŋěŋĺï Łăŋâőàă : : : : : : : : : : : : : : : : : : : : : : : : : : : : 89 5.2.7. Ŕőďåőď Ąěąąĺďęă : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 90 5.2.8. Řěğãńìâăâë Ăæěńï : : : : : : : : : : : : : : : : : : : : : : : : : : : : 90 5.3. Ăŋăńĺâĺçěáłĺě ňěâőďë : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 91 5.3.1. Śćěďěŋĺě ł ďĺääěàěŋæĺăńìŋëň ãàăćŋěŋĺïň : : : : : : : : : : : : : 91 5.3.2. Řăğńőęěŋĺě ć àïď Šěľńőàă : : : : : : : : : : : : : : : : : : : : : : : : 92 5.4. Řěłãààěŋâŋëě ŕàőæěďãàë : : : : : : : : : : : : : : : : : : : : : : : : : : : : 93 5.4.1. Ĺâěàĺàőćăŋĺě ïďàă : : : : : : : : : : : : : : : : : : : : : : : : : : : : 93 5.4.2. Ŋěŕàěàëćŋëě àěèěŋĺï ãàăćŋěŋĺï f^n(x) = ˛(x) : : : : : : : : : : : : 94 5.5. Ňěâőď ĺŋćăàĺăŋâőć : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 95

Ůăáâì III. Őâďěńìŋëě äãŋłæĺőŋăńìŋëě ãàăćŋěŋĺï 101

Čńăćă 6. Őďŋă ŋěğăćĺáĺňăï ŕěàěňěŋŋăï 103

6.1. Řěłãààěŋâŋëě ŕőáńěďőćăâěńìŋőáâĺ äãŋłæĺľ : : : : : : : : : : : : : : : : : 103 6.2. Śãňňë äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 106 6.3. f(x + p) = F(x; f(x)) : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 111 6.4. f(¸(x)) = F(f(x)) : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 114 6.5. F ( x; f(x); f(’(x)) ) = 0 : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 118 6.6. F ( f(x); f(¸(x));: : : ; f(‚(x)) ) = 0 : : : : : : : : : : : : : : : : : : : : : : : : 125 6.7. Şàăćŋěŋĺï á àěłãàáĺïňĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : 127

Čńăćă 7. Ŋěáłőńìłő ŋěğăćĺáĺňëå ŕěàěňěŋŋëå 130

7.1. F ( x; y; f(x);f(¸(x;y)) ) = 0 : : : : : : : : : : : : : : : : : : : : : : : : : : : 130 7.2. F ( f(x); f(y); f(¸(x;y)) ) = 0 : : : : : : : : : : : : : : : : : : : : : : : : : : : 131 7.3. F ( f(x); f(y); f(¸(x;y)); f(˛(x;y)) ) = 0 : : : : : : : : : : : : : : : : : : : : : 137 7.4. Şàăćŋěŋĺï á àěłãàáĺïňĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : 139 7.5. Ďàãčĺě ãàăćŋěŋĺï á ŋěáłőńìłĺňĺ ŋěğăćĺáĺňëňĺ ŕěàěňěŋŋëňĺ : : : : : : 139 7.6. Ŋěĺğćěáâŋëě äãŋłæĺĺ ŋěáłőńìłĺå ŕěàěňěŋŋëå : : : : : : : : : : : : : : : : 141

Čńăćă 8. Ŋěáłőńìłő ŋěĺğćěáâŋëå. Śĺáâěňë ãàăćŋěŋĺľ 145

8.1. Ďćě ŋěĺğćěáâŋëě äãŋłæĺĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : 145 8.2. Šàĺ ĺ ąőńěě ŋěĺğćěáâŋëå äãŋłæĺľ : : : : : : : : : : : : : : : : : : : : : : : 147 8.3. Śĺáâěňë ãàăćŋěŋĺľ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 152

Śőďěàęăŋĺě 227

Ŕàĺńőęěŋĺï 156

Ŕàĺńőęěŋĺě Ă. Ŋěłőâőàëě łőŋáâăŋâë ĺ äãŋłæĺĺ 156

Ŕàĺńőęěŋĺě Ą. Ăńčěąàă Łőèĺ äőàňăńìŋëå áâěŕěŋŋëå àïďőć 160

Ŕàĺńőęěŋĺě Ć. Őą őďŋőň ŕőďåőďě ł łńăááĺäĺłăæĺĺ äãŋłæĺőŋăńìŋëå ãàăćŋěŋĺľ 163

Ŕàĺńőęěŋĺě Č. Őą őďŋőľ ăłáĺőňăâĺłě őŕěàăæĺőŋŋőčő ĺáçĺáńěŋĺï 164

Č.1. Ůĺáńă ĺ äãŋłæĺĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 164 Č.2. Őŕěàăâőàë s ĺ d : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 165 Č.3. Řăæĺőŋăńìŋëě őŕěàăâőàë : : : : : : : : : : : : : : : : : : : : : : : : : : : : 166 Č.4. Őŕěàăâőàë p ĺ k : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 168 Č.5. Řěèěŋĺě ŋěłőâőàëå ãàăćŋěŋĺľ : : : : : : : : : : : : : : : : : : : : : : : : : 169 Č.6. Őŕěàăæĺőŋŋőě ĺáçĺáńěŋĺě łőŋěçŋëå àăğŋőáâěľ : : : : : : : : : : : : : : : 171

Ŕàĺńőęěŋĺě Ď. Šěàňĺŋőńőčĺï âěőàĺĺ ďĺŋăňĺçěáłĺå áĺáâěň 174

Ď.1. Łăáłăďë ĺ ŕőâőłĺ : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 174 Ď.2. Šàăěłâőàĺĺ. Ĺŋćăàĺăŋâŋëě ňŋőęěáâćă : : : : : : : : : : : : : : : : : : : : 176

Ńĺâěàăâãàă ŕő ĺâěàăæĺïň ĺ äãŋłæĺőŋăńìŋëň ãàăćŋěŋĺïň 178

228